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Bai 5. (7,0 diém) . Tim tat ca cac ham s6 f :[0,+00) - R sao cho f don diéu va
[ f(x)+f (y)]2 = f(x*—y*)+ f (2xy) véi moi x>y >0.

Ki hi¢u déng thirc | f (x)+ f (y)]2 = f(x*—y?)+ f(2xy)la(*).

£(0)=0
Trong (*) cho x =y =0=> 4[f(0)] =2f(0)=

g (*) y FO) =280)=  _1
2

. fQ) =2

Kha ndng 1: f(0)==.Cho x =1,y =0 trong (*) ta co: 2

2 1

f0=-3

- f(1)= _71 khi do f (1) <f(0) nén f(x) don diéu giam trén R

Trong (*) cho x=y =1 tim duoc f(2):%, khi @6 f(2)>f(1) nén f(x) don diéu

tang trén R 1a mau thuan.
X, =1

1 ,
« f(1)==. Xétdaysd § i .
2 X, ,=2X,vnx1

Trong (*) cho X =y =X, taco: 4[f(xn)]2 :f(xn+1)+%

. 1
Tu d6, bang quy nap ta chirng minh dugc: f (Xn ) = > ,vn>1,

Do limx, =+ vaham f(x) don diéu nén f(X):%,‘v’XZO.

Khd ning 2: f(0)=0. Trong (*) cho y =0 ta co: [f(x)}2 =f(X2)VXZO.
Mit khac cho Y =X trong (*) va déy f(O) =0 thu duoc: 4[f(x)]2 =f(2X2)

suy ra: 4f (x)=f(2x) vx >0 (**)

Trong (*) thé X =U+V, y=U—V vakét hop vdi (**) ta co:



[f(u+v)+f(u —v)]2 =f(4uv)+f (2(u2 —vz))
=4f(2uv)+4f(u2—vz):4[f(u)+f(v)]2

Do dé: f(u+Vv)+f(u—v)=2[f(u)+f(v)]vuz=v=0

Tir d6, bang quy nap ta c6: f(x)=f(1)x* VxeQ" va f(nx)=n*f(x)VneN".

Do Q tri mat trong R nén v6i mdi X €[0,00) ton tai hai day so hitu ti duwong {X,} va

{X,} theo thir ty don di¢u tng va don di¢u giam cling hoi tu vé x.

f(x,)<f(x)<f(x,) )
Khi d6 do f(x) don diéunén: L véimoi neN
f(x,)=f(x)=f(x,)
f(1)x2 <f(x)<f(1)x;
Suy ra: ()%, <1 (x) ()Xn véimoi ne N
(I)xz=f(x)=f(1)x;

Cho n -+ = f(1)x* <f(x)<f(1)x*= f(x)=F(1)x* YxeR".

f(x)=0
Mit khéc d& dang tim duoc f (1) bang 0 hogc 1 nén LE ; _ véimoi xeR”
X)=X



Bai 6. (6,0 diém) , ‘
Cho tam giac nhon ABC khdng cén ngoai tiép duong tron tim |. GoiD, E, F lan

luot 14 céc tiép diém ciia dudng tron (I )Vé’i cac canh BC,CA, AB.

a) Goi X,Y,Zlan luot 1a giao diém cua IDv6i EF, IE voi FD, AXvéi
BY; N_,N,,N_lan luot 1a tim dwong tron Euler cua cac tam giac ZBC,ZCA,ZAB.
Chiting minh rang trong tam cua tam giac N_N,N_ thugc duong thang Euler caa tam giac

ABC.

0]
Ké duong thang qua X wvudng goc véi XD cat AB, AC tai F°, E. Ta co
ZIE'X = ZIEX = ZIFX = ZIF ' X, suy ra tam giac IE’F’ can tai 1. Do d6: X 1a trung
diém E’F’. Theo tinh chét hinh thang ta c6 AX di qua trung diém BC. Tuong tu BY di
qua trung diém AC. Vi vay, Z la trong tdm tam giac ABC.
Goi 0,0,,0,,0, lan luogt 1a tim dwong tron ngoai tiép cac tam giac ABC, ZBC, ZCA,
ZAB. Ta c6: 0,0,,00,,00,,00, lan lugt vudng goc véi ZA,BC,CA, AB ma ZA di
qua trung diém BC nén theo tinh chat chum duong thang vudng goc ta c6: OO, di qua
trung diém O,0_, twong tu ta dugc O la trong tam O,0,0..
Bo6 dé 1: Cho hai tam giac bat ky ABC va DEF. Cac diém X, Y, Z lan luot chia cac doan
AD, BE, CF theo cuing mot ti s6 k. Khi d6 trong tam cac tam giac ABC, DEF, XYZ thang
hang.



Chung minh bé dé 1: Goi G, G4, G, lan luot 14 trong tdm cac tam giac ABC, DEF, XYZ.
Theo gia thiét ta  co: XA=kXD,YB=kXE,ZC=kZF, suy ra
XA+YB +ZC =k(XD + XE + ZF) < 3G,G =3k.G,G,, do d6: G, Gy, G, thing hang.
Tro lai bai toan, goi Z,,Z,,Z, lan luot 14 trong tam cac tam giac ZBC,ZCA,ZAB. Ta
c6 Z la trong tdm tam giac Z,Z,Z.. Vi N_,N,,N_lan lugt chia cic doan
0,Z,,0,Z,,0,Z, theo cing mot ti sé nén theo bd d& 1 ta cd trong tdm tam giac
N,_N_N_ thuoc duong thang OZ.

b) Goi M 1a trung diém BCva L 1a giao diém cua AD véi EF. Trén canh BC

o PB LF , . .
lay diem P sao cho —:E. buong thang qua M song song véi Al cat trung truc

cua MPtai K. Chirng minh rang duong tron tam K di qua M va P tiép xuc véi duong
tron ngoai tiép tam giac BIC.

Bo dé 2: Cho tam giac ABC c0 truc tam 1a H, tam duong tron ngoai tiép 1a O, M la trung
diém BC. AD la dudng ddi trung cua tam giac ABC. Trén trung truc cia DM lay K sao
cho MK song song véi OA. Khi d6 duong tron tam K di qua M va P tiép xdc véi duong

tron ngoai tiép tam giac BIC.

Chang minh:




Goi U 1a giao diém khac A cia AM véi dudng tron dudng kinh AH va E, F lan luot 1a
chan duong cao ké tir B va C. Do AM la d6i trung cua tam giac AEF nén AEUF Ia ti
giac diéu hoa, do d6: (HU,HA HE,HF) =—1, suy ra: HU, EF, BC d6ng quy tai S.

Khi d6: SB.SC = SF.SE = SH.SU nén U thudc duong tron ngoai tiép tam giac BHC.
Goi N 1a trung diém EF, do MK//OA nén M, K, N thang hang. Goi V 1a giao diém cua
AM véi EF. Ta co6 AAEF ~ AABC,ma AV la dbi trung cua tam giac AEF va AD la doi
trung cua tam giac ABC nén ZADB = ZAVE = Z/NVM suy ra tt giac NVMD nai tiép,
do d6: ZVDM = ZMNV =90°.

Mit khac, do ME, MF la tiép tuyén cua duong tron duong kinh AH nén
(AU,V,M)=-1,suyra (DA, DU,DV,DM)=-1, vi viy DM la phan giac ngoai cua
goc ZADU .

T d6 ta c6 ZUDS =~/ADM = ZAVS,suy ra t¢ giac VUDS noi tiép. Do do,

ZDUM = ZVSM = %LDKM suy ra U thuoc duong tron (K, KM).

Goi T la trung diém AH thi M, N, T thang hang. Goi W 1a giao diém cua tiép tuyén tai A
cua duong tron (ABC) véi BC. Do AW//EF nén MT L AW, suy ra T la truc tdm tam
giac AMW, do d6: WT 1a trung truc AU, vi vay: WA=WU. Tu do:
WU ? =WA? = WB.WC nén WU Ia tiép tuyén tai U caa (BHC).

Mit khac: AM va AD ding gidc nén WA tiép xdc véi duong tron (ADM) , suy ra
WU 2 =WA? =WD.WM, do d6 WU la tiép tuyén tai U ciia (K,KM).

Viy duong tron (K,KM) tiép xdc véi (BHC).



Tro lai bai toan:

Goi Y, Z lan luot 1a giao diém IB, IC véi EF. Goi X 1a giao diém ciia BZ va CY. Khi d6
ta cé: | a truc tdm tam giac XBC.

Do DL la d6i trung cia tam giac DEF va hai tam giac DEF va XBC dong dang nén

pE 1 C 2 2
g = II;_Ili = B:; = igz , suy ra XP 14 d6i trung cua tam giac XBC.
Mit khac Al L EF = MK L EF = MK //XO" v6i O’ 1a tAm duong tron (XBC).

Ap dung bo dé 2 ta c6 (M,MK) tiép xtc vai (BIC).




Bai 7. (7,0 diém)

Véi mdi ne N’ ta xac dinh cac diy s6 nguyén duong (an) va (bn) nhu sau

a 1 1 1 ,
b—_1+ Sttt véi (a,,b,)=1, trong d6 (a,b)1a ki hiéu uéc chung 16n nhat
n

cua hai sé nguyéna,b. Chimg minh ring véi V N,T € N" luén ton tai me N” dé véi
moi K=m+i ( e{0;1,.. T}) ta déu c6 (a,,N)=1.

Chtng minh. Trude hét ching ta c6 bd dé sau:

Bo dé: Véi gia thiét nhu bai toan ban dau, gia sir k 1a mot s6 nguyén dwong thi
a, IpVvne [pk,Zpk —1], trong d6 p 1a s6 nguyén t bét ki 16n hon 2.

Chtrng minh.

,d

Nhan xét: Néu a, / pthia,a cling khong chia hét cho p.

np+11*** np+p-1

That vay ta co:

|_‘
,_‘

p-

ety e

Tmp+i 3 mp+p—i = (mp+i)(mp+p—i)

p-1

Suy ra véi moi 1=0,p—1 thi:

a . a a r.r 1 1 1
np*':p_+_”+_vé’1—: —+ +...+

b . b pb s s np+l np+2 np+i

np+i

Tir d6 véi chu ¥ b, s khong chia hét cho p suy ra I, IpVi=0,p-1
Nhén xét dugc ching minh.

Tir nhan xét v6i chu ¥ ring a, /p nén a8, 8, déu khong chia hét cho p.

Tir d6 ap dung tiép nhan xét ta co: a.a a ., déu khong chia hét cho p.

p2ag!ttt

Nhu vay sau mot s6 hitu han 1an suy ra A a A,y cling khong chia hét cho p. B6

gt
dé dugc chimg minh.
Tré lai gidi bai toan da cho:
Chon m théoa man 2% <m < 2", khi do:
am
b,

( 1 1 1 1 1) 1
=+ttt [

2 3 2°-1 2°+1 n) 2
a 1 2“"+b

+—=
2'b 2 2b




Suyraa,/2,trongdo u<k vaged(b,2)=1.
k

Viet N lai dudi dang sau: N=2"]p", ta s& ching minh t6n tai mot diy s nguyén
i=1

duong (t‘i )ik:l va s6 nguyén duong m théaman p" <m<2p" -1-T

Khi d6 theo bd dé thi ged(a,,,,p,)=1vh=0,T vai=1k.

Véi cha y khi t du 16n thi chon dugc m dé m, m+1,..., m+T déu nim trong doan
[2',2") nén ged(a,,,,,2)=1Vh=0,T.

Ap dung dinh li Dirichlet ta c6 ton tai vo s6 bo (po, A PR rk) théa man:

1
po———r|[<e<|p, —rlInp|<elnp,

Inp,
=rlInp, <elnp, +p, <2elnp, +rInp,

<rinp, <d+p,<25+rInp,

trong d6 S =¢lnp,

Bay gid chon p, du 16n thi T+1S% suy ra p; +T+1S%p:‘.

Mt khac chon & >0 du nho dé In§+ 26 <1In2, taco:

In%+ri Inp, <8+p0+In%<28+ln%+rilnpi <In2+rInp,
= In%pf <6+p0+ln%<ln2pf
RS rang ton tai &' >8>0 du nho dé 26+8’+In%<|n2, suy ra:
In%p? <8’+p0+ln%<ln2pf
Mit khac theo mét két qua quen thudc In(u +1)— Inu <i Yu e N, ta c6 thé chon u du

u

16n dé u >

A . A A A A A !
, suy ra ton tai vO s6 s6 nguyén duong u dé In(u +1) —Inu<d'-05.Do

d6 ton tai s6 nguyén duong k dé:



5 5
O0+p. +In=<Ink<d+p +In=
Po 4 Po 4
5 I L
:>Inzpi' <Ink <In2p;

@%pi’i <k<2pi=p' +T+1<k<2p;

Chon m =Kk ta ¢ diéu can chirg minh.



