SO GIAO DUC VA PAO TAO HUONG DAN CHAM THI

_NAWOINA DE THI CHON HQC SINH GIOI THANH LAP DO
DE CHINH THUC TUYEN DY THI HOC SINH GIOI QUOC GIA

NAM HOC 2024 — 2025
Mdn thi: TOAN (Dé sé 2)
(Hwéng dan chdm gdm: 08 trang.)

Cau 1 (4,0 diém). Cho céc sb thuc duong a, b, ¢ thoa man 2a’ + 3b? + 6¢? =1. Chirng minh rang

1 1 1 1
—< + + <1.
2 4a+2 9b+3 36¢c+6
Y Néi dung Piém
+Tw a, b, c>0 suyra <l, L <£, L <£.
4a+2 2 9b+3 3 36¢c+6 6
1,0
, 1 1 1 1 1 1
Do do + + <=+—-+=-=1
4da+2 9b+3 36c+6 2 3 6
1 (1) (1)
1 1 1 [2] [3] [6]
+Taco + + = + +
4a+2 9b+3 36c+6 a+1 b+1 C+}
2 3 6
2 1,0
(1 1 1)
2 3 6 _ 1
4,0d _a+1+b+1+c+1 a+b+c+l
2 3 6
2 2 2 2
5 ) , ) ,_a’ b_ c (a+b+c) _ 2
Miat khac 2a’+3b°+6¢° = 1+1+12 111 =(a+b+c)", suy ra
2 3 6 2 3 6 1,0
1>(a+b+c) hay a+b+c<1.
Suy ra 1 + L + L > L > L :i.
4a+2 9b+3 36c+6 a+b+c+1 141 2 10
¢ s 1 1 1 1 ’
Vay bat dang thuc — < + + <1 ludn dang.
2 4a+2 9b+3 36¢c+6

2024 ) .
Cau 2 (4,0 diém). Xét da thuc P(x) = Zaix' véi cac hé so thuc, c6 bac bang 2024 va c6 2024

i=0
nghiém thuc phéan biét.
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a) Gia sir a,y,, =0, hdy xét dau cua tich a,,,.a,y,, -

b) Goi k(P) 1asb luong s6 i €{0;1;2;...;2024} théa man a =0. Tim gia tri I6n nhat va
gid tri nho nhat c6 thé c6 cua k(P) khi da thic P(x) thay doi.

Y Néi dung piém
2024
Xét P(x Za X' €6 2024 nghiém thuc 1a X,,..., X,p,, VO 8,5, #0, 8,0, =0.

i=0

2024 a

in :_a2023 ~0 05
Theo dinh Ii Viete, tacé { '™ 2024 .
XX, = Q022
2a 1<i< j<2024 a2024

1,5d 2024 2024 a
_ _ 9 %o
Suy ra E X; _[ij 2 > XX, =-2.22 05

1<i< j<2024 a2024

Do cac nghidm X, X,,...,X,,, 12 s6 thuc va d6i mot phan bigt nén phai co

2024 0,5
Zx >0. Suy ra —2.2222 5 0 hay tich a,y,,.a,,,, am. ’

i=1 a'2024

* B6 dé: Gia st da thic Q(x be eR[x] cobaclan=2,co n nghiém

i=0
thuc va c6 sé ty nhién t mat<n-1, b, =b,, =0. Khi d6
b, =b, =--=h =h_ =0.

Chwng minh: Ta st dung phuong phap quy nap theo s6 nguyén duong n.
+V6in=2,khido t<n-1=1nén t=0.Hiénnhiéncé b, =b =0.

+ Gia st bo dé dung cho moi da thirc bac n—1 (véi cac diéu kién di kém), bay

gid ta xét da thic Q(X be eR[x] cébaclan>2,cod n nghiém thyc va

2b ) i=0 .

2,54 |C0 so ty nhien t ma t<n-1, b=Db,=0; can chung minh 1,0
bozblz"':bt:bt+1zo

Néu t =0 thi két qua Ia hién nhién.
n .
Néu 1<t <n-2 thi xét da thec Q'(x) =Y ibx'™" c6 bac [a n—1 vaco

i=1
n—1 nghiém thuc (theo dinh Ii Rolle), c6 th, =(t+1)b,, =0. Sir dung
gia thiét quy nap thu dugc b, =b, =---=h_, =0. Gia sa c6 b, =0, ding
dinh 1i Viete cho da thuc Q(x)=b x"+---+b_,x"?+b, véi n nghiém
thuc khac O Ia r,,...,r, thu dugc
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=i (38 (g a)oo-e

diéu nay khong xay ra. Vay c6 b, =b, =b, =---=Db,_, =0.
Néut=n-2thixayrab _,=b , =0.Lam tuong tu bang dinh Ii Viete
6 > rF=0,suyran=r,=--=r=0.Vay cé Q(x)=hb,(x-0)" nén

i=1,n
b =b =--=h  =0.
TOm lai trong moi truong hop déu cé b, =b, =---=h, =hb_, =0. Theo nguyén li
quy nap c6 Bé dé duoc chitng minh xong.
* Quay lai bai toan, P(x) khong thé c6 hai h¢ s lién ké nao cling bang 0. That

vay, néucé t ma a, =a,, =0 thi theo B6 dé phaico a, =a, =---=a,_, =0, suy
ra P(x) nhan x=0 la nghiém boi véi s6 boi khong nhé hon t+2, mau thuén
gia thiét vé P(x). 0,5
+ P(x) c6 2025 hé sb 1a ay,..dy, (@ d6 di c6 a,, #0) nén
2024

+ Chon P(x)=(x*-1)(x* = 2)...(x* ~1012) 1a da thirc thoa mén cac yéu cau
cuia dé bai va c6 k(P)=1012. Vay gié tri I6n nhat cua k(P) 1a 1012.

* D& thay k(P) 12 so ty nhién nén k(P)>0.

Chon P(x)=(x-1)(x—2)...(x—2024) thi k(P)=0. 0,5
Vay gid tri nho nhét cia k(P) 1a 0.

0,5

Cau 3 (4,0 diem). Cho duong tron (O) c6 dinh va day cung BC c6 dinh, khong 1a duong kinh
cua (O). Biém A di dong trén (O) sao cho tam giac ABC nhon va AB < AC. Goi H la tryc tam
cua tam giac ABC . Cac diém T va J 1a tam duong tron ngoai tiép cac tam giac BOC va BHC.
a) Chung minh khi A di dong thi OT.0J khéng doi.
b) Goi P 1a diém ddi xing cia B qua duong thang AC, Q la diém ddi xung cua C qua
duong thang AB. Lay | 1a tim duong tron ngoai tiép tam giac APQ. Ching minh khi A di dong
thi dudng thang Al ludn di qua mot diém cé dinh.
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Y Nai dung Piém
Cac diém O,T,J cung thudc trung truc cua BC . 05
Goi M 1a trung diém ctia BC thi M 14 trung diém cuia OJ. ’
Ta c6 TOC = BOC - BAC
3 0,5
a , - A ; oC oC
2.0d | Xét tam giac OTC cantai T c6 OT = —— = —
’ 2.cosTOC  2.cosBAC
Tam giac OMC vudng tai M nén OM = OC.cos BAC . 0,5
2
Suy ra OT.OM = OC” 1én oT.03 =0C? khong d6i, ta c6 Ppem. 0,5
Theo chiing minh trén, suy ra OT.0J =0A® nén AOAT -~ AOJA nén
OAT =0JA = HAJ.
—— — — e 0,5
C6é BAH =90° — ABC =90° —%AOC =0AC . Suy ra CAT =BAJ .
3b
2,0d | Theo tinh déi xang suy ra QAJ = PAT nén AT va AJ ding giac trong PAQ.
Tacé AP?— AQ? = AB? — AC? = 4R? (sin2 B —sin? 6)
0,5

= 4R? (sin B —sin 6)(sin §+sin6)
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~ ~

.COS B-C = 4R?sin ﬂ.sin(@—@)
2

~ ~

. B-C .. B+C
.sIn > .2sin

B+C +
2 2
(trong d6 R 13 ban kinh dudng tron (O
BAC,CBA, ACB).

=4R?.2¢c0s

), ki hiéu A,B,C 1a céc goc

Tacé PT2—QT? = (CP2+CT2 2.CP.CT.cosP/C\T)
—(BQ2 +BT?- 2.BQ.BT.cosQ/B\T)

= 2.BT.BC(COS®_ —cosP/C\T).

Tacé BT =0T =— " va BC =2Rsin A,
2.Cos A
QBT = 2B+ TBC = 2B +90° - BTC = 2B + 2BOC —90° = 2B + 2A—90°
Suy ra cosQBT :cos(2§+2ﬁ\—90°):sin(2§+2,&):sin 2C 0,5
Tuong tu €O cosPCT =sin2B.
Suy ra PT2—QT? = 2R? Sm%(sm 2C -sin 28|
=2R? sin A 2. cos(C+B)sm( )
cos A
= —4R? sin A cosAsm(C B) 4R?sin A.sin(@—é).
cos A
Suy ra AP>— AQ?*=PT?—-QT? theo dinh 1y 4 diém ta c6 AT vudng goc véi
PQ. Suyra AJ di quatam | cua dudng tron ngoai tiép tam giac AQP hay Al 0,5

di qua J cd dinh.

Cau 4 (4,0 diém). Cho sb nguyén t 1é p va xét s6 nguyén duong n thay dbi thoa man: Voi moi
s6 nguyén duong a >1, néu a khdng chia hét cho p thi tong cac udc nguyén duong khac 1 cua

a" chia hét cho p

2024

a) Chung minh n chia hétcho p va p-1.

b) Tim s nguyén duwong n nho nhat thoa méan diéu kién cua bai toan.

Noi dung

DPiém

4a

Theo dinh Iy Dirichlet, ton tai s6 nguyén t6 a ma a=1(mod p**).

0,5
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2,0d | Cha y, cac udc nguyén duong lén hon 1 cua a" la a,a%a’,..,a" nén 0.5
a+a’+...+a" chiahétcho p®*, suyra n chiahétcho p**. ’
Do p nguyén t nén ton tai g 1a cin nguyén thuy mod p, theo dinh ly 05
Dirichlet, ton tai s6 nguyén t6 b ma b= g(mod p). ’
Theo gia thiét ta c6 b+b* +...+b" :b(1+b+...+b”‘1) :bt;)—_ll chia hét cho p.

Do g=0,1nén (b,p)=(b-1 p)=1, suy ra b" -1 chia hét cho p. 0,5
Suy ra g"-1=b"-1=0(modp), suy ra n chia hét cho p-1. (do
p-1=ord (9g))
Theo cau asuy ra n> p**.(p-1). 0,25
Chung minh n= p**.(p-1) la s6 théa mén.
Xét sO nguyén duong a ma (ap)=1. Viet a=[[p" trong do
i=1
P, <P, <..<p, lacac so nguyén to va «;(i=12,..,5) la cac so nguyén 0.25
duong, suy ra a" = H pre
i=1
Ta can ching minh [(1+ p, + p’ +...+ p/ ) =1(mod p**).
i=1
o(a,p)=1nén(p,p)=LVi=12..,s.
,( n . Z N 2 ne; P (p'nal B )
+) Néu p khong chiahét p. -1 thi p,+p +...+p)“ =——=
4b 1 1 1 1 pl _1

2,0d

Chu )'/ ¢(p2024): p2024 . p2023 hay n= p(0<p2024) 0,5
p
suy ra pr* ~1= py*"") 1= (pr " -1 0(mod p)
Suy ra 1+ p, + p’ +...+ p/ =1(mod p*™).
+) Néu p chiahét p, —1, p dung bo dé LTE taco
pi ( pinai _1)

v (p +pi+..+pi)=v | —————= pM —1)-v_(p -1

y R A AL N

v, (P —1)+V, (ne)-v,(p,—1) =v, (na;) > 2024,

suy ra 1+ p, + p; +...+ p“ =1(mod p**).

Vay luon c6 1+ p, + pf +...+ p/ =1(mod p***),Vi=12,....s. 0,5
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Suy ra [ J(1+ p, + p/ +...+ p{ ) =1(mod p***). Ta c6 diéu phi ching minh.
i=1

Vay sé n nhé nhéat 1a n= p®*.(p-1).

Cau 5 (4,0 diém). Gia st S la tap hop hitu han cic diém ma moi diém ctia néd duoc td bai mot
trong hai mau d6 hoac xanh (diém dugc t6 mau do goi la diémNdé, diém dugc t6 mau )fanh goi la
diém xanh) . Goi A, A,, ..., A, la cac tap con cta tap S ma moi tap chira ding nam diem va thoa
man dong thoi cac diéu kién (i) va (i) sau day:

(i) Mdi tap trong cac tap A, A,, ..., A, chua it nhat mot diém do;

(ii) V6i ba diém bat ki trong tap S, ton tai duy nhét i {1; 2; ...; 68} matap A chua ca ba
diém do.

a) Tim s6 phan tir cua tap S.

b) Ton tai hay khdng s6 k e {1; 2; ...; 68} matap A chta bon hoge nim diem do?

Y Néi dung Piém
bit n=|S|. Khi d6 sb tap con ¢6 3 phan tircua tap S 1a C;. 0,5
V6i mdi i e{1; 2; ...; 68} thi sb tap con c6 3 phan tir cuatap A la CJ. 0,5
5a
|
2,0 | Tirdé tasuyra 68C3 =C? > — 1 —680. 0.5
31(n—3)!
<n(n-1)(n-2)=4080 < n=17. Vay |S|=17. 0,5

+) Gia st khong ton tai k € {1, 2; ...; 68} matap A, chta bon hodc nam diem
d6. Khi d6 véi moi k e {1; 2; ...; 68} thi tap A, chua tbi da 3 diém do.

+) Goi B la tap hop cac tap con c6 3 phan tir cia tap S ma mdi tap con d6
chtra mot diém do va 2 diém xanh. Ta goi cac tap hop c6 3 phan tir nhu vay la
tap do. Ta tinh |B| theo 2 cach.

0,5

g |Cidsitrongtip S cor diém do. Khi d6 do [S|=17 nén |B|=C;.C/, (1)

2,0d | +) Mt khac, v6i moi bd 3 diém do thi ton tai duy nhat i € {1; 2; ...; 68} matap
A chtra ca ba diém do nay, suy ratrong tap A nay chira dung 2 diém xanh nén
. 0,5
so tap do trong A la C;.C> =3.

S tap A chua 3 diém d6 1a C® nén s tap dé trong truong hop nay la 3.C°.

+) S6 tap A chwra 1 hodc 2 diém do 12 68— C?.

. . . 0,5
Néu tap A chira ding 1 diém do thi so tap do trong A 1a1.C2 =6
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Néu tap A chira diing 2 diém d6 thi sb tap do trong A la C1.C2 =6,

Suy ra sb tap dé trong mdi tap A chwra 1 hoic 2 diém do 12 6.

Do d6 sb tap do trong truong hop nay 12 6.(68—C?).

Suyra |B|=3.C’+6.(68—C})=408-3C’ (2)

Tur (1) va (2) suy ra 408—3.C>=C,.C% , < r’*-18r?+137r-408=0 (*)

Ta thdy phuong trinh (*) khong c6 nghiém nguyén nén diéu gia sir 1a sai. 0,5
Vay ludn ton tai s6 k e {1; 2; ...; 68} matap A chta bon hogc nam diém do.

Chay:
- Néu thi sinh lam ding, cach gidi khac véi hweng dan chdm, phi hop Kién thirc ciia chwong trinh
thi té cham thong nhdt cho diém thanh phan dam bao tong diém nhw hieong dan quy dinh.

- Téng diém toan bai khong lam tron.
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