Bai 5

Noi dung

X
Piem

(7 diém)

a) Cho m,n 1a hai s6 nguyén duong 1é véi m>n>1 théa man »”> -1 chia hét cho

m’ —n’ +1. Biétring m’ —n’ +1 chia hét cho 39, chimg minh m? - n* +1 chia hét

cho 39°.

Bo dé. Xét cac s6 nguyén duong x, y,» thoa min phuong trinh

(x+y)" =n(4xy+1). Khi d6 » la s6 chinh phuong.

Chirng minh. C6 dinh n va xét tat ca cac cip (x, y) nguyén duong thoa man
phuong trinh (x+ y)’ =n(4xy+1), c6 nghia la xét tap

S:{(x,y)e N xN i(.n::+y)2 =n(4xy+1)}

Vi S 1a tap céc cap so nguyén duong nén ludn ton tai mot cap (x5, ) trong S
ma x,+y, datgid tri nho nhatva x,>y,.

Xét phuong trinh (x+y,) = n(4xy, + 1) x* = (4n=2) ypx+y; —n=0

la mdt phuong trinh béc hai an x. Khi d6 x, 1a mét nghiém ciia phuong trinh

trén. Nhu vy theo dinh ly Viéte thi phuong trinh con ¢6 mt nghiém nira la

Lo {%‘*‘% =(4n-2)y,

2
XoX, = Yo =N

Tir hé thirc thir nhat x, +x, = (4n-2)y, ta suy ra dugc x, 1a s6 nguyén.
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Ta xét J.:.:éc truong hop sau
e Néu x <0 thi tir hé thirc thir hai x,.x, = > —n ta dugc y? —n<0= 3> <n,
tasuyra x’—(4n—2)y,x +yi—-n=(x+y,) +n(-4xy, -1)>0
diéu ndy mau thuin vi x, 1a nghiém cta phuong trinh.
e Néu x, =0, khi d6 tir x,.x, = y —n ta dugc y? —n=0=>n=y? la sb chinh
phuong.
e Néu x >0 thitadugc y2-—n>0=>n<y?. Khidb (x,:%,) 1a mot nghiém
i phuong trinh (x+ )" =n(4xy+1).
eo cach On AP SO (x,, ¥, )12 CO X, + Y, S X, + Y, = Yy SX, S X,

ey
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minh »° nghieém nay co th¢ phan thanh ba nhom phan bigt co trung oinn cong
bing nhau.

a) Do P(x) 1a mot da thirc c6 bic n > 2 vé&i hé s thue nén phuong trinh
P(x)=x c6 n nghiém x,x,,...x, (cdc nghi¢ém ndy c6 the 1a nghi¢ém phic).

Lai do P(x,)=x = P(P(x))=P(x)=x v6i Vi=1;n

, 1,

Viy x ciing s€ la nghi¢ém cua phuong trinh P(P(x)) = x . Mit khéc da thirc ;
P(P(x)) c6 bac n’ va phuong trinh P(P(x))=x c6 ding »" nghi¢m thyc
phan biét nén tit ca céc nghiém cuia phuong trinh P(P(x))=x déu la nghi¢m
thue. Vay x e R véi Vi=1Ln.

"+ Tiép theo, ta chimg minh x, # x, voi Vi# Ry e T S
That vy, gia sir ton tai i, j € {1,2,..,n} vOi i# j thodmén x, =x,.
Suyra P(x)-xi(x-x).(1) 1,

Lai c6 theo tinh chat cua da thirc v4i hé s6 thuec thi

P(P(x))-P(x): P(x)-xi(x-x)". (2)
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Tir do6 ta co P(P(x))—x : (:-:~—,uu:;.)2 . Vivay x=x s€&la nghiém kép cua phuong
trinh P(P(x))=x; méu thudn v6i khang dinh trén 1a phuong trinh

P(P(x))=x co ding »’ nghiém thyc phan biét. Do d6 diéu gia sir 12 sai, suy ra | 1
X, #x, VOi Vi# j,i,j€{l,2,.,n}. Vay phuong trinh P(x)=x c6 n nghi¢m
phan biét.

b) Li luﬁn umng t1,r nhu* cau (a) tu gla tl‘uet phuﬂng trmh P( ( (x))) =P(x)
6 n* ng fu? m uu’c phan biét cho ta phuong trinh P(x)=x cling ¢6 n nghiém

a n nghiém cua phuong trinh P(P(x))=x va ciing la n

Bhe trinh P(P(P(x)))=P(x); rdi cling twong ty phuong trinh
¢ n° nghiém thuc phan biét va »° nghiém thyc nay ciing 1a
phuong trinh P(P(P(x)))=P(x).

ghiém thye phin biéi cia phuong trinh P(x)=x i
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Dit x, +x, +...+x =s.

-Gidstr y,,,,...,»,  1a n’ —=n nghi¢m con lai cia phuong trinh P(P(x)) =X
V8 X im i BN y,_, cung la n’ nghiém thyc phén biét ciia phuong
trinh P(P(P(x)))=P(x). Goi z.2,,...2,_, & n’=n’ nghiém con lgi cla
phwong trinh P(P(P(x)))=P(x).

Goi hé s6 bic cao nhét cia P(x) 1a a#0.Do P(x) c6 bic n va phuong trinh
P(x)=x ¢6 dung » nghi¢m thyc phéin bi¢t thoa mén x, +x, +..+x, =s nén ta
c6 thé biéu thj

P(x)-x=ax"-asx"" +Q(x) vdi degQ(x)<n-2 nén

P(x)=ax"-asx"" +Q (x) v6i degQ, (x)sn-2.

Tudo:

P(P(x))-x=a(ax"~asx" +0,(x)) ~as(ax" -asx"" +0,(x))"
+0 (a.x" —asx""' +Q, (;.;))

=t — g s " A 0, (x) v6i degQ, (x)<n*-2.
Theo dinh li Viet:

Il+.r1.,u.|+xn+yl+yz +t--+ynj- H-.f":‘y] +y2+ +y= _S-"_S-

Tum]g tu: P(P(P(x)))-P(I) = anhml-r,,l _an1+n+ljﬂ1‘xﬂl + 93 (I) v6i
degQ, (x)<n’-2.

Theo dinh 1li Viet va cic chimg minh trén ta ciling co:
Z42z,+..42, ,=sn" —sn.

..............................................................................................................

Do nghiém cia P( (P(.r))):P(x) la
5%y Y15 Vases Voo %15 2052, o duge phan thanh ba tp phén bigt:
-] {ynyzr ,Jr‘,,z__} {Il,II, -:3"1_“;} ma trung binh céngcﬁcsucﬁamai

s Wt +t.+y, sn-s s
B 3 = 3 = — ‘\F&
n n-n n-n n

sni-sn s
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B3 8 - Cho ti gide ABCD ni tiép dudng tron (0) c6 1 1a trung diem

ctia BD, khi d6 4,1,C thing hang khi

Al B
a chi khi =—.
va chi 3 7ch ’
Chirng minh :
Néu 4,/,C thang hang :
- ADSRDIES DI
~ ABIC Lol
Ta co A4ID ~ ABIC = B0 OOl 2

IB AB

Mat khac AAIB ~ ADIC = — =——.
G CT

Tir d6 suy ra diéu phéi chimg minh. D -
diém cta 4C va BD. Taco

D=%.. Ma AAJB ~ ADJC =

JB _AB
SN ()
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AEFX ~ ABCP = AL _ X (1)
XE PB
Lai ¢6 : GBE = GBA=GCA = (:(F va GFC = GFE + EFC = GAE + AGE = GEB
nén AGBE ~ AGCF = & - B2 & (zﬁ
GF CF
SRRT T L) vt P , XF GE
Tu gia thiet : PC=BE,PB=CF nén tir (1) va (2) suy raEm& Ma tir

giac GEXF ndi tlEp va J la trung diém cta EF nén 4p dung bo dé trén ta
duge G,J, X thang hang. Tuong tu ta ¢6 G,/,P thing hang.

......................................................................................................
-

Ta c6 : BGC = BAC = EGF va GCB = GAB = GFE = AGBC ~ AGEF

Lai do AEFX ~ ABCP = AFJX ~ ACIP . Tir d6 suy ra

PL_ Gl o200 D 2C U0 Ol O hay 1J || AP.

XJ FJF. 2F)  EF \GENGT.a - Plh ]
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b) Tinh s6 do goc ¢ EKF.

Goi L la diém doi ximg cua P qua / thi ta dé dang nhan thay BLCP
]a hinh binh hanh nén BP=CL=CF va PC = BL=BE = ABEL va ACFL la
cac tam giac can.

Ta cé: ELF =360° —(ELB+ FLC + BLC) =
= 360" —-(90“—%.«?53+90” —-%EHBO“ —375')

BVACT
. % =~ +BAC = -(ABL + ACL+2LCP)~ LCP + BAC

—

=90° + BAC - (LCB+ BCP)

QR 0 0 S

va R la diém dm Xung cua O qua BC . Khi du de thay
1( g tron ngoai tiép ABHC. Ngoai ra

?=0C = HR, suy ra HOPR la hinh thang can,

w= L=L'=LeOH.

P vudng va ¢ IL=IP= IL=IK hay IJ la dudng trung
K =JL, ma tam giac ELF vudng nén

i K.Vay EKF =90"
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Do m va n 1a cac s6 nguyén duong 1¢, lai ¢6 m >n nén m;” : m;" la cac s6

m+n

2
Ap dung b6 de trén, ta c6 k 1 s6 chinh phuong.
Tu dé m* —n’ +1 = 4xy+l ciing la s6 chinh phuong. Vi m’ —n” +1 chia hét cho

nguyén duong. Dat x = 3 Y =m—2_-£ ta dugc (m¢+y)z =k(4xy+1).

------------------------------------------------------------------------------------------------------

Tacod a,,—a,=d voimQi 1<i<p- 1
Do d khong chia hét cho p nén céc s6 a, ¢6 s6 du khi chia cho p d6i mdt khac
nhau. (Hay @,,a,,....a, 1ap thanh mot hé thing du day di theo modulo p).
Suy ra ton tai k€ {1;2;--;p} ma a,:p, cdc sO a, con lai voi

ie{l;2;--phii#k cb s6 du khi chia cho p 1 1;2;---; p—1 theo mét thir tw nao n---
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k
p nguyén to nén ta ¢ dinh 1i Wilson: (p-1)!=-1 (mod p).

a,a,...a

Turdo taco 2%27% —_1 (mod p) hay

a, a,

L+lip.

| Laido g,:p nénsuyra aa,---a,+q chia hét cho p°.




