KY THI CHON HOQC SINH GIOI LOP 9 THANH PHO LAO CAI
NAM HOQC 2024-2025
Mbén thi: TOAN
(Thoi gian: 150 phit, khéng ké thoi gian giao dé)
(Pé thi gom c6: 01 trang, 06 cau)

Cau 1 (5,0 diém)

1.1.Cho biéu thirc: A= (

1 4/x-8 ( 12
IX+1 xfx+x-4Ix -4 | \ax+4  ax+4x

j(x>0;x¢4)

a, Rat gon A
b, Tim t4t ca gid tri thuc cia x sao cho A nhan gié tri 1a cac s6 nguyén
1.2. Cho cac s6 thuc a, b, ¢, d thoa man (a+b)(b+c)(c+d)(d +a) =0. Tinh gia tri cia biéu thirc

_ 2c—2a N 2d —2b N 2a—2c N 2b-2d
(@a+b)(b+c) (b+c)(c+d) (c+d)(d+a) (d+a)(a+b)

Céu 2 (2,0 diém)

Trén mat ban c6 2 chiéc hodp, trong hop thir nhat co 5 vién bi mau d6 va 9 vién bi mau xanh.
Trong hop thr hai c6 7 vién bi mau d6 va 8 vién bi mau xanh. Ly ngau nhién tir mdi hop mot
vién bi. Tinh xéac suat dé 1y dugc 2 vién bi ciing mau.

Cau 3 (2,0 diém)

Hoi khoe Phu Pong cip tinh nim 2023 ¢6 nhiéu b mon thé thao duoc t6 chirc. Tuan va Ta ding
ki tham gia mon dién kinh. M&i van dong vién chay lién tuc trén dudng dua tir A dén B r6i 1ap
trc quay tro lai A, cir thé da 3 luot lién tiép. Tuin thudc nhom 1 xudt phat tir A, khi Tuén dén B
thi TG thudc nhém 2 bat dau xuit phat tir A. Hai ban gip nhau lan thi nhit & diém cach A 1a
200m va gip nhau lan thir hai tai diém cach B 1a 100m. Tinh quing duong ma mdi ban phai chay
theo quy dinh cua hop thi.

Céu 4 (2,0 diém)

4.1. Cho x > 1. Tim gia tri nho nhat ctia biéu thirc B = x + 4

x—1
. £ . , .1 11 2 , .
4.2. Cho x,y, z 1a cac s6 thuc 16n hon 2023, thoa man —+ —+ — =——. Chling minh
X y z 2023

JX+Y+2>x-2023 +./y—2023 ++/2-2023

Cau 5 (3,0 diém)
5.1.Cho C=16"-9" -7 v&i moi ne N;n>1. Ching minh C chia hét cho 21.
5.2. Tim tét ca cac s6 ty nhién n va k && A=n*+4%*1a s6 nguyén td.
5.3. Tim tét ca cc s6 nguyén x, y thoa man phuong trinh:
X2y — Xy +2x—1=y* —xy* -2y

Céu 6 (6,0 diém) Cho tam giac ABC vudng tai A. Trén canh AC 13y diém F, v& FE vudng goc
v6i BC tai E. Goi (0)1a dudng tron ngoai tiép tam giac CEF. Pudng thang BF cit (0) tai diém
thtr hai 14 D, DE cét AC tai H.

a) Chimng minh: BCA=BDA

b) Chirng minh: OE? = OH.OA

¢) Puong thang AD cit (0) tai diém tht hai 1a G, FG cat CD tai I, CG cat FD tai K. Chimg minh
rang I, K, H thang hang.

LOI GIAI THAM KHAO
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Trung tdm toan hoc Pytago Education

Cau 1.1

Cho biéu thire: M =| 22— +1+1 -*/W(Hy)_xy, (x>0,y>0)
v xy) xdlx+yy

a) Rat gon M

b) Biét x + y = 4. Tim gia tri nho nhit cta biéu thic M.

Loi gidi

a)M=(i+iJ. XY (x=/xy +)
Xy ) Wxy)x=xy +y)

RN

Xy o Wx+yy
IR
]
b) Véi x+y=4,x>0;y>0
. . £ . X+Yy
Ap dung BDT Co-si cho 2 s6 duong ta cé \/WS 2 =2
M=ttt 2 o
Xy Sy

Dau “=" xay rakhi x = y = 2

Vay min M =+/2khix =y = 2

Caul.2
b ab+1
7 T =
a®+1 b*+1 | [2(a? +1)(b? +1)

Cho cac s6 duong a, b théa min ab + a + b = 1. Ching minh

Loi gidi Tacé a° +1=a’*+ab+a+b=(a+1)(a+b)
b’ +1=b’+ab+a+b=(b+1)(a+b)
Khi do:

a N b a N b _a(b+)+b(a+l)
a’+1 b’+1 (a+Dl(a+b) (b+D(a+b) (a+1)(b+1)(a+b)

_ ab+ab+a+b  ab+1 0
(ab+a+b+1)(a+b) 2(a+b)

ab+1 _ ab+1 _ ab+1
J2@+D)(0%+1)  J2(a+1)(b+1)(a+b)?  J2(ab+a+b+1)(a+b)?

Lai co:

ab+1 ab+1

Ja@ib) 2(a+b)

(via > 0,b > 0) (2)




b ab+1

Tur (1) va (2) suy ra: + = (
a’+1 b*+1 [2(a® +1)(b +1)

dpcm)

Cau 2
Chon ngau nhién mot so ty nhién gom 3 chit s6 d6i mdt khac nhau. Tinh xé4c suat dé so dugc
chon chia hét cho 4.

Loi gidi

*S4 tu nhién c6 3 chit s& d6i mot khac nhau cd dang abc.
a c6 9 cach chon (vi a # 0)

b c6 9 cach chon (vi b # a)

c c6 9 cach chon (vic # a,c # b)

=86 cach chon s6 tu nhién abcla 9.9.8 = 648 =n(Q)
*Pé abc 14 thi bc phai thudc cée truong hop sau:

TH1: bc thuge T ={04;08; 20; 40; 60; 80}

Khi d6 bc cé 6 cach chon va a c6 8 cach chon (via # b,a # c)

=Trudng hop niy co 6.8=48 sb

TH2: b_Cthuf)c vao tap S voi S 1a tap {04;08;12;.....;96} bo di tap T va tap {44;48} (vi 2 chir $6
gidng nhau.)

96-4

= Sé canh chon bcla +1-6-2=16

Sécanhchonalé7(via # 0;a # b;a # c)
=Truong hop nay c6 7.16=112 s
112+48 20

X4c sudt can tinh 1a P = =
648 81

Cau 3

C6 hai binh dyng nudc. Binh I dang chua 18 lit nudc, binh II dang chira 10 lit nude. Néu rot tir
binh I sang diy binh II thi lugng nudc con lai trong binh I chi bang 1/3 thé tich ctia né. Néu rot
tir binh II sang day binh I thi luong nudc con lai trong binh II chi bang 1/5 thé tich ctia né. Tinh
thé tich cia mdi binh?

Loi giai

Goi thé tich cua binh I,binh II 1an luot 14 x,y (lit), diéu kién x>18;y>10.

Luong nudc da rot tir binh I thi lam day binh II 1a 18—% X=y-10< x+3y =84
Luong nudc da rot tir binh I thi lam day binh I 13 10 —% y=X-18<5x+y =140

. . X+3y =84 X =24(t/ m)
Giai h¢ phuong trinh ta dugc =

5x+y =140 y =20(t/ m)

Vay thé tich ciia binh I 14 24 1it va thé tich ctia binh II 13 20 lit.

Cau4.1
Cho hai sé thuc a, b. Chirng minh a* +b* > ab(a’ +b?)
Loi giai
Cach 1: Ap dung BPT Cé-si cho 4 s6 khong am, ta co:

a'+a’+a*+b*>4|ab|>4a®



Tuong tuw a* +b* +b* +b* > 4ab’
= 4(a* +b*) > 4ab(a® +b?)
= a*+b* > ab(a’ +b?)(dpcm)

Dau”="xayra & a = b.

Cach 2:

a*+b* >ab(a’+b?)

o a*(a—b)—b*(a—b)>0
o (a-b)@ -b%)>0

< (a—b)*(@*+ab+b*)>0

2 2
Ma a’+ab+b’ = (a+gj +BT >0 nén bét dang thirc diing

Cau4.2

Xét cac sd thuc a, b, c théa man abc = 1. Tim gia tri lon nhét cta biéu thirc
a b c

P= +

+
b*+c*+a a*+c*+b a*+b*+c
Loi gidi Theo chiing minh cau 4.1 ta co: b* +¢* >bc(b® +c¢?)

Do abc = 1 nén b*+c*+a=b*+c*+a’c >bc(a® +b* +c?)

2 2

a_ _ a 3 a !
b*+c*+a bc(a®+b*+c®) abc(a®+b*+c?) a’+b*+c?
2 2 2
< A . a“+b°+c
Tuong tu va cong lai ta dugc: P< ————— =1
a“+b“+c

Dau“="xayraea=b=c=1

Vay gia tri Ionnhat P = 1khia=b =c = 1.

Céau 5.1
Chtrng minh v6i moi sb nguyén n ta ¢6 Q =n* —2023n chia hét cho 6.
Q=n>-2023n

Loi gidi Taco: Q=n*-2023n=n*-n=n(n-1)(n+1) (mod 6) (1)
Vi n—1Ln;n+1 13 3 s nguyén lién tiép nén n(n-1)(n+1):2 va 3
Ma UCLN(2;3) =1. Suy ra n(n—-1)(n+1):6 (2)

Tur (1);(2) = Q:6 (dpcm)

Cau 5.2

Tim tit ca cac s6 nguyén x sao cho gia tri ctia biéu thirc (x+3)(x? + X —5) =a? (x+3)(x* + x—5)
12 mot s chinh phwong (X +3)(x? + X —5)

Loi giai Phuong trinh (X+3)(x*+Xx—5)= 0 chi c6 nghiém nguyén x = —3 vi phuong trinh
x* +X—5=0 khong c6 nghiém nguyén.

Gia str (x+3)(x*+x—5)=a® véi a nguyén duong (1)

Néux+3<O0thix—2<0suyra X*+x—5=(Xx+3)(x—2)+1>0. Vo ly.

Suyrax +3 > 0dantéi X>+x-5>0 (2)

Goid1aUCLN cua x + 3 va x> +x-5



x+3:d X+3:d )
=9, = .. =>ld=d=1 (3
X +x-5:d (x=2)(x+3)+1:d
T (1),(2) va (3) = x + 3 va x?+x—5cung 1a cac sé chinh phuong.
5 {2x+1+2b=—1
bat

< 2(2x+1)=-22=x=-6=>x+3=-3 voi b nguyén duong
2x+1-2b=-21

= 4x* +4x—20 = (2b)*
< (2x+1)% —(2b)? =21 < (2x+1-2b)(2x+1+2b) =21
Vi 2x+1+2b>2x+1-2b véi moi b nguyén duwong. Hon nita x + 3 > 0 nén x > —2 din dén

2x + 1+ 2b = —2, ta c6 cac TH sau xay ra:

) 2x+1+2b=21 o
THI: & 2(2x+1) =22 < x=5= x+3=8 (Loai vi khong la SCP)

2x+1-2b=1
2X+1+2b=7 _
TH2: < 2(2x+1) =10 x=2= x+3=5 (Loai vi khong 1a SCP)
2x+1-2b=3
2x+1+2b=-1 _
TH3: < 2(2x+1) =-22 & x=—-6 = x+3=-3(Loai vi khong la SCP)
2x+1-2b=-21

Vay x=-3 14 s6 duy nhat thoa man

Céau 5.3
Tim c4c nghiém nguyén duong cua phuong trinh: x*y* —4xy® + x> +4y* —3x* +1=0
Loi gidi X*y* —4xy* +x3 +4y* —3x* +1=0 < y*(X* = 4x+4) +x* -3x° +4 =3
Do (x—2)>>0 va(x—2)? 1a sé chinh phuong (vi X e N*) nén ta c6 TH sau xay ra:
{(i_z)z =1 <:>{y4 =1 , <:>{X21 (viy>0)

y2+x+1=3 |[x-2=-y y=1
Vay phuong trinh da cho c6 cac nghiém nguyén duong (x;y) 1a (1;1)

Cau 6
Cho tam giac ABC vudng tai A (AB < AC) duong cao AH. Puong tron tam I duong kinh AH cit
cac canh AB, AC lan luot tai M, N. Goi O 1a trung diém cua BC; E la giao diém ciia MN va OA.
a) Ching minh t&r giac BMNC 1a tir gidc noi tiép
b) Chimng minh AAET ~ AAHO va £+£ =1
HB HC
¢) Goi P 1a giao diém cta BC va MN; K 1a giao diém thtr hai cia AP va duong tron duong kinh

AH. Ching minh BKC =90°

Loi gidi

I\' 9

P B H 0 O

a) Xét duong tron (1) duong kinh AH.

Ta co6 ANH =90° (gdc ndi tiép chin nira dudng tron)



M, =H, (hai goc nd1 tiép cung chin cung AN)
Lai c6 H;, = HCA (cung phu voi HAC )
Suy ra M, = BCN = BMNC Ia tir giac noi tiép
b) Vi IH = IN (ban kinh cua dudng tron (1))
=> AIHN cantail =1, =2H, = |, =2HCA
Vi 0 1a trung diém ctia BC va AABC vudng tai A nén 0A = 0C = AOAC can tai O
=0, =20CA.Suyra I, =0, . Lai c6 A chung suy ra AAIE ~ AAOH (g-g)
Al AE

= —=—=> Al.LAH = AO.AE = 2AIl.AH = 2A0.AE = AH* = BC.AE
AO AH
AE AE
= HB.HC = (HB + HC).AE (H¢ thtrc lugng trong tam giac vuéng ABC) = B —+— e -
¢) Vi M, = M, (dbi dinh), theo phan a thi M, = PCN .

. < PM _PB
Lai co P, la goc chung = APMB ~ APCN (g-g) = —— 5C PN = PB.PC =PM.PN
Lai c6 AKMN 1a tr giac noi tiép (4 dinh déu thudc duong tron (I)) = PKM = PNA
Lai c6 P, chung nén APKM ~ APNA (g-g) = iE F:ZI\ PM.PN = PK.PA

Suy ra PB.PC = PK.PA= % = % , lai c6 KPBchung = APBK ~ APAC (c-g-c)

= K, = BCA= AKBC la tir giac noi tiép = BKC = BAC =90°



