TRUONG DAI HOC SU PHAM HA NOI PE THI CHON POI TUYEN RUT GON
TRUONG THPT CHUYEN THI HSGQG NAM HOC 2021-2022
Mon thi: TOAN. Ngay thi tht nhat.
Thoi gian lam bai: 180 phit, khong ké thoi gian giao dé

Cau 1. (5 diém) Cho ba s6 thuc duong a, b, ¢ thay doi. Tim gid tri 16n nhat ctia biéu thiic
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Cau 2. (5 diém) Cho day s6 (u,) xac dinh béi: u; = 2022 va
Upt1 = Up (Jup + 1)3 véi moin € Z7.

Xét day s6 (v,) théa man
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v6i moi n € Z*. Tim lim v,,.

Cau 3. (5 diém) Cho tam gidc khong cin ABC' ¢6 cic dudng cao BE,C'F cit nhau tai H va
dudng tron ngoai tiép (O) ( O la tAm ). Goi G 14 giao diém khic A ciia AO va dudng tron dudng
kinh AH. Cac duong théng GE,GF tuong ting cat HC, HB tai P,Q. Goi M, I lan luct 13 trung
diém ctia BC, AH.

(a) Chting minh rang M, P, Q thang hang.

(b) Goi T 1a hinh chiéu vuéng goc ctia H trén AM. Goi N, K theo thit tu 1a giao diém ciia
ET,EF va AB, AM. Chimg minh rang M N vuéng goc voi IK.

Cau 4. (5 diém) Trén ban c6 n vién bi (n > 2). Hai ngudi A va B lan lugt ldy bi trén ban theo
quy tac sau: Lic dau, A lay it nhat mét bi va t6i da n— 1 bi , tit bude tiép theo, ngudi nao dén luct
ctia minh thi phai lay it nhat mot bi va khong vuot qué s6 bi ctia d6i thi da 1y & ngay budc trude.
Ngudi 1y duge vién bi cudi ciing 14 ngudi thang cude. Chimg minh rang B ¢6 chién luge thing cudc
khi v& chi khi n 1a mot lily thita cia 2 v6i s6 mil nguyén duong.

Hoc sinh khong duoc st dung tai liéu, gidm thi khong gidi thich gi thém.



TRUONG DAI HOC SU PHAM HA NOI PE THI CHON POI TUYEN RUT GON
TRUONG THPT CHUYEN THI HSGQG NAM HOC 2021-2022
Mon thi: TOAN. Ngay thi thit hai.
Thoi gian lam bai: 180 phit, khong ké thoi gian giao dé

Cau 5. (5 diém) Tim tat ci cdc ham s6 f : Z+ — Z* thod man

f(fn)+m)=4dn+ f(m+1) v6i moi m, n nguyén duong.

Cau 6. (5 diém) Cho day s6 nguyén (x,,) thod man xg =0, 1 = 1 VA Ty, = 3T 41 — T, VOi MoOi
n € N.

(a) Chimg minh rang 522 + 4 1a s6 chinh phuong véi moi n € N.

(b) Cho s6 nguyén duong A va sb nguyén B thoa man 54%z2 + B 1a s6 chinh phuong v6i moi
n € N. Chiing minh rang B = 4A2.

Cau 7. (5 diém) Mot nudc cé 115 thanh phd. Nguoi ta thiét 1ap mot s6 duong bay truc tiép (hai
chiéu) gitta mot s6 cap thanh phd sao cho xuat phat tit mét thanh phd bat ky, hanh khéch c6 thé
bay truc tiép t6i mot thanh phd bat ki khéc trong nude hoic qua mot vai chuyén bay trung chuyén
dugc dinh nghia nhu trén, dong thoi méi thanh phd cé it nhat 5 dudng bay truc tiép t6i 5 thanh
phd khéc trong nudée.

(a) Véi hai thanh phd bat ki, ta xét tuyén dudng bay ndi hai thanh phé nay ma can chuyén
qua it sdn bay trung gian nhat, gia st trong tuyén nay gom cé k chuyén bay trung chuyen
thi ta n6i do dai dudng bay ndi hai thanh phd 1a k. Chimg minh rang do dai duong bay
n6i hai thanh phé bat ki khong vugt qua 55.

(b) Hay chi ra mdt cach thiét 14p dudng bay théa man yéu cau da cho va cé it nhat mot cap

hai thanh phd ¢6 d6 dai dudng bay nbi chiing bang 55.

Cau 8. (5 diém) Cau 8. Cho tam gidc nhon khéng can ABC ndi tiép dudng tron (O) c¢6 AD, BE, CF la céc

duong cao. Lay cac diém M, N lan luot ddi xtmg v6i C,B qua E,F va P,Q lan luot ddi xtmg vé6i
C,A qua D,F. Goi K, T tuong tmg la giao diém ctia MN,PQ va FE,FD. a) Chimg minh rang
DKPET. b) Goi G 1 giao diém ctia MN va PQ (G khac K, T ). Chtmg minh rang AK,BT va
duong tron ngoai tiép tam gidc GTK cling di qua mot diém trén dudng tron (O).



A. Huéng dan giai ngay thi thi nhit

1 (5 diém) Cho ba s6 thuc duong a, b, ¢ thay d6i. Tim gia tri 16n nhat ciia biéu thiic

b+c c+a a+b D35 4 P55 4 55 55 4 b5
+ — 2021 + +

pP= 1966( —+— - — 5 =

a b c . . .3l
Bai giai. bat z = V=" va z = — thi x,y, z la cac s0 duong va thoa man zyz = 1. Khi dé
c a

1 1 1 1 1 1
P:1966(x+y+z+—+—+—) — 2021 (x55+y55+z55+g+g+g).
r Yy =z x 1Y z

Bé dé 1. Vdi moi s6 duong x ta cé

1 1
1966 (x + —) — 2021 <x55 + E) < —110.
€ €

Chitng minh. Bat dang thicc can ching minh tuong duong véi

1966 (\/’ — %)2 — 2021 ((\/5)55 - <%)55> 2 <0.

Dit t = y/z thit > 0 va bat dang thic can ching minh tré thanh

1966 1 1 2
2 54 53
t<__<t +t +...+]+¥+...+;)><0

Bat déng thic cudi ciing ding vi theo AM-GM

1 1
t54_|_t53_+_..._|_1_|_¥+...+t5—421+2+"'+2:109>1.

Quay lai bai toan, ta cé
P < —110 x 3 = —330.

Dau bang xay ra khi vi chikhiz =y=z=1haya=0b=rc.
2 (5 diém) Cho day sb (u,) xdc dinh béi: u; = 2022 va
Upy1 = Uy (U + 1)° v6i moin € Z7.
Xét day s6 (v,) théa man
. 1

v6i moi n € Z*. Tim limv,.



Bai giai. Dé cho tién, ta dit =, = ¥/, thi z; = v/2022 va

Tpt1 = Tp(x, + 1) v6i moi n > 1.
Ta cb
1 1
Tnt1 N T, Tp,+1
hay

1 1 1 .. .
= — — vOi moi n > 1.
1 + Tn, Tn+1 '

Thanh thit, v6i moéi n > 1, ta ¢

U‘Z 1 (L 1N _ 1 1
T, Tn  Tpy1)  T1 Tngr

B6 dé 2. (z,) la day ting chdt va khong bi chdn.

Ching minh. Thuc vay, ta cé

Tpi1 = Tp(x, + 1) > xi v6i moi n > 1.

V6i mdi sé nguyén n > 1, 4p dung diéu trén lién tiép n — 1 lan, ta dudc

2 277.—1
Ty >Th >0 >

-1

Vay z,, > m%n_l v6i moi n > 1, do d6 ding v6i moi n > 1. Vi z; = v/2022 > 14 nén limz?" = oo.
Do d6 lim z,, = oc. O]

Quay lai bai toan, ta cé limz, 1 = oo, do do

limv, = — =

3 (5 diém)

4 (5 diém) Trén ban c6 n vién bi (n > 2). Hai ngudi A va B 1an lugt 1ay bi trén ban theo quy téc
sau: Lic dau, A lay it nhat mot bi va t6i da n — 1 bi , tit bude tiép theo, ngudi nao dén ludt cia
minh thi phai liy it nhat mét bi va khong vigt qua s6 bi ctia doi tha da 14y & ngay bude trudc.
Ngudi 1y duge vién bi cudi ciing 1a ngudi thang cudc. Chiing minh rang B c6 chién luge thang cude
khi va chi khi n 1a mot lily thita ctia 2 v6i s6 mil nguyén duong.

Bai giai. Gia st n = 2% véi k > 2. O buée dau tién, gia st A lay x vién, trong d6 1 <z <n — 1.
Néu k = 2 thi A chi dugc bée ding 1 vién thoi va sau dé B, A tuan tu boc 1 vién, B 1a ngusi boc
vién cubi cting. VAy B thang. Néu k > 3 thi B lay 2! — x vién, s6 bi con lai trén ban 1a 251 13

luy thita ctia 2 v6i s6 mii khéng nhé hon 2.



Néu 2% > 2 > 2% 1 thi 1 <2 — 2 < z, nén B chi can lay 2* — z bi la A thua.

Vay sau khi A b6c xong thi B béc, dé A khong thua thi s6 bi con lai phai luy thita ding ciia 2
v6i s6 mil khong nho hon 2 va s6 mit da gidm di 1 don vi. VAy cit lap lai sau hitu han budc B sé

thing.
Bay gio, ta chiing minh chiéu déo, gid sit n 1a s6 ma B c¢6 cdch dé thang. Ta c¢6 nhan xét

Nhan xét. Néu khi dén luot A choi ma trén ban c¢6 mot s6 1é bi, thi A thing. Thuc vAy, A chi can
lay 1 vién, cic budc sau moéi ngudi chi ldy mot vién, sé bi con lai khi dén luot A luon 1é, do dé A

thang.

Véy B phai tim cach cho s6 bi con lai ctia A ludn 1a sé chan va phai 16n hon s6 bi minh vita boc.

TS. Ha Duy Hung



