SO GIAO DUC VA PAO TAO PAP AN PE THI CHON PQI TUYEN

LAO CAI THI HQC SINH GIOI QUOC GIA THPT
NAM HQC 2022 — 2023 (VONG 1)
Mon: TOAN
PAP AN CHINH THUC Ngay thi: 29/09/2022

(Pdp dn gém c6 05 trang, 05 cau)

I. Hréng dan chung

1. Cén bd cham thi chAm dtng nhu dap 4n - thang diém

2. Néu c6 cau nao, y nao ma thi sinh c6 cach giai khac so véi dap an nhung van dung thi van cho diém

t6i da clia cau, y d6 theo thang diém.

3. Néu céu 2 thi sinh khéng vé hinh thi khong cho diém. Hoc sinh v& hinh sai bat dau tir noi dung nao

thi khong tinh diém tir noi dung do.
IL. Pap 4n - thang diém

Cau 1a (3 diém). Cho (a,) la day s6 thyc. Sap xép céc so hang cua déy (a, ) theo bang sau:

&
a &
a & 8
& 8 8 &
Day (b,) duoc xac dinh bai cac sé hang b =a,b,=a,,b,=a,,b,=a,,...trong d6 b =a, =1. Gia s
tong S, = zbk thoa man bz—bnsz =1,¥n>2.Tim s6 hang tong quat cua day (b,)
k=1 n~n "~ “n
Nai dung Piém
2(S,-S 0,25
V(')‘inzz,z—bnzz = ( n n—l) > =
b.S, S, (Sn—Sn_l)Sn—Sn
2 0,25
= (Sn n—l):1
_Sn—lsn
111 0,25
Sn Sn—l 2
Taco S, =b =a =1. Do d6 day (Sij la mot cap sb cong véi cong sai bang = 0.25
1 1 1 0,5
Vivayy —=1+=(n-1)==(n+1 ;
b &-1+20-9 -5+
:>Sn=i,Vn21 0,5
n+1
Suy ra bn=sn_sn71=i_2_ 0,5
n+l n
Dodé b, =———2— Wn>2. 05
n(n+1)




Caulb (2 diém). Biét ring ¢ bang trén bat dau tur dong thu 3, mo| dong (tinh tur trai sang phai). déu la
mot cap s6 nhan véi céng boi duong va cdng boi & tit ca cac cap sb nhan d6 bang nhau. Tinh tong tat

ca cac s6 hang cua dong tha 2022 néu a,, = —;—i
Néi dung Piém
Gia str bat dau tir dong thir 3, mdi dong la mot cap sb nhan vai cong boi g > 0.
Ta c0 tong sé cac s6 hang tir dong thir nhét dén hét dong thir 12 cia ddy (&, ) trong bang trén 05
A 1+2+..+12=78. ’
Vi vay a,, nam & dong tha 13 va cot thi 5. 0,25
16 0,25
Do d6 =——
8 = by 91
0,25
1613140,
o1 2
:>q =2. 0,25
i ] l_qzozz 0,25
Do d6 tong cac so hang ¢ dong thir 2022 1a S =, ﬁ
2(1_22022) 0,25
20222023

Cau 2a (3 diém). Cho tam giac ABC nhon, khdng can noi tiép duong tron O . Goi H 14 tryc tam
cua tam gidc ABC, vai cac duong cao AA BB',CC'(A'e BC,B'e AC,C'e AB) va AE la duong
kinhcua O .Tia EH citlai O ¢ K va | ladiém déi xung véi K qua BC. Ky hiéu (@) 1a dudng
tron ngoai tiép tam gidc OBC. Ké duong kinh OT cua (). Goi F la diém ddi xtng cia T qua BC.
Chang minh rang cac duong thang AK,B'C',BC dong quy va I, H,F thang hang.

N@i dung Piém

K B

wn

Q




Gia st B'C' va BC citnhau & M. Vi AKE =90° nén K ciing thudc duong tron (AB'C). | 0,25
Giasir MAcit lai O tai diém thir hai K' thi MK'.MA=MB.MC =MB'MC". 0,25
Tir d6 t giac K'C'B' A noi tiép. ‘ 0,25
Do do K'=K suyra Ke AM hay AK,B'C',BC dong quy. 0,25
Do OBT =OCT =90° nén T 4 giao hai tiép tuyén tai B,C cua O 0,25
Goi AA' cit O ¢ G thi G,H ddi xung nhau qua BC. 0,25
Taco (MA,BC)=-1nén A(MA,BC)=-1. 0,25
Tur d6 suy ra KBGC la tir gidc diéu hoa nén KG s&diqua T. 0,25
Xét phép doi xang truc BC thi K,I va H,G lan luot doi xing nhau qua BC 0,5
nén IH s&di quadiém F .Dodé1,H,F thang hang. 0,5

Cau 2b (2 diém) Goi J 1a giao diém cua AE Véi (@) vatia TA' cit lai (@) & P. Chang minh rang
cac duong thang JP, BC, AT déng quy.

Néi dung Piém

Gia su OA' cit lai () tai Q, tiép tuyén qua A cua (O) cat BC tai S thi AS[ITJ (vicung | 0,25
vubng goéc vai AO). Do d6 SAA'=0TJ.

Ta c6 BQA'=BQO=OCB=OBC nén OB Ia tiép tuyén cua (ABQ) |02
= OA'.0Q =0B? = OA” kéo theo OA la tiép tuyén cia (AA'Q).

Vi OAS=90°, AA'S=90° nén OA tiép xic voi (AA'S), suy ra ASA'=OAA' ma| 020
AQA'=0AA'(do (AQA) tiép xic OA) hay ASA'=AQA' tirc Ia A A, Q, S ddng vien.

Suy ra SQA' =180°—SAA’ =180°—~0TJ =180°~0QJ nén S, Q, J thing hang. 0,25
D A82 0,25
Goi D la giao diém cia AT,BC;vi AD la duong ddi trung nén ta c6 — 5
DC AC
SB SB SA AB° DB 0,25

Lai cO0 ASAB~ASCA (0.g)nén —=—-—= =——,ma D namt doan BC
A @O)nen == a"sc = AC? DC’ am trong dog

con S nam ngoai doan BC nén (SD,BC)=-1.

Do OB=0C, TB=TC nén PA, QA" la cac phan giac cua goc BPC, BQC . 0,25
Suy ra E= AB _QB
PC AC QC

JQ diqua S nén JP sé& di qua D' trén BC sao cho (SD',BC) =-1.

dan dén QBPC la tir giac diéu hoa. Tir d6 J(QP,BC)=-1, ma

Theo trén ta c6 (SD,BC)=-1 nén D=D/, tic 12 J,D,P thang hang hay cac duong thang | 0,25
JP, BC, AT 1a ddng quy.

Cau 3a (2 diém). Xét ham sé f :[] —[J thoa man diéu kién
f(F(x)=y?)=1(x°)+y*f(y)-2f (xy), véimoi X,y ell.
Cheang minh rang f (X) 1a ham chan trén (.

N@i dung Piém
f(F(x)-y?)="f(x)+y°f(y)-2f (xy)vx,yed (1) 05
Ki higu P(u,v) nghTa 1a thay x boi u va thay y bai v trong (1) ’
V6i P(x,1)= f(f ( ) f(x) (2).
Vi P(x —1):>f(f() 1) f(x )+f( 1) 2f(—x)  (3). 0,5

3




Tur (2) va (3) suy ra f (1)—2f (x)=f (-1)—2f (—x), Vxel.

0,5

Cho x=1thi f(1)=f(-1),vivay f(x)=f(-x), vxel

Do d6 f(x) laham chan trén 1. 05
Céu 3b (2 diém). Tim tat ca cac ham s6 f (X) théa man diéu kién trén.

N§i dung Piém
V6i P(L1)= f(f(1)-1)=0, do d6 ton tai s thyc b sao cho f(b)=0 0,25
Thay x=b vao (3) ta duoc f (f(b)-1)=f(b*)+f(1)= =f(b*)+f (D)= f(b*)=0. |02
V6i P(b,O):f(f(b))zf(bz)—Zf(O):>3f(0)=f(bz)_ 0,25
Vi P(0,y)= f (y2)= yt(y) (4). 0,25
Ta ¢6 hai treong hop sau:
Trudng hop 1: Ton tai bel],b#0 sao cho f (b) =0. Nhu trén, taco f (bz) =0. 0,25
P(b,y)= f(f(b)-y*)=f(b*)+y*f(y)-2f (by)= f(y*)=y*f (y)-2f (by)
Két hop véi (4) va bell,b=0 néntaco f(x)=0,vxell. 0,25
Truong hop 2: f(b)=0<b=0. 0,25
P(x,X)=> f(f(x)=x")=f(x*)+x*f (x)-2f (x*)=x"f (x)—- f (x*)=0
= f(x)-x*=0= f(x)=x*Vxel.
Thir lai, d& thay f(x)=0,vxe; f(x)=x*vxell théaman. 0,25
Cau 4 (3 diém). Tim tat ca cac s6 nguyén duong X, Y thoa man 2* +1=x%y.

N@i dung Pié¢m
Néu x=1thico y=3 0,25
Xét x>1,taco X,y lé 0,25
Goi p la udc nguyén td nho nhat caa X. 0,25
Taco 2 =1(mod p)
Theo dinh Iy Fermat nho thi 2P =1(mod p) 0,25

hi(p-1

bat h=ordp(2):{h:gx) ) =h|ged(2x, p—1)=2
Néu h=1=2=1(mod p) (v6 ly). Suy ra h=2=2?=1(mod p) = p =3 0,25
bit x=3akell”,aell’,gcd(a,3)=1 0,25
Taco v3(2x+1)=v3(23ka+1)=v3(2+1)+k=k+12v3(x2)=2k.
Suyra k=1,dodo x=3a.
Gidsir a>1=>a>5 (vi a lé do x I¢, ma ged(a,3)=1 nén a>3) 0,25
Goi g la wéc nguyén té nho nhat ciia a. Ta co 8° =—1(modq)
bit m=ord, (8) 0,25
Bang cach ching minh twong ty tacoé m|2.
Néu m=1=8=1(modq)=q=7 0,25
Néu m=2 thi 8 =1(modq)=q=7 0,25




Nhung véi q=7 tacd 8 +1=2(mod7) < 8% =1(mod7) (mau thuan)

0,25

Viay a=1l=>x=3=y=1.
Do d6 (X;Y)=(L3) hoic (x;y)=(31)

0,25

Cau 5a (1 diém). Cau lac bo Toan hoc caa mot truong THPT ¢6 n thanh vién, trong ndm 2022 ho da
t6 chizc 12 buoi seminar, moi buoi co 24 thanh vién tham gia. Biét rang hai thanh vién bat ki tham gia

chung khong qua mot budi. Chiing minh n > 81.

Néi dung Piém
DBém sd by (A;B;C) véi A;B 1a 2 hoc sinh tham gia vao budi seminar C.
+ Dém theo buoi: ‘
Chon mot buoi chuyén dé c6 12 cach 0.95
Chon 2 hoc sinh c6 CZ cach ’
Do d6 s6 bd (A; B;C) la 12C224
+Dém theo hoc sinh: 0,25
Chon hai hoc sinh c6 C? céach.
Mat khéac c6 khong qua 1 budi cho hai hoc sinh nay do d6 s6 bo khong qua C2.
Tur do ta c6 12C5, <C? <>n’ —n>6624 =n>81. 0,5
Cau 5b (2 diém). Tim gia trj nho nhat cua n.
Néi dung , Piém
Nhan xét: hai thanh vién bat ky tham gia chung khdng qua mot budi, tuong duong voi hai | 0,25
buoi bat ky co6 chung nhau khéng qua mét thanh vién, ta dua vé dém so6 bd S c¢o dang
(A;B;C) véi hai buoi A;B c6 thanh vién C tham gia chung.
+Dém theo budi, tacé S<C3. 0,25
+ Dém theo thanh vién, ta goi a,,a,,...,a, lan luot 1a s6 budi ma thanh vién 1,2,3...,n tham | 0,25
gia. Bang cach dém s6 luot tham gia, tacé a +a, +...+a, =12.24 = 288.
0,25

Dod6 S=C; +C; +..+C; :%(af +al +.+a’ —288)

RIS A trA o 12, 2 2 2, .2 2 0,25
Tu hai cach dem trén, ta suy ra Cj, Zz(a1 +a; +...+a; —288) &a +a, +...+a; <420
Voi méi ie{l;2;..;n} tacé (& —1)(a —2)>0 ticla a? >33 —2,Vi=1n 0,25
Suy ra &/ +a; +..+a; >(3a,—2)+(3a,—2)+..+(3a,-2)=3.288—-2n =n=>222. 0,25
Mt khac, vi dang thirc xay ra khi c6 156 s6 a, bang 1 va 66 s6 a, bang 2 nén ta két luan | 0,25

gia tri nho nhét can tim 12 222.




