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Cau 1 (5 diém). Tim s6 nguyén duong n 16n nhat sao cho ton tai da thiic
P(x)=ax" +a,_1x" 1+ Fax+ag

thda man dong thoi hai diéu kién sau:

(i) bod cac hé sb (ay,ay_1, -+ ,a1,a0) la mot hoan vicda (0,1,2,- -+, n);

(i) P(x) c6 du n nghiém hau ty.
Loi giai.
Vi cac hé sb ctia P(x) déu 1a cac s6 khong &m nén cac nghiém ctia n6 sé la cac s6 khong duong. Vi vay ta c6
thé gia su

n

P(x) = H (bpx + cx); by, cx € N, b > 0.
k=1

Néu c6 nhiéu hon mét s6 k € {1,2,...,n} ma ¢, = 0 thi P(x) = x2Q(x). Lic nay, a; = a9 = 0 sé vi pham
diéu kién (i). Do d6 c6 nhiéu nhat 1a mot s6 k € {1,2,...,n} ma ¢, = 0. Vi vay,

n

IT (e +cx) =271

k=1
Lai co,
n n
H(bk—l-ck):P(l):zui20+1+2—|—---+n:n(n;—l)
k=1 i=0
Suy ra
n(n+1) S on1
2 =

=n(n+1)>2"
Bang qui nap ta chirng minh dugc

2">n(n+1), Vne N, n > 5.

Do do, ta danh gia duogc n < 4.

Xétn =4, tacod

4
I]bc+c)=10=2-5
k=1

Vi 10 khong thé tach thanh tich cta it nhat 3 s6 nguyén 16n hon 1 nén trudng hgp nay khong thé xay ra.
Vay n < 3.

Ta c6 da thirc bac 3 thoéa yéu cau dit ra, chfmg han
P(x)=x(x+1)(x+2) = x®+3x* +2x

Vay gia tri n 16n nhat 1a 3. O



Cau 2 (5 diém). Gia st x,y 1a hai s6 bat ky thudc tap hop {2;3;4;5; - - ;2P }. Chiing minh rang, ton tai sb

2

nguyén duong 1 sao cho x2* + y*" 1a hgp sb.

Loi giai.

Ta xét hai truong hop:

(1) Néu x = y thi khong khoé dé ta chi duge sb nguyén duong 7 thda yéu cau bai toan. Chang han, n = 1
thi
2 P = 2x2
12 hgp sb véi moi x € {2;3;4;5;- - ;215}

(2) Bay gio la truong hop x # y. Xét s6 nguyén t6 Fermat,

p=2%41=2©41,

Ta co
plr g =y = ey () (P ) (T ).
Lai vi,
XFy
{x,y € {2,345, ;2}

nén

O<|xty|l<p= oy

x+y jip
Suy ra,
Ine {1,2;3;--;15}: ¥ +y¥ i p.
Bo dé

Néu s6 nguyén t6 p dugc biéu dién
p:a2+b2:C2+d2,
vdia, b, c,d 1a cac s6 nguyén duong thi {a;b} = {c;d}.
Chirng minh b dé
Ta co
a’c? — b2d* = a? (c2 + dz) —d? (az + bz) =p (az - dz)
=p ‘(1262 — b2d?
p|(ac — bd)
p | (ac + bd)

Ta xét hai truong hop:

Néu p |(ac — bd) thi két hgp vé6i hang dang thirc Lagrange,
p? = (a® +b?) (*+d*) = (ac — bd)* + (ad + bc)”

suy ra

(ad 4 be)*p? = (ad + be)? > p? = (ac — bd)* + (ad + bc)* = ac = bd.



Nhung vi, a? + b* = ¢? + d? 1a s6 nguyén t nén (a,b) = (¢,d) = 1. Do d6 ma tir ac = bd ta c6 thé viét lai
cau tric cac sb 1a: a = bt,d = ct. Tir 46,
P+ =~ +d = (t2+1)b2: (t2+1)c2:>b:c

va tat nhién cting kéo theo a = d.
Truong hop con lai, ta cé

p|ac + bd

= (ac+ bd)2 > p? = (az + bz) (cz + dz) = (ac+ bd)2 + (ad — bc)2

= ad = bc
Ly luén tuong tusé chotaa = c; b =d.
B6 dé dugc chiing minh.
Tré lai bai toan, néu x2' + y?>* = p thi theo b3 dé sé c6

:x2"+y2" :216+1
- {xzn—l;yznfl} _ {28;1}
1a diéu khong thé vi x,y déulén hon 1 van > 1.
Vay, 2" +y*" 1a hop sd. O
Cau 3 (5 diém). Cho tam gidc ABC nhon (AB < AC) noi tiép duong tron (O) c6 E, F lan lugt 1a chan
duong cao ké tir B, C 1én cac canh AC, AB. Goi (w) 1a duong tron ngoai tiép tam gidc AEF. Lay diém I bat
ky thay d6i trén duong tron (O) va J la giao diém khac A ctia duong thang AT véi (w). Goi G la giao diém
khéc A cia (O) va (w).
a) Chiing minh rang, tdim dudng tron ngoai tiép tam giac GIJ luén thudc mot dudng tron (O') c¢b dinh
khi I thay doi.
b) Gid str (O') cat canh BC tai duy nhat mot diém M va M] cat (w) tai P khac J. Chiing minh rang, truc
tdm K cta tam giac PAJ ludn thudc mot duong tron c6 dinh khi I thay déi.

Loi giai.
Chu y. V6i ba diém khong thang hang X, Y, Z ta ki hiéu (XYZ) 1a duong tron di qua ba diém X, Y, Z va
(XY) la duong tron duong kinh XY.
Khong mét tinh tong quat, ta xét thé hinh dudi day:

_____%‘(‘




a) Goi N, D lan lugt 1a tim ctia cac duong tron (w) va (GIJ). Tasé chira D € (ONG).
Ta c6 D la tdm (GI]) nén
/GDN = %LGD] = /GIJ.

Ma ON la trung truc cta AG nén
/NOG = %AAOG = /GIA = /GIJ.

Vay Z/GDN = /NOG, dan t6i D € (GON). Do d6 D ludn thudc duong tron (GON) = (O’) cb dinh.

»

Goi H la tryc tam tam giac ABC va M’ 1a trung diém ctia doan BC. Tasé chira M = M.

Ké duong kinh AA’ ctia (O), ta ¢6 ti gidc BHCA' 1a hinh binh hanh nén M’ ciing 1a trung diém cta
HA’'. Mt khac O la trung diém ctia AA’ nén OM’ = 1AH = AN.

Vi AN||OM’ nén suy ra AOM'N la hinh binh hanh, dan dén Z/ZNM'O = ZNAO = ZNGO. Suy ra,
M’ thudc (0'). Vay M’ 1a giao diém ctia (O') v6i canh BC hay M’ = M.

Do K la truc tam tam gidc AP] va AH la duong kinh cta (w) nén PK||H]J va PH||JK. Vay PKJH la
hinh binh hanh, dan dén hai doan HK va PJ c6 chung trung diém T.

Suy ra NT L PJ hay ZNTM = 90°. Do d6, T thudc duong tron duong kinh MN - d6 cing la duong
tron Euler (Eu) ctia tam gidc ABC.

Xét phép vi tu tdm H ti s6 § bién K thanh T va bién dudng tron (O) thanh dudng tron Euler (Eu) cta
tam giac ABC.Ma T € (MN) = (Eu) nénK € (O).

Vay truc tim K ctia tam gidc PAJ luén ndm trén dudng tron (O) cb dinh.
O

Cau 4 (5 diém). Xét tro choi: C6 mot bang vudng kich thude 10 x 10, mbi 1an bAm niit start dé bat dau choi,
mdy tinh sé t6 mau ngiu nhién mot s6 6 vuong don vi nao dé. DE thang cudc, ngudi choi duge phép to
mau khong qua 19 6 vudéng don vi chua dugc t6 mau (c6 thé khong can phai to 6 nao) sao cho trén bang
vuodng 10 x 10 d6, sb 6 vuong don vi dugc t6 & mbi hang cling nhu & mbi cot déu la sd chan (tinh ca s6 0).
Em hay ching té rang, ludn c6 cach dé thang tro choi nay.

Loi giai.

Vi 10 1a s6 chdn nén phan b ctia né ciing 1a s6 chan. Tic ta can tim cach t6 sao cho s6 6 khong dugc to &

moi hang cting nhu mdi cdt déu 1a sd chan.



Xét do thi 20 dinh, gom 10 dinh A; dai dién cho 10 hang va 10 dinh B; dai dién cho 10 c6t. Ta ndi A; vdi B;

néu 6 nam & hang i, cot j khong dugce t6 mau.

Nhu vay, ta can phai x6a di khong qua 19 canh ctia do thi dé moi dinh ctia d6 thi thu duge déu cé bac chan.

Bo de

Mot d6 thi don, vo hudng 1 dinh. Ta c6 thé bd di khong qua n — 1 canh dé dd thi méi thu duoc c6 tt ca cac

dinh déu cé bac chan.

Ching minh bé de

Ta qui nap theo s6 dinh.

Trudng hop do thi c6 1,2 hay 3 dinh déu c6 thé chi ra dé dang.

V6i k 1a mot s6 nguyén duong, gia st rang, moi do thi don, vo huéng k dinh ta déu c6 thé bo di khong qua

k — 1 canh dé dd thi méi thu dugc c6 tat ca cac dinh déu c6 bac chan.

Xét d6 thi c6 k + 1 dinh. Xét cac truong hop sau:

Truong hop 1.

Truong hop 2.

Truong hop 3.

Trong do thi ¢6 dinh c6 1ap. Xét dd thi con ctia d6 thi ban dau khi ta bo di mot dinh ¢6 lap
nao do cua né. Theo gia thiét qui nap thi trong do thi méi nay ta c6 thé chon khong qua
k — 1 canh dé bé di va khi d6 tat ca cac dinh déu c6 bac chan. Trong do thi ban dau ta cting
chi can b6 di cac canh nhu trong do6 thi mdéi sé duge mot do thi co tat ca cac dinh déu c6

bac chan. Tat nhién s6 canh phai b6 khong vuot k — 1.

Trong d6 thi ¢6 dinh bac 1. Xét dd thi con ctia do6 thi ban dau khi ta bo di mot dinh bac 1
(cting canh nédi véi dinh) nao d6 ctia né. Theo gia thiét qui nap thi trong do thi méi nay ta
c6 thé chon khéng qué k — 1 canh dé b di va khi d6 tat ca cac dinh déu c6 bac chan. Trong
dd thi ban dau, ta cting bo di cac canh nhu trong do thi méi cong thém canh ndi véi dinh
bac 1 dang dé cap thi sé dugc mot dd thi ¢6 tat ca cac dinh déu c6 bac chan. Tat nhién s

canh phai bo khong vuotk —1+1 = k.

Moi dinh ctia d6 thi déu c6 bac tir 2 trd 1én. Diém dic trung ctia d6 thi loai nay 1a né c6 chu
trinh. Ta chon ra mot chu trinh va bo tit c cac canh ctia chu trinh. Viéc 1am nay khong lam
thay ddi tinh chan 1é ctia bac cac dinh. Ta cu lap di lap lai viéc nay cho dén khi xuat hién
dinh bac 1 hodc ¢d 1ap thi sé chon dugc dinh dé thyc hién qui nap (nhu hai truong hop
trén). Va ltic nay ta tra lai tat ca cac canh ban dau da xda trong cac chu trinh. Viéc tra lai cac
canh nay khong 1am thay déi tinh chan 1é ctia bac & cac dinh vi ta tra lai s6 canh chén cho

modi dinh.

B4 dé da dugc chiing minh.

Theo bd dé nay thi trong do thi dang xét ctia bai toan, ta c6 thé x6a khong qua 19 canh dé sao cho do

thi thu duogc c6 moi dinh déu bac chan.

Bai toan da dugc ching minh. O

Hét

Thi sinh khong sit dung tai liéu, mdy tinh cam tay. Cdn b coi thi khong gidi thich gi thém.



