SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN HQC SINH GIOI THPT

THANH PHO HO CHf MINH NAM HOQC 2024 - 2025
e, . MON: TOAN
DE CHINH THUC Ngay thi the nhét: 20/9/2024

(Dé thi gé“m 01 trang) Thoi gian 1am bai: 180 phat (Khong ké thoi gian phdt dé)

Cau 1. (5,0 diém) Cho céc day s6 (u,),(v,) x4c djnh bdi

a) Chimg minh ring u? —2v) =1 véimei n =1,2,3,...
b) Tim lim —2.
n—+00 Q)
Ciu 2. (5,0 diém) Cho b sé thuc dwong (a,b,c), chimg minh ring
a) Ton tai mot hoan vi (z,y,2) cla (a,b,c) sao cho
Ty Yz zx
= + =1
a®+2bc b 42ca c +2ab

b) V6i moi hoén vi (z,y,2) cia (a,b,c) thi ludn co

2 2 2 2
o0 bc + a3+y. ca+2b3+z. ab+2c321.
b(c + 2a) c(a +2b) a(b +2c)

Cau 3. (5,0 diém) S6 nguyén duong n dugc goi 1a “t6t” néu thoa man dong thoi:
(i) Vi moi uéc duong d cia n thi cic sb 14,2%,37,...,46° déu co6 s6 du phan biét khi
chia cho 47.
(ii) Néu ky higu 7(n) 1a s cac wéc duong clia n thi n chia hét cho T(n)%.

2) Chirng minh ring néu n 14 s6 “t8t” thi n 14 s6 chinh phuong.
b) Tim tit ca chc s6 “tot” khdng vuot qua 2025.

Cau 4. (5,0 diém) Cho tam gidc ABC nhon, khong cén, ndi tiép trong dudng tron (0) c6 H
14 tryc tAm. Goi A’, D 14n lugt 13 diém dbi ximg cia A qua BC va qua O.Goi P 1a diém trén
BC sao cho AP vudng goc véi OH (gi4 st céc diém A, D, P khong thing hang). Goi H' 1a
truc tdm clia tam gidc ADP,

s iongins .d 2 i,

a) Chimng minh ring néu BAC = 60° thi H'D di qua diém chinh giita cung nhé BC cua (0).

b) Chimg minh ring H’A’ vuéng géc v6i OP, ddng thoi néu BAC = 45° thi H' va O dbi
ximg v&i nhau qua BC.
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SO GIAO DUC VA PAO TAO KY THI CHON POQI TUYEN HQC SINH GIOI THPT

THANH PHO HO CHI MINH NAM HOQC 2024 - 2025
MON: TOAN
DPE CHINH THU'C Ngay thi thé nhét: 20/9/2024

(Dé thi gom 01 trang) Thoi gian 1Am bai: 180 phit (Khéng ké thoi gian phdt dé)

Ciu 1. (5,0 diém) Cho céc diy sb (u,),(v,) xéc dinh boi
u =3y =2

v, +v,, = +v)+, v6in=123,.

a) Chimg minh ring u? —2v2 =1 v6imoi n =1,2,3,...
b) Tim Lim —2.
n—<400 vn
Cau 2. (5,0 diém) Cho bJ s6 thuc duong (a,b,c), chimg minh ring
a) Ton tai mot hoan vi (z,¥,2) cia (a,d,c) sao cho

¥ F <
a“+2bc b°+2ca ¢ +2ab
b) V6i moi hoan vi (z,y,2) cua (a,b,c) thiludn co

b y 2b 2
= c+2a3+y. ca + 4z ab-}-2c321
b(c +2a) c(a +2b) a(b+2c

Céu 3. (5,0 diém) S6 nguyén duong n dugc goi la “t6t” néu thoa man ddng thoi:

(i) V6i moi wéc duong d cta n thi cac s 14,2¢,3¢,...,46% d&u c6 sb du phan bit khi
chia cho 47.
(ii) Néu ky hidu 7(n) 12 s6 cac u6c duong ctia n thi n chia hét cho 7(n)’.

4

a) Chimg minh ring néu n 14 s6 “tdt” thi n 1a s6 chinh phuong.
b) Tim t4t ca cc sb “tbt” khong vuot qua 2025.
Cu 4. (5,0 diém) Cho tam gidc ABC nhon, khong cin, ndi tiép trong dudng tron (0) c6 H
14 tryc tAm. Goi A’, D 14n luot 12 diém dbi xtmg ciia A qua BC va qua O. Goi P 1a diém trén
BC sao cho AP vudng goc véi OH (gia sir cac diém A, D, P khong thing hang). Goi H' 1a
truc tim cua tam giac ADP.

— €™
a) Chimg minh ring néu BAC = 60° thi H'D di qua diém chinh giita cung nhé BC' cia (0).

b) Chimg minh ring H’A’ vuéng goc véi OP, ddng thoi néu BAC = 45° thi H' va O &6i
xumg v¢i nhau qua BC.

i Scanned with !
i & CamScanner’;


https://v3.camscanner.com/user/download

SO GIAO DUC VA PAO TAO KY THI CHON DOI TUYEN HQC SINH GIOI THPT
THANH PHO HO CHI MINH NAM HQC 2024 - 2025
MON: TOAN
[ PE CHINH THl'J'CJ Ngay thi th hai: 21/9/2024
(D2 thi gém 01 trang) Thoi gian 1am bai: 180 phat (Khong ké thoi gian phdt dé)
- : m+3 khi m/2
Ciu 5. (5,0 diém) Cho him s6 f: Z — Z xac dinh boi f(m) = m

a) Tim tat ¢ céc s§ nguyén m sao cho f(f(f(m))) = 1.

b) Chimg minh ring véi moi sb nguyén 1& k, c6 dang ba s6 nguyén phan biét m sao cho

F(F(Fm))) = k. |
c) V&i s6 nguyén chin &, héi c6 bao nhiéu sb nguyén phan biét m sao cho f(f(f(m))) = k?
Cau 6.' (5,0~diém) Cho tam gidc ABC khong can, c6 trong tim G va ndi tiép trong dudng tron
(0), lay diém A’ € (O) sao cho AA’ song song véi BC. Goi M, N, P lan lugt 13 trung diém
cac doan thang BC,CA,AB. Goi D,E,F 1a diém d6i xtmg ctia chan c4c duong phan gidc trong
gbc A,B,C clia tam gidc ABC 1in luot qua M, N, P. Gia st EF cit BC tai D’ va goi (w,)
12 duong tron dudng kinh DD’ |

a) Chimg minh ring OA’ tiép xic véi (w,) tai 4.

b) Tinh ti sb phuong tich tir G dén (0) va phuong tich tir G dén (w I3

¢) Chirng minh rang truc tim cia tam gidc DEF nim trén duong thing OG.

Cau 7. (5,0 diém) Tim tit ca c4c ham s f, g : (0;+00) — (0;+00) thod man déng thoi:

(i) f(2024z”) < 2024f(g(z)) véi moi z > 0;

(i) f(z+79") = fl9(w)) + (21;(( ))3) v6i moi z,y > 0.

Cau8. (5,0 dlem) Trong budi sinh hoat ngoai khoa, c6 100 cai ghe dugc xep thanh hai hang tao
thanh 50 cdp dbi dién nhau. Co6 gido cho 100 em hoc sinh ng01 vao cic ghe, mdi ghé ¢6 dung
mot hoc sinh.

a) Gia st mdi hoc sinh chi quen véi ngudi ngdi bén canh hoidc dbi dién minh, hoi can chon ra it
nhét bao nhidu em sao cho mdi em khong dugc chon thi quen véi it nhit mdt em duge chon?

b) Gia sir c6 mét hoc sinh nao do di ra ngoa1 va bb lai mot ghé trong C4 gido s€ chon mot hoc
sinh tuy § & hang ghe khong c6 ghé tréng den ngdi vao ghe dang trong C6 gio cb thé thuc hién
thao tac nhu thé nhiéu lan. Chimg minh rang sau mot s6 hitu han 1an, ¢d gido khong thé xep vi
tri ctia cac hoc sinh sao cho em nao ciing ngdi vao ghé dbi dién véi ghé minh ngdi ban dAu.

Ho va tén thi SInh:....eveeeeeemsemsiiinns SO bAD AN, 2o save fussatsmsmagmens
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DAP AN VA HUONG DAN CHAM NGAY 1

| Cau N§i dung [ Piém |
Cho céc ddy s8 (u, ),(v,) x4c dinh bdi
u =39 =2
u,, +9,= (u, +v,)" + v?, v6in=123,..
%t = 2'(1"0", 5,0
a) Chimg minh ring u: _2": =1 véimoin =12,3,...
.U
b) Tim lim —*.
n—=+0C Q)
n
2) Bing quy nap, ta s& chimg minh ring v’ —2v} =1 véi n =1,2,3,... (1)
*Véin=1tacou —20) =3 -2.2"=1.
*Giastn=k>1,taco: u’ —20} =1.Xétn=Fk+1thi 2,0
2 2 2 2 2
U _ka-u = (u: + Zv:) — 2(2ukvk) = (u: — Zv:) =3 P
Theo nguyén 1y quy nap, ta suy ra (1) dugc chimg minh.
g 2
b) Ta co uﬂ+1 & v'n+1\/5 e u'zl & 2011: = (2’(.6"7)”)‘\/-2_ o (un = vn\/i) * 1’0

Thuc hién tuong t, ta cd t,,, —v_ V2 = (3—2v2)" = (V2 —1)*" (2) véi moi

(V2 + 1)2' # (JE - 1)2-

2 5 |/ z
Viy tatinh duge lim —* = lim V2. g=

¥t AL (\/5 * 1)2. i (xfz_ < 1)2'

u +vV2 = (2 +1) 1,0
=12,3,... Tix (1) va (2 . .
n=1 A fox SNRY bt
u =%[(\/§+1)2' +(J§—1)2']
Do 46 voimoi n =1,2,3,...
y = —l—[(«/i +1F — (2 -1
242 1,0

3
2 n+

x 1 2-2°

2 T 2z

n

hoi tu va ta tim duge ngay limz, = 2.

Ghi chii. & cu b), ta c6 thé djt diy z_ = —2 va ¢ duge &, ==, @, =52'L+i. T d6,
: v z
n n
’ 14 * z - 2 2
c6 thé biendoiduge Z_, — \/5 = £—9~2—\-/——)— Pén day suy ra T, 2 \/5, Vn > 1.Ddng thoi
T
n

xéthigu 7, —, = —- +— = ——= < 0,do 6 diy &, gidm VA bj chin dusi nén diy
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Noi dung

Cho b sb thuc duong (@, b, ¢), chimg minh ring

a) Tdn tai mdt hoan vi (z,y, 2) cia (a,b,c) sao cho

Ty Yz 2T
+ + <1
a’+2bc b>+2ca c*+2ab

b) Vi moi hoan vi (2,9, 2) cua (a,b,c) thi ludn cb

bc + 2a ca + 2b* ab +2¢*
T -‘/———+ 3 WL g
bc+20)  ° \cla+2)  \alb+20 -

Piem \

5,0

a) Ta c6 thé chon bd (2,9, 2) = (b, c,a) va quy vé chimg minh

2bc +2ca +2ab <1.
a +2c b"+2ca ¢ +2ab

0,5

Bién d0i tuong duong, ta dugc

[ __Ze ) [ 2 +[1_ 2ab ), 4,
a‘ +2be b% + 2ca c® +2ab
2 b2 c2 >1
& +
a® +2bc | B +2ca | & +2ab

1,0

Theo bit ding thitc AM-GM, a? + 2bc < a® +b” + ¢* nén thyc hién tuong ty thi
2 2 2 2 2 2
a b c a® +b"+c
2 + 2 + 2 Z 2 + 2 2 =
a’+2bc b +2ca c +2ab  a*+b* +c
(Ta ciing c6 thé ding bit ding thirc Cauchy-Schwarz tryc tiép cho vé tréi).

0,5

b) Theo bat ding thirc Holder thi

[C+ b2 + 2](c-{-a+b)(c+b+a)

a2 az 3
c-c'Cc+ T.a-b—’- -E-‘b'a =(c+2a).
Vi thé nén

c+2a 2 be + 2a? 2 z
(c+2a)“ a+b+c blc+2a) T a+b+c

2,0

Do d6, thyc hién tuong ty cic danh gid khac va cdng lai, ta duge

2 2 2
i be +2a + ca+2b +3 ab + 2¢ Zz—}-y-}-z:l'
b(c + 2a)° c(a + 2b)° a(b+2c)* ~ a+bdb+c

Bit ding thirc da cho ludn ding véi moi hoan vj (z,y,2) cia (a,b,c).

1,0

Ghi chu. Bat ding thire & céu b) ¢6 thé chimg minh bing cach ding khao sat ham hoéc khai trién

tryc tiép rdi dung bét ding thirc AM-GM.
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S8 nguyén duong n dwgce goi 1a “t8t” néu thod man ddng thai:

(i) V&i moi w6 duong d cia n thi 14,2%,3%,...,46% ddu c6 chc sb6 du phan
biét khi chia cho 47.

(i) Néu ky hiéu 7(n) 14 s8 cac udc duong ctia n thi n chia hét cho 7(n)’.

a) Chimg minh ring néu 7 12 s6 “t6t” thi n 1a s6 chinh phuong.
b) Tim tht c céc s6 “t6t” khong vurgt qud 2025.

n

5,0

a) Xét s tot n. Truéc hét, ta thay néu n chin thi d = 2 13 mét w6c cia n; tuy nhién,
khi d6,1* v 46 déu cing chia 47 du 1, khdng thoa min (i). Do d6, 7 phdi 1é.

0,5

Tathay n =1 1350 tot vino 13 s6 chinh phuong.
Bay gid xét n > 1 vadit n = pP'p*...p}* v6i P, ,,..., D, 14 che s6 nguyén t6 1¢
phén biét vi a,,0,,...,6, nguyén duong. Vi 7(n) | n nén 7(n) cinglé. ~~

Taco 7(n) = (a, +1)(a, +1)---(a, +1) Enén a;,a,,...,a, déu chin. Vithénén n
phai 1 s6 chinh phuong. Do d6, sé n t6t thi nd 1 s6 chinh phuong. .~

1,0

1) Chii ynéu k > 3 thi n > (3-5-7)* > 2025, khong thoa man. Do d6 k € {1;2}.

0,5

Ta xét cac trudng hop sau day:
(1)) Néu k=1 thi n = p™™ véi p lasbnguyéntd 1é va m € Z*. Dé y néu 2m > 6

thi 7(n)>7 nén p >7 va n >7° > 2025, khong thod min. Do dé, ta xét néu
om =2 thi 7(n) =3 nén p=3 va n=9; con néu 2m = 4 thi 7(n) =5 nén
p=>5vin=>5" = 625. Kiém tradugc n = 9,n = 625 déu thoa mén (ii).

0,540,5

2a _2b

[Néu £ = 2 thi n = p™q® v6i p,q 14 56 nguyén t§ 1¢ phén bigt va a,b € Z* . Chis y
ring néu ci 2a va 2b > 4 thi n > (3-5)" > 2025, khong thoa mén. Vi thé, ta co thé
gia sit 2b = 2, kéo theo 3 | 7(n) nén p = 3 hofc ¢ = 3. £,

+Néu g = 3 thi n = 9p, lic d6 néu 2a = 2 thi 7(n) =9 nén 9* | n, khong thoa
min; do d6 2a >4 nén n >9- 5* > 2025, ciing khong thoa man. /
+ Néu p = 3 thi n = 3%¢”; néu 2a = 2 thi v4 1y nhu trén, vi thé 2a > 2. Nhung

néu 2a > 6 thi n > 3°- 52 > 2025, khong thoa man. Vithé 2a = 4 va 5| 7(n) nén
g = 5, kéo theo n = 2025. Ta thy sb ndy thod man (ii). Vi thé n € {9;625;2025},

Ta sé ching minh rang céc sb n néu trén déu thoa man (i). Xét uéc nguyén duong d
fuy § cba n. Gid st ¢b 4,v € {1;2;...;46} va u = v md u! = v’ (mod 47).

Goi s 13 nghich dio cia v modulo 47 thi djt ¢ = us, tacé t*=1 (mod 47).

0,5

Fﬁp theo, ta dit h = ord,,(t) thi h|d v theo dinh 1y Fermat nhé thi k| 46 nén
h | ged(d,46). Cht ¥ 46 = 223 véi 23 12 s6 nguyén t6 nén luén c6 ged(d, 46) =1
kéo theo h = 1.Khi d6, tas& c6 ¢ =1 (mnod 47) ¢ us =1 (mod 47).

Lai nhén hai vé ciia dng du thic ndy cho v thicé u = v (mod 47), v 1§. Vi thé nén
moi uéc nguyén duong d cia che sb n 43 néu déu thod mén didu kién (i).

Viy tat ca céc gid tri 7 cin tim 13 1,9, 625, 2025.

1,0

3
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NOI dung Piém

Cho tam gidc ABC nhon, khdng cén, ndi tiép trong dudmg tron (0) c6 H 1a tryc tam.
Goi A, D 1an hrot 13 didm adi ximg cia A qua BC va qua O. Goi P 1a diém trén
BC sao cho AP vudng géc voi OH (gia st céc diém A, D, P khong thing hang).
Goi H' 14 tryre tm cia tam gidc ADP. o

a) Chumg minh ring néu BAC = 60° thi H'D di qua diém chinh gitra cung nhé BC 8
cia (0).

b) Chimg minh ring H'A" vudng géc véi OP, ddng thdrinéu BAC = 45° thi H' va
O 4bi xtmg vé6i nhau qua BC.

a) Goi T 13 diém chinh glua cung nhd

BC cua (0). vi BAC = 60° nén

AH =2A0-cos60°= A0
hay AAHQ can tai A.

Ma AP 1 HO nén AP 1a tia phén

S —

gxac goc HAO Mit khic, ta ciing c6
BAH CAO nén AP li tiaphin| 1o

gidc gbéc BA C hay A,P,T thing
hing. Do AD 1a duémg kinh cua (O)
nén ATD = 90°, tir day suy ra dugc
H'D 1 AP tai T.Vay H'D diqua
—~
H diém chinh giita cung nhé BC cua
duong tron (0).
b) Ta sé giai bai toan nay bang hai cach nhu sau.
A
I
(0) B G
R
CI
Q
B K C P
D
L
H'
A”
A'
4
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Ciéch 1.

Goi R 1a hinh chiéu cda H' 1én OP, Q 14 hinh chiéu cta O 1én BC . H'D 1An
lwot cit BC va (O) tai M vA G (== D). Gia sit OH 14n lugt cht BC va AP wi| 10
N va I.Tuxd6taco:
PR-PO = PL-PH' = PG-PA= PM-PK nén KRP = OMP.
Mat khac, Q 1a trung diém HD, NH || DM suyra Q ciing 14 trung diém MN nén
— — — - -, - 1,0
OMP = ONB =180°— KAP = KRP = 180° - KAP.
Goi X = RH'NAH thido KRPX nitiép (K = R = 90°) nén ta c6 ~
KXP =180° — KRP = KAP. L0
Tuddsuyra X dbiximgvéi A qua BC nén X = A'. Vaytacéngay H'A' L OP.
Néu BAC =45° thi goi BB',CC' 1a cic dudng cao cia ABC , d& thiy
OB' L AB, OC' 1 AC nén OB'HC' 13 hinh binh hanh. Goi J = AH'NOH
va E = PDNAH' third rang E € (0).D& thay PIJE va HIPK nji tiép nén
AJ-AE =AI-AP = AH-AK = AB'-AC = AC'- 4B.
Xét phép nghich dao IAFAK s B — C', C — B', E— J,ma (EBC) diqua A| 0

nén J,B’,C’ thing hang. Do d6, J = OH N B’'C’ nén J 1 trung diém OH. Pat
A" = DH'N AA' thido OH || H'D nén H 1a trung diém AA” va theo bd dé hinh
thang, H' 13 trung diém A”D . Do 86, OHH'D 12 hinh binh hanh, BHCD ciing 14
hinh binh hanh nén O, H' di xtrg qua trung diém BC, tic 14 d6i xtimg qua BC.

Cich 2.

A
\
)
‘\
\ X
\
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L N
\
0
\
J
i
R 9 P
B WAV N I T Ly
YU 5/2 .. \eover=rr"
e o ——‘—
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\
\
\l
!
(0] \
\
‘\
1 \
H \
\
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AI
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Ta s& chimg minh ring H'A’ 1a dudng d6i cyc cia P ddi voi (O). That vay, xét tam

N

gifc APH' ¢6 tryc tim D va (O) 1a dudmg trdn dudng kinh AD. Cho PA,PD cht
1si (O) Win lwot tai X, Y thi X € H'D va Y € H'A. Theo tinh chit cuia tit gidc toan | 0%
phin AXDY.PH’ thi d6i cuc cia P trong (O) s& di qua H'.

Goi J 1a tam dudng tron Euler cia tam gisc ABC thi (J) di qua trung diém M, N
cua AB, AC va qua chin dudng cao Q, R umg véi dinh B,C trong tam gidc AB(C.
Pit S = MN NQR thi ta thay ring

SM-SN =SQ-SR
nén S 6 cing phwong tich dén cic dudong trdn dudng kinh AO, AH . Do d6, AS

chinh 14 truc ding phuong ciia hai dudng tron ndy. Goi U,V 14n Iuet 14 trung diém ciia
céc doan thing AH, AQ thi theo tinh chit truc ding phuong, ta c6

UV L AS,ma UV | OH nén AS | OH,
vithé, A, S, P thing hing va vi MN 13 dudng trung binh ciia tam gidc ABC nén S
14 trung diém cua doan thing AP.
Ngodi ra, theo tinh chit ciia tir gisc toan phin MNQR.AS thi dbi cyc cia A trong
(J) s diqua S. Bay gid goi Q laphépvitutim A, tysd 2 thi Q: S — P,

Goi O' 1a diém dbi ximg cia O qua BC thi d& thiy AH = 00’ nén AHO'O 1a
hinh binh hanh, kéo theo J 1 trung diém O'. 1.5
Ngoai ra, dé y ring O’ la tim dudng tron ngoai tiép tam gidc A'BC. Ta c6
Q:(J) — (O’) nén theo tinh chét ciia phép vi ty thi ddi cyc clia A trong (0') st di
qua P. Vi thé, theo dinh Iy La Hire, d6i cyc ciia P trong (O') s& di qua A.

0,5

Cubi cing, qua phép déi ximg truc BC , ta c6 ngay déi cyc ciia P trong (O) s& di qua
A'.Vayta cé dugc A', H' cing nim trén d6i cyc cia P trong (O) nén H'A' L OP. 0.5

Biy gio néu BAC = 45° thitacé
BOC = BO'C = 90°
nén d& thiy BOCO’ 1a hinh vudng. Suy ra OB,0C 14 céc tiép tuyén cia (O') nén

BC 14 4bi cyc cua O trong (0'). 1.0

Ma P € BC nén 46i cyc cia P trong (O') s& di qua O. Vi thé nén A O 1a d6i cyc
cia P trong (O') nén s& c6 AD L O'P. Hon nita, OHO'D 14 hinh binh hanh nén
OH || O'D, kéo theo O'D L AP. Tir 6, ta c6 ngay O' 1 tryc tdm tam gidc ADP

hay O' = H'. Vithé nén H’,0 4bi ximg nhau qua BC.
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DAP AN VA HUONG DAN CHAM NGAY 2

Cau NOi dung piém
m + 3 khi m/2
Chohﬂm\sé f:Z — Z xéc dinh bsi f(m) = m Wi mis
| 2
|
a) Tim tét cd cdc s6 nguyén m sao cho f(f(f(m))) =1. 5,0

b) Chimg minh ring véi moi sd nguyén & k, c6 dung ba s6 nguyén phén biét m sao
o f(F(7(m)) = b
| ¢) V6i s6 nguyén chin k, hoi c6 bao nhiéu s nguyén phan biét m sao cho
f(F(f(m))) = k?
Ta ¢6 cac nhéan xét:
- Néu f(m) 1é thi m chin va m = 2f(m).

0,5
- Néu f(m) chin thi m = 2f(m) hoic m = f(m)— 3.
a) f(f(f(m))) =1= f(f(m)) = 2f(f(f(m))) =2 = f(m) =4V f(m) = —1.
: s flm)=-1=m=2f(m)=—2. 0,5
e f(m)=4=>m=8vm=1. '
vay m € {—2;1;8}. J
b) f(F(f(m))) = k = f(f(m)) = 2f(f(f(m))) = 2k
= f(m)=4kV f(m)=2k—3.
e flm)=2k—3=m=2f(m)=4k—6." 25
e f(m)=4k=m=8kVm=4k—3.
Viy m € {4k — 6;8k; 4k — 3},15 rang ba sb nay déu phan biét.
o) f(f(f(m))) =k = f(f(m)) =2k V f(f(m)) =k -3
e f(f(m))=k—3=> f(m)=2f(f(m)) = 2k —6
=m=4k—-12Vm = 2k—9.
o f(f(m))=2k= f(m)=4kV f(m)=2k—3 2,0
=>m=8Vm=4k—-3Vm=4k—6.
Viy ¢6 5 sb6 nguyén m thoa man 12 m € {4k — 6;8k; 4k — 3;4k —12;2k — 9},
16 rang céc sb nay déu phan biét.
Ciu Noi dung Pidm
Cho tam gisc ABC khong can, ¢6 trong tim G' va ndi tiép trong dudng tron (0), liy
diém A’ € (O) saocho AA’ songsongvéi BC. Goi M, N, P lan lugt Ia trung diém
céc doan thing BC,CA, AB. Goi D, E, F 14 diém di x\ing ciia chan céc dudng phan
gidc trong géc A, B,C cia tam gisc ABC lan lugt qua M, N, P. Gia st EF cit 5,0
BC tai D' va goi (w,) 12 dudng tron duong kinh DD’
6 | a) Chémg minh ring dudng thang OA’ tiép xtc véi (w,) tai A'.
b) Tinh ti sé phuong tich tir G dén (O) va phuong tich tt G dén (w,,).

1
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¢) Chimg minh rﬁng trire tAm cua tam gidc DEF nam trén dudng thang OG.

L

a) Goi AU 1a phan gi4c trong clia tam gidc ABC thi theo tinh chét dudng phén giic,

DB UC AcC EC AB FA __ BC

tacd — —_ tu, ta
DC UB_ Ap omewBe = pe VB oA

Vi thé, theo dinh 1y Ceva thi AD, BE,CF déng quy va kéo theo (DD, BC) = —

0,5

Goi AV 1a phan giac ngoai cuia tam giac ABC thi (UV,BC) = —1. Qua phép dbi
ximg tim M thi (DV',CB) = —1 véi V' 1a d6i xtimg v6i V' qua M. Tir do,
D'=V' nén (w,) d6i ximg v&i dudng tron dudng kinh UV qua trung tryc cia BC.

Mit khic, (UV) di qua A nén (w,) s di qua diém A’, 14 d6i ximg véi A qua trung
truc BC. Pén ddy, ta c6 hai cach gidi nhu sau:

0,5

’ich 1. Goi J la trung diém cua doan thing DD’ thi theo hé thirc Newton, ta ¢6
JA"” — JD? = JD' = JB-JC nén JA' tiép xtc véi (0). Do d6, OA'J = 90°
hay OA’ tiép xtic véi (w,) tai A"

0,5

Cich 2. Vi (UV) 1a dudng tron Apollonius dinh A nén theo tinh chit quen thudc thi
OA tiép xtic véi (UV) nén qua phép ddi ximg truc thi OA’ tiép xuc véi (w,) & A'.

b) Goi R la giao diém khic A’ cva (0),(w,),tasé chira R € AM bing hai cach:
Ciach 1. Ta c6 céc tia JA',JR tiép xtc véi (O) nén A' BRC didu hoa, kéo theo
RB _ AB AC
RC AC AB
M'B _ AB RB _
MC_ AC RC

. Gia st AR cit BC' & M' thi theo bd d& cét tuyén trong tir

giac A'BRC, tac6 én M'B = M'C hay M' = M.

1,0

B AB
Cich 2. Gia sir duong tron Apollonius dinh A cit (O) tai K thi KC =3C nén

ABKC didu hoa, kéo theo AK 12 duong déi trung cia tam gidc ABC . Vithé (w,)

cét (0) tai AR s& lan luot 14 cée diém ddi ximg véi A, K qua trung trye BC.
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tuyén cla tam gide ABC hay R € AM.
Gid st AR ciit lgi (w,) tai S thi aé ¢ riing (UV) va (w,) cling abi xtng nhau qua
(dm M nén S s&1a dnh cia A qua phép dbi ximg d6, kéo theo M 1a trung diém AS.

I Dodd KR I BC nén AK A A-Rdﬁng gide trong goc A, kéo theo AR 1a dudng trungv{‘ B \

pén day, ta co S A ) s 1,0
Foo,  GR-04 QL _R/ONE_ 1
Porwy GR-GS GS 4 /3-MS 2

Ghi chii. Ta vin c6 thé tinh tryc tiép phuong tich tr G' dén (w,) bing cac huéng bién déi khac
ma khéng cAn chira R € AM.

¢) Dinh nghia twong ty véi (w,),(w,)- Theo cdu a), ta ¢6 7, o) = A”? = R? vé6i {

R 13 bén kinh cia (0). Vi tinh binh ding gitta céc dinh 4, B,C', ta ciing chi ra dugc | 0,5

’Po/(w,) = 1%/(%) = R? nén O c6 cing phuong tich dén (w,),(w,),(w,). ]
]

Theo cau b) thi P, 2P 0y» 42 lugng ndy 14 binh ding giita cac dinh A, B, C.

fw) —

Tuong ty ta cling tinh duge 7, ) = Potwg) = —2F, 0 nén G ¢6 cing phuong tich A

dén (w,),(w,),(w,). Vi thé nén (wy)s(wp),(we) ddng truc va chiing cé chung truc
ding phuong 1a OG.
Goi H 12 tryc tam tam gidc DEF va X,Y,Z lin luot 12 hinh chiéu cia D, E, F' 1én

chc canh déi dién, thi X € DH va X € (w,).Khi d6 By, , = HX - HD.

Tuong tr By, = HY - HE, By, , = HZ - HF. 85

R& rang dai lugng ndy ciing binh déing giira cac dinh D, E, F' trong tam giac DEF nén
H c6 cing phuong tich dén ba dudng tron (w, ), (w,),(w,). Vithé tacé H € OG.

Ciu Noi dung Piém

Tim tht ca céc ham sé f, g : (0;+00) — (0;+00) thod min ddng thdi:

(i) £(20242%) < 2024f(g(z)) véimei = > 0;
5,0

ii 4 v f() v&i moi
( )f(z+y)_>.f(g(y))+g(yf(m)) &imoi 2,y > 0.

Truéc hét, ta thly néu nhu tdn tai y, aé g(y,) > vy thi dit @ = 9(y,) — y2 hay

2 3
2+ 9} = g(y,), thay vio didu kién (ii) da cho, ta c6 RO P 0,5
9(y,f(2))

Do 46 g(y) < y* véimei y > 0.
Khi d6, ciing tir (ii), ta c6

fla-+17) 2 Lo+ 51 2 sl + 1), ¥ >0 "

Suyra f(z +y*) > f(z) nén f 12 ham ting ngit,

3
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1B

Tacod: f(z +2y°) = f(z + v* + v*)

> flg) + fl=z +¥") = 2f(9(y)) + f(z), Vz,y > 0.
Nhar vy, bing quy nap, ta cé
f(z + ny*) > nf(g9(y)) + f(z) véimei n € Z* va z,y > 0.

T dé suy ra f(z + 2024y*) > 2024 f(9(y)) + f(2).

Két hop véi diéu kién (i), ta c6
f(z +2024y) > f(2024%*) + f(z), Vz,y > 0.
Tir d6, ta cd ngay f(z +y) > f(z)+ f(y) véi moi z,y > 0. Suyra
f(2024z) > 2024 f(z) va f(nz) > nf(z) véimei z > 0,n € Z*.
Do g(z) < z* va f ting ngit nén tir (i) c6
f(20242%) < 2024 f(g(z)) < 2024 f(z*)

hay f(2024z) < 2024 f(z) véimei z > 0.
Vi thé nén ding thirc xay ra, tirc 13 f(2024z) = 2024f(z), Vz > 0.

1,0

Tir ddy suy ra f(2024™z) = 2024™ f(z), Ve > 0 véi m € Z" .
Vé6i n € Z* tuy ¥, chon m € Z* sao cho n < 2024™. Khi 6 v6i £ > 0 thi
2024™ f(z) = f(2024™z) = f(nz + (2024™ — n)z)
2 f(nz) + f((2024™ —n)z)
> nf(z) +(2024™ — n) f(z) = 2024™ f(z).
Vi thé nén ding thirc phai xdy ra, tirc 13 f(nz) = nf(z) véimoi z > 0,n € Z*. (*)

0,5

bit a = f(1), trong (*), cho z = 2 thi ¢ f[l] s $ Trong (*), cho z = = v
n n n

f[%]=nf[%]=%a.

Vi thé nén f(z) = az véi moi z € Q*. Véi 7, € R* tuy , xét hai ddy sb hitu ty
duong (u,),(v,) sao cho v, <z, < v, vilimu =limv, = g, thi theo tinh ting
ngit cua f, tacd

f(u) < f(z,) < f(v,) hay au, < f(z,) < av,.
Cho n — +o0 thi c6 ngay az, < f(z,) < az; nén f(z,) = az, va tr 46, ta duge
f(z) = az,Yz > 0.
Tir didu kién (i), suy ra a - 20242* < 2024 -ag(z) hay g(z) > 2* véimei z > 0.
Mit khc, ta da chi ra duge g(z) < 2® véimoi & > 0 nén ta c6 ngay g(z) = 2 véi
moi z > 0. Thi lai, ta thiy cac ham f, g néu trén déu thoa man.

m € Z* thi

Vaynén f(z) = az va g(z) = 2’ 1a cée ham 6 can tim.

1,0

4
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FE T Av

mot hoc sinh.

em dugc chon?

c6 thé thwe hién thao tic nhu thé nhiéu lan. Chimg minh ring sau mét sb hitu han lan,

véi ghé minh ngo1 ban dau

a) Gia sit m3i hoc sinh chi quen voi ngudi ngdi bén canh hoic d6i dién minh, héi cin
chon ra it nhit bao nhiéu em sao cho m&i em kh6ng dugc chon thi quen vdi it nhét mot

b) Gia st ¢6 m§t hoc sinh nao do6 di ra ngoal va bo lai mot ghe trong Céo glao s& chon I
mdt hoc sinh tuy § & hang ghé khong cd ghe trdng dén ng01 vdo ghé dang trong Co g1ao

co g1éo khong the xep vi tri ciia céc hoc sinh sao cho em ndo cfing ngdi vao ghé déi dién

NOl dung S - @

Trong budi sinh hoat ngoai khod, c6 100 céi ghé dugc x&p thanh hai hang tao thanh 50
cip aéi dién nhau. C6 gido cho 100 em hgc sinh ng61 vio cac ghé, mdi ghé c6 dang

5,0

|

a) D€ don gian, ta d4nh s6 céc ghé nhu m6 hinh sau day:

1 2 3 4 5 49 | 50
1 2 3 4 5 49 | 50
R4 rang mdi em thi ngdi ké (hodc ddi dién) véi khong qua 3 em con lai nén néu goi m
1a s6 lu(mg hoc sinh dugc chon thi c4c em nay sé quen dugc t6i da 3m em con lai. Vi
thé, tacancé 100 —m < 3m haym>25

1,0

Tuy nhién, néu m = 25 thi du bang pha1 xay ra, tirc 1a m01 em dugc chon sé phai quen
véi ding 3 em cdn lai. Khi d6, hai em ngdi & ghé danh s 1 s& khong dwoc chon. Vi thé
hai em ngdi & ghé danh sé 2 phai ciing lic dugc chon, tuy nhién hic d6 thi hai em nay
cling quen nhau nén s& khéng thé quen dugc 3 em con lai, v 1y.

Do d6, ™ > 26. Ta c6 thé chon cic em ngdi & ghé s6 1é & hang trén, hang duéi xen ké
nhur hinh. Hang duéi: 1,5,9,...,49 va hang trén 14 3,7,11,...,47. Cudi cing ta chon
thém em ngdi & ghé 50 & hang trén nira 14 dugc.

Vay gi4 tri nhé nhét can tim 13 26.

0,5

b) Gia sir ton tai cic thao tic sao cho sau z luot, ta c6 thé thuc hién theo yéu cau cia
bai toan. Ta s€ giai bai toan téng quét khi thay 100 = 4k Pénh sb hai hang ban dau
cu thé nhu sau, trong d6 khong mét tinh tdng quat, coi s 0 tmg véi ghé trong:

0 1 2 - 2k—1
2k 2k+1 2k+2 --- 4k-—1

DZ thiy rang, & mdi lugt thao tac thi so 0 sé lién tuc ddi hang nén dé c6 thé sép xép vi
tri nhu yéu cAu bai toan thi = phai 1a sb 1€.

0,5

Ta ndi hai hang lai véi nhau thanh mgt hang nhwr sau
0,1,2,...,2k —1|| 2k,2k + 1,2k +2,...,4k — 1
thi trang théi két thiic s& 14
2k,2k + 1,2k +2,...,4k—1]| 0,1,2,...,2k — 1.

Trong ddy s a,,a,,...,a,, daidién cho cic sb trén, ta goi cip sb (a,, a,) 12 nghich thé
néunhy i < j va a, > a,.Khi dé, s6 nghich thé ciia day & trang thai ban dau va trang
thai két thiic déu chén vi l4n lugt 1a 0 va (2k)(2k) = 4k*.

1,5
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”"Ffa’S(}fChl ra rang khi ddi chd hai s§ bAtky z,y trong day thi s lugng nghich thé s¢ thay
doi 1€ don vi. That vy,

..z(aa,...a,)y... = ..y(aa,...q,)T...
Ta thy khi di chd (z,y) cho nhau thi véi céc nghich thé chtra nhing s6 truéc © hoge
sau ¥ sé& khong bi anh hudng. Ta lai xét cdc nghich thé tmg véi cac sb nim gitta x,y. 1.0
Tac6 (z,a,) — (a,,7) s€co s nghich thé thay ddi 1, twong tir thi (a,y) = (%, a)
s& ¢6 56 nghich thé thay ddi 1. Suy ra, img v&i mi s6 a, s c6 s6 nghich thé thay déi

1a +1+1 nén ludn chin, vi thé s nghich thé tng Vi céc s6 nay s& thay dbi chin don
vi; riéng (y, %) s& thay d6i thém 1 don vi va do d6, tong cong thay doi Ié don vi.

Vi thé, sau 1& I3n thao tac, s6 nghich thé 12 1¢, trong khi s6 nghich thé lic dau va lic sau
nhu d néu & trén déu chin, méu thuén. Do d6, khong ton tai céc thao téc thod man diéu | 5
kién dé bai.
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