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Cau 1. Cho day so (x,,) xac dinh béi zy = 3055 Tpy1 = 1_;1—"4_%% v6l moi n > 0.
Xét day (y,) xac dinh béi yo = 2024, Y1 = yYn + In usi moi n > 0. Chiing minh rang (y,,) c6
2024 !

161 han hitu h a 2024—— < i s < 2025.
gi6i han hitu han va 20 2025_71_1)I+n00y < 2025

Cau 2. Cho day F,, la day Fibonacci: Fp =0, Fy = 1, F,,.9 = F,+1 + F, v6i moi n > 0. V6i

Fn—1
moi n > 4, goi R, 1a 86 du khi chia [] k* cho F,. Chitng minh réng R, 1a s6 Fibonacci.
k=1

Cau 3. Cho tam giac ABC ndi tiép (O), M la trung diém BC. Mot diém X nam trén (O)
duge goi 1 can bang néu dudng thang qua X vuong géc véi M X cit AB, AC tai hai diém cach
déu M. Gia stt D, E, F 1a ba diém can bing doi mot phan bict. Chiing minh ring M la tam
duong tron noi tiép tam gidc DEF.

Cau 4. Tim tat ci cac ham s6 lien tuc, don diéu f : R™ — R* thod man:
faf) + fyf(@) =1+ flz+y).

Hét

- Thi sinh khong dugc su dung tai liéu.
- Giam thi coi thi khong gidi thich gi thém.
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1
Cau 1. Xét day (z,) thod man z, = — v6i moi n > 0. Khi dé
z—@> Zny1 =22 —zp +1
0024 T T T

Ta c6: 2pi1 — 2n = (2, — 1)2 > 0 v6i moi n > 0. Do d6 (z,,) la day khong gidm, ma z, > 1 nén
zy > 1Vn.

Gi4 stt (2,) bi chan trén, khi d6 ton tailimz, = L > 1 thodman: L = L2~ L+1= L =1, vo
I,

Vay (z,) khong bi chin trén hay lim z, = 400 = limz,, = 0.

. 2 1 1 1
De thay x, = — viimoin >0nén 1 +a2+ - +x, = 2024 — — <
Zn — 1 Zng1 — 1 Znt1 — 1
2024vn > 0.
Suy ra lilf (x1 4+ 22+ -+ + x,) = 2024.
n——+0o0
Dé thay (y,) l1a day tang va
it = gn+ = mg I T gy T2 I ooy, 5,

Vay (y,) la day tang bi chan trén nén né cé giéi han hitu han.
Dt M = limy, thi M < 2025.

Ta co:
1

T T T xr1 + 19 + +x 2024 - 1

n n 1 1 2 n Zn+l —
S A — ot S 9094 = 2024 Vn >
Yny1 =Y +yn y1+yn+ +y1 + 2025 i 2025 "=

2024

h — ta duge M > 2024 ——.
Cho n — +o0 ta duge > 20 5025

u,VnZOtrongd()a: 1+\/g,b: 1_\/3.

NG 2 2
Tu day ta c6 F? + (—=1)" = F,,1F, 1 v6i moi n > 1. Tt day ta suy ra dugc néu n | m thi
P a” — b" | am™ —bm _r
Xét m > 4, m 1a hop s6. Khi d6 m c6 wéc 2 < n < m. Khi d6 F, | F,, ma F,, > F,, > 1 nén
Fm 1a hdp 86. Do Vay F6k+47 F6k7 F6k+27 F6k+3 1a hOp Sé vii m01 k € N*.
Xét s6 du ctia F, khi chia cho 4, ta thay F, =1 (mod 4) v6i moi n ¢6 dang 6k + 1,6k + 5.
Vay néu F,, 1a s6 nguyen t6 thi F,, =1 (mod 4) va n 1a s6 nguyeén t6 18.
Dén day ta xét hai truong hop.

TH1. F, 1a hop s6. Viét F, = ab v6i a,b € N,1 < a < b < F,. Khi do,

Fp—1

F,=ab|a" | [ ¥
k=1

Cau 2. Dé thay, F,, =

Do vay R, =0 = Fy.

0.



TH2. F, la sd nguyén t6. Dat F,, = p thi p=1 (mod 4) va n 1a s6 nguyén t6 1&.

Fn—1 p—1
Dat A= [] kF =[] k*. Ta co:
k=1 k=1
p—1 p—1 1)
A =T[KFE-kr*=]]0*k=(-1D"7 (p—1)!I=-1 (mod p).
k=1 k=1

Suy ra A2+1=0 (mod p).

Ma F?2 ,+1=F,F, o =pF, =0 (modp) va F2 ,+1=F?,+1 (mod p) nén
A=F, 1 hoac A= F, 5 (mod p).

Suy ra R, € {F,_1, F_2}.

Vay R, € {Fo, Fl,_1, F,_o} v6i moi n > 4.

Cau 3. Hinh veé:

T

Goi T la giao diém tiép tuyén tai B,C cta (O). TD,TE,TF lan lugt cit lai (O) tai G, J, 1.
Goi giao diém ctia duong thang qua D vuong goc véi M D véi AB, AC 1a Z,Y.

Ta c6: DY = DZ, ma A(GDBC) = —1nén AG || YZ = AGLMD.

Chtng minh tuong ty, ta c6 MELAJ, MF 1 AI.

Déthay TI-TF =TM-TO =TJ-TE = TB? nén O, M, F, I dong vien, O, M, E, J dong vien.



Bién déi goc:
2(MF,ME) =2(AI,AJ) = (0OI,0J) = (OI,OM) + (OM,O.J)
= (FI,FM)+ (EM,EJ)
= (FI,FD)+ (FD,FM)+ (EM,ED) + (ED, E.J)
= (FD,FM)+ (EM,ED) + (AI, AJ)
= (FD,MD) + (MD,MF)+ (EM,MD) + (MD,DE) + (MF, ME)
= (FD,MD) + (MD,ED) + (ME,MF)+ (MF, ME)
= (DF,DE) (mod 7)
Chitng minh tuong tu, ta c6 2(MF,MD) = (EF,ED) (mod 7);2(MD,ME) = (FD, FE)

(mod 7).
Vay M 1a tam duong tron noi tiép tam giac DEF.

Cau 4. Gia st ham s6 f ham s6 lién tuc, don diéu, f : Rt — RT thod man:
faf@)+ fyf(@) =1+ flz+y). (1)

Goi P(z,y) 1a phép thé (z,y) vao (1). Dau tien, ta chiing minh f(z) < 1 v6i moi z.
Gia st ton tai y sao cho f(y) > 1.

Néu f(y) > 1, P (#,y), ta dugc f (yf <#)) =1.

Noi cach khéc, ton tai a sao cho f(a) = 1.

P(a,a) = f(2a) =1= f(a), vo Iy do f don dicu.

Vay 0 < f(x) < 1 v6i moi x € RT.

Tiép theo, ta chiing minh f don diéu giam.

Gié st f la ham don diéu tang. Xét 0 < x < a, P(x,a — x), ta dugc:

L+ f(z) = fef(a =)+ f((a = 2)f(x)) <1+ f(zf(a—x))

= f(z) < f(zfla—2z)) =z <zfla—z)= fla—x)>1, voly.
Vay f la ham don diéu gidm neén ton tai L = hT f(x).
T—r+00

Néu L > 0, trong (1), ¢6 dinh z, cho y — +o0, ta duge:
f(zL)+L =1+ L.

Suy ra f(zL) =1, vo ly. Vay L = 0.

P(z,x), ta dugce: f(a:f( ) = 1+Tf(>

X 1
lirll flzf(x)) = 5 # 0 nén ton tai b = lir+n xf(x) v6i f(b) = 3
P(z,zy), ta dugc:

Tu day suy ra zf(x) la ham don diéu tang lién tuc va

faf(ey) + flyef(z) =1+ fz + zy).

Cé dinh y, cho x — +oo, ta duge: f (S) + f(by) =1 v6i moi y > 0.
Xét ham g(z) = f(bx), dé thay g(z) +g¢ <l> =1va
x
9(zg(y)) + 9(yg(x)) =1+ g(z + y)Ve,y > 0 (2)

Bay gio ta sé ching minh g(x) =

I v6i moi x € QF.

That vay, dé thay g(1) = 5



A b .
Giésﬁ.’g(g): véi moi a,b € N*. a+b < n.

b a+b
Xéta+b:n+1,b<n,tacég(é>:1—g<%>.
a
Thay © = a — 1,y = b vao (2), ta dugc a1 + b =1+g(n) = a1y _
L CI\bx1) TINa) T T T I ) T
a
g(n)+g<5>.
Tu day ta dé déngsuyradu’cjcg(%):bg(n) v6i moi 1 < b <n.
1 1 a b
Thay b=n,a = 1 1—g(n)=g (-] = — ——Doddg(7) =
ay b=n,a =1, ta dugc 1 —g(n) g(n) nfg(n) = g(n) ] 0dbg 2 >

viimoia+b=n+1,1<a,b<n.

1
Vay g(z) = T2 v6i moi z € QT. Do ¢ 1a ham lién tuc vd QT 13 tap trit mat trong R* nén
1

x) = 61 moi xz > 0.
9(x) 1+ v ' )
S = Gi ix >0t do c= —.
uy ra f(z) [T op VO 0l 2> 0, trong dé ¢ = o
Thit lai, ta c6 tat cd ham thod méan yéu cau dé bai la f(z) = T Va > 0.
cx



