SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN

AN GIANG DU THI HQC SINH GI10OI CAP QUOC GIA
Khoéa ngay 19/8/2023
PE THI CHINH THUC Mon : TOAN
BAI THI THU NHAT
(Pé thi gom 01 trang) Thoi gian 1am bai 180 phut, khdng ké thoi gian phat dé

Cau 1 (3,0 diém).
Giai h¢ phuong trinh

2x? +1
xX“=y+-
y

2y% = x4
=X —_

Y X

Cau 2 (3,0 diém).
Tim gié tri 16n nhat va gia tri nho nhat caa ham sé sau day trén R
y=|1+4+2cosx|+ |1+ 2sinx]|
Cau 3 (5,0 diém).
Cho day s6 (u,,) theamanu, = 0; u, = 2; u,, = 6U,_; —8uU,_,,n >3
a. Xac dinh s6 hang tong quat cua day (u,,).

b. Goi (v,) laday sé sau cho v; = 1; v, = u,.v,_1; ¥Yn € N,n > 1.
Chang minh rang v,, ludn ludn l1a boi cta n véi moi n.

Cau 4 (4,0 diém).
Cho dathuc P(x) = x™ +4,n € N.
a.V6i n = 4 hay phan tich da thuc P(x) thanh tich cac da thirc voi cac hé sd
la s6 nguyén.
b. Tim tat ca cAc gia tri n nguyén duwong sao cho da thirc P(x) phan tich duoc
thanh tich caa hai da thirc khac hang sé vai hé sé 1a cac sé nguyén.

Cau 5 (5,0 diém).
Cho ham s6 f: R — R thoa man
f2+fO)) =y +[f)]*; Vx; y ER (¥)
a. Tinh £(0).
b. Tim tat ca cac ham so f thoa dieu kign ().

Thi sinh khéng dwoc sir dung tai liéu va may tinh cam tay

Hovaténthisinh............ ... ............ -Sobdodanh. ......... .



SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN

AN GIANG DU THI HQC SINH GI10OI CAP QUOC GIA
Khoéa ngay 19/8/2023
PE THI CHINH THUC Mon : TOAN
BAI THI THU HAI
(Pé thi gom 01 trang) Thoi gian 1am bai 180 phut, khdng ké thoi gian phat dé

Cau 6 (5,0 diém).

Giai h¢ phuong trinh
xX+y+z=-2
x2+y2+2z2=6
x> +y°+2°=-32

Cau 7 (5,0 diém).

Hai kénh dan nudéc (P) va (Q) vudng géc nhau )
(nhu hinh v&) chiéu rong cua hai kénh lan luot 12 a va b. |
Mot thanh gd AB c6 thiét dién khong dang ké néi trén
mat nuac va troi tu kénh (P) sang kénh (Q). Tim d¢
dai 16n nhat cua thanh gd AB sao cho thanh gb trdi qua
dugc tir kénh (P) sang kénh (Q).

Cau 8 (5,0 diém).

n 3]

Tinh theo n s6 cac diém trén mat phang toa &6 Oxy c6 toa d6 (x; y) Véi x; y
déu 1a s6 nguyén thoa man |x| + |y| < n véi n 1a s6 ty nhién cho trudc.
Cau 9 (5,0 diém).

Cho luc giac 16i A;4,A3A,AsA¢ c6 dién tich bang 1 va co cac cap canh doi
dién song song, hai duong thiang AgA;; A,A5 cat nhau tai cac diém By, hai dudng
thang A,A4,; AsA, citnhau tai diém B,; ...; tuong tw A;_14;; A;+14;4+, Cat nhau tai
diém B;, i = 1...6 (xem A, 1a A; va Ag 12 A,). Chang minh rang tong dién tich sau
tam giac A;B;A;;1; i = 1...6 khong bé hon 1.

Thi sinh khéng dwoc sir dung tai liéu va may tinh cam tay

Hovaténthisinh........................... -Sobdodanh.......... .



SO GIAO DUC VAPAO TAO KY THI CHON PQI TUYEN DU THI HQC SINH GIOI

AN GIANG CAP QUOC GIA
Khoa ngay 19/08/2023
PAP AN MON TOAN

Lworc giai

Piém

2x% =y 4 -
31’ ; DK x;y #0
2y* =x+-
Tacc')nh:;inxét:y+l=2x2 > 0= y>0,tuongtux > 0.
i y
Ap dung BBT AM -GM ta dugc

2x% = LIS 1 2
—y+y_2 y.y-Z:x >1=x2=21 (1)

Tuong tuy > 1.
Ta chiung minh hé cé nghiémduy nhatx =y =1
Giasatrang0 <x <y

1
x+;=2y222x2=}2x3—x2—1s0

S x-1D2x2+x+1)<0= x<1(2)
To(l)va2)tadugcx =1= y=1.
H¢ phuong trinh cé nghiém duy nhat (1; 1).

3,0d

y=|14+2cosx|+ |1+ 2sinx|
xét ham f(x) = (|1 + 2 cos x| + |1 + 2 sin x|)?
=6+ 4(cosx +sinx) + 2|1 + 2 cosx||1 + 2 sin x|
=6+ 4(cosx + sinx) + 2|1 + 2(cos x + sinx) + 4 cos x sin x|
datt = cosx +sinx; t € [—\/E;\/E]; g(t) =6+ 4t + 2|2t + 2t — 1], g(t)

lién tuc trén [—v2; V2]

2t 4+ 2t—1=0& t, =

,(t)_{8t+8khit<t2;t>t1_
G =1 -8t khity<t<t, ’
Taco g(0) =8

g(—\/i)=6—4\/§+2|3—2«/§|=12—8x/§=4(\/_—1)2
g(V2) =6+ 4VZ+23+2V2| =12+ 8V2 = 4(vZ+ 1)’

g((—\/g;l)=6—2(\/§+1)=4—2\/§=(\/§—1)2

\/§+1_t_\/§—1
2 2T 2
gt)=0t=0;

g(<\/§2_1>=6+2(\/§—1)=4+2\/§=(\/§+1)2

vay maxg = 4(\/§+ 1)2 = maxy = 2(\/§+ 1) khi cos x + sinx = /2
Vs
S x = —Z+k2n

ming = (V3 - 1)2 = miny = (v3 — 1) khicosx + sinx = _ et

2

3,0d




au, =6u, —8u,_, S u,—6u,_;+8u,,=0
Xét phuong trinh dac trung 12 — 61 + 8 = 0 phuong trinh c6 hai nghiém phan
bigt A =4; A = 2. khidé u, = A2™ + B4™, dou, = 0; u, = 2; ta duogc

1
{0=2A+4B {0=2A+4B(:) A=-3 204
2=4A+ 16B 1=2A+8B B—l
4
vay u, = 471 — 21 Thi lai ta thiy thoa man.
Cau |b.tacov, =1; v, =uv, = 2; v3 =uzv, = 24
3 Uy = UpVp_q = (4" = 2" Dy,
v, =@t =2"H)(4"2—-2"2) (4 -2)
ta nhan xét v, chtta (n — 1) céc tich s6 dang 4° — 2°.
Néu n 1a sb nguyén t6 khi d6 4™~ 1 = 2" Ymod (n) nhu vay (471 — 2" 1) =
3,0d
0 mod (n)
= n| v,
Néu n khong la s6 nguyén t6 gol p 13 wdc cua n, theo trén ta cling c6 moi $6
nguyén t6p < n, 4P~ = 2P~ mod(p), do d6 p chia hét (4P~ — 2P~1), thanh
phan ndy c6 mit trong tich cua v,,. Hay n chia hét v,,.
n=4=Pk)=x*+4=x*+4x?+ 4 — 4x?
=(x?+2)2—4x2=((x?+2+20)(x2+2—-2x)
Sxt+4=(x?+2x+2)(x?-2x+2) 1,0d
Do hai tam thac bac hai x? + 2x + 2; x? — 2x + 2 déu vo nghiém nén cach phan
tich trén 1a duy nhat.
Nhan xét véi n = 2; P(x) = x* + 4 khong cd nghiém nén khong phan tich duoc
thanh tich hai nhi thiic bac nhét.
Véin > 2 van chando P(x) > 0,Vx € R va hé s6 cao nhat caa P(x) bang 1,
nén P(x) chi c6 thé phan tich duoc thanh tich cac tam thirc bac hai vo nghiém.
Giasir P;(x) = x* + ax + b; P,(x) = x>+ cx + d;a,b,c,d € Z; P;(x) >0
Tacé
P(1) =5=P,(1).P,(1)...P,(1); P(-1) =5 = P;(—1). P,(—1) .... P, (—1)
Doa,b,c,d € Z = P;(+1) € Z = P,(+1)va P,(+1) nhan mét trong hai gia tri
cau | L>
4 Truong hop (1) = 1;P(-1) =1
l+a+b=1 a=0
larso1=loo 304

Ta dugc = P, (x) = x? nhung vi P, (x) vo nghiém nén khong xay ra
\ 1D (1Y) — a+b=0 a=-2
Truong hop P,(1) = 1;P,(=1) = 5 = {_a+b =10
= P (x) =x*>*—2x+2
\ D (1) — a+b=4% a=2
Truong hop Py (1) = 5P (- = 1= { 27727 = {727
=P (x) =x*+2x+2
Vay P(x) = (x? — 2x + 2)(x% + 2x + 2)P;(x)
Véin=4tacd P(x) =x*+4=(x?>—-2x+2)(x*>+ 2x + 2)
Néun = 4k = P(x) = (x¥)* + 4 = (x2k — 2x* + 2)(x?* + 2x* + 2)
2

1 I3
Voin> 21 x" =—-4 & x = —4n = —2n. Do n |€ nén dé P(x) phan tich dugc
thanh tich hai da thirc véi hé s6 nguyén thi n = 2 diéu nay khéng xay ra.




Nhu vay V6i n = 4k + 1;n = 4k + 3 do 12 s6 ¢ nén da thirc khdng phan tich
duoc thanh tich hai da thtc véi hé sé nguyén.

Ta con xét n = 4k + 2, ta chirng minh da thirc khong phan tich dugc. That vay
Gia sir rang x***2 + 4 phan tich dugc thanh tich hai da thuc véi hé sb nguyén, khi
d6 theo 1ap luan & trén x***2 4+ 4 chia hét cho x? + 2x + 2 va x? — 2x + 2 hay
x*+2 4 4 chia hét cho x* + 4. Biéu nay khéng xay ra do

x*RYZ 44 = x*KY2 4 4x? —4x2 + 4 = x2(x** +4) —4x% + 4

x** + 4 chia hét cho x* + 4, tuy nhién —4x? + 4 khong chia hét cho x* + 4.
Vay véin = 4k = P(x) = (x2% — 2x* + 2)(x%* + 2x* + 2)

FE+7O) =y +[F)1? (%)
Chox=y=0= f(f(0)) =0+ [f(0)]?Pitt = f(0) = f(¢) =t?, (1)
Choy=0=fx*+6) =[f(0)]*= fA+01)=[f(D]* (2).
Chox=0;y=x= f(f(x)) =x+t> (3)
Xét £(t% + [f(1)]?) ta tinh bang hai cach, theo (*), (1) va (2) ta dugc

FEE+IFOP) =fE2+fA+)=1+t+[f@®P=1+t+t* (4 2,0d
mat khac theo (*) (1) (2) va (3)
fE+[F WD = FAFP + %) = F([F W + F(D)
=+ [fFW)] =t + QA +t)2 =1+t +2t2 +t* (5)
tr(4)va(h)taduoc1+t+t*=1+t+2t°+t* = 2t?=0=>t=0
vay f(0) = 0.
b. V6i £(0) = 0,thay x = 0;y = x = f(f(x)) = x,Vx €R.
Cau |[Choy=0= f(x?) =[f(x)]%
5 Véi s6 thuc bat ky y , dat z = f(y) tir (*) cho x = 0 ta dugc
o fO+fOM) =y +FOP e fFON=y= f@ =y
vaynéuz = f(y) = y = f(z) véimoiy va
fGE+y)=fP+f(2)=z+[f(]* =fO) + [f(0)]?
vGi x > 0: chon so z sao cho x = z2
i ()1aco f(x+3) = f(22 +f@) = 2+ [F@P = O+ fGE) = FO) + | 30
f )
Hay f(x +y) = f(x) + f(y),Vx > 0; y €R
lai cho y = —x taduoc f(x + —x) = f(0) = f(x) + f(—x) = f(—x) = —f (%)
Voix<0=x=—-z*tr(*)tacod
f=y)=f(=z22-y)=—f(Z*+y) =-[fO) + [f@D]*] =
==[fO+fED]=-[fO+ =] =f0) - f()
nhu vay f(x—y) = f(x) — f(y) voi moi x; ¥
Theo Phuong trinh Cauchy ta duoc f(x) = x; Vx = R.
xX+y+z=-2
{ x2+y?+2z2=6
x®+y5+2°=-32
cay (Pitp=x+y+z q=xy+yz+xz r=xyz Taditinhp; q; r.
6 |Taco 2q=(x+y+2)?—-(*+y*+2z°)=4-6=-2= q=-1,p=-2 50d

PatS, = x"+y" +2" = S, =3; S, = —2; S, = 6

Ap dung cbng thtic cho da thire d6i xtng ba bién ta c6
Sp—(x+y+2)S_1+ xy+yz+x2)S,_, —xyzS,_3 =0

Chon=3= S;=pS, —qS; +rSy = —2(6) + 1(-2) + 3r = —14 + 3r




Chon=4= S, =pS;—qS, +rS; = (-2)(—14+3r)+ 1.(6) + r(-2) =
34 — 8r.
Chon=5= S =pS, —qS; +1rS, =(-2)(34—-8r)+ (—14+3r) +r.6 =
—82 + 25r.
= —32=-82+25r r=2.
p=-2,9g=-1,r=2.

x; y; z labanghiém cta phuong trinh

t34+2t2—-t—-2=0 t=+1;t=-2
Vay nghiém cua hé la (1; —1; —2) va cac hoan vi cta no.

Goi C 1a giao diém cua bo hai kénh (P) va
(Q). Gia str thanh AB tr6i duoc tir kénh (P)
sang kénh (Q); tir € ké doan thang A4,B, song
song AB cit bai bd cua kénh (P) va kénh (Q)

khong chira diém C 1a Ay; By; khi d6 AB <

AoB, ; nhu vay ta tim do dai nho nhat cia
doan A,B, ludn qua diém C.
Xét hé truc toa dd Oxy qua hai bo kénh(P); (Q) khéng chira C, khi d6 C(a; b).
Phuong trinh dudng thang A, By : %+ il—/ =1(m>a;n>bh).
do duong thang A,B, qua C(a; b)

a b b m-—a mb

m n n m m-—a

Do dai doan thang 4,B, 1a Vm?2 + n2;
Bai toan quy vé tim GTNN ctia ham s6 y = m? + n? véi diéu kién % + % =
L,(m>a; n>b)

2b2
y=m2+m(m>a)
o, 2mb =)~ 2(m—a)m?b? _ 2mb*[(m ~a) — m]
y =2m+ m— o) =2m o)
_5 2mab* _ 2m((m — a)® — ab?)
T T mea? T T m-ap

y' =0 m=0 (loai);(m —a)® = ab?> & m = a + \ ab?

b Yab?)b b
mb__(a+Vab)b_ ab . 3fa

Tt Tm—a” a2 Yab?
m a a 400
+ ab?
y |l - 0 +
y T Yo —

véim = a + Yab?; n = b + Va?b ta tinh dugc
y=(a+3 ab2)2+(b+m)2
= a? + 23/a*b? + Va2b* + b2 + 23/ a?b* + Ya*b?
= a? +3Ya*b? + 3Ya?b* + b = (Ya? + i/ﬁ)g

5,0d




3
Vay gié tri nho nhét cia vm2 + n2 1a 4,B, = (Va? + Yb?)?. Hay do dai lon
3
nhat cua thanh gd 1a max AB = (Va2 + V/b2)?,

Ta chang minh bang quy nap sb cac diém c6 toa do la cac sb
nguyén (x; y) théaman |x| + |y| < nlan? + (n + 1)2 :
That Vé‘y ® ®

Véin=1tacon?+ (n+1)? =12 + 22 = 5diém thoayéucau = * 1 = ¢~
lx| + |yl < 1 c6tdm (0; 0); (1,0); (0; 1); (—1; 0); (0; —1). T

cay | Gidi st s6 diém (x; y) théa man |x| + |y| < k 1a k? + (k + 1)? i

3 Ta ching minh n6 dung véin=k+1. o 5,0d
Xét cac diem (x; y) théaman k < |x| + |y| < k + 1 khi d6 cac nay diém nam
trén cac canh mot hinh thoi c6 d6 dai duong chéo bang 2(k + 1), sb cac diém
nam trén chu vi cua hinh thoi 1a 4(k + 1)
nhu vay s6 diém (x; y) théaman |x| + |y <k +11a
K2+ (k+1)?+4k+4=(k+1)?>+ (k+2)?
vay s6 diém (x; y) thoa diéu kién |x| + |y| < nlan? + (n + 1)2.
Taching minh Y2, Sy5.4,,, = 1
Goi B} 1a diém d6i xing B; qua trung diém ciia cac doan A4;4;,,. Khi d6
SAiBiAi+1 = SAiB’iAi+1

Ta ching minh sau tam giac A;B;A;,; i = 1...6 bao ngoai luc giac da cho.
+ Goi Ay; Ay; A% 1an luot 1a cac diém ddi xang cua A,; A,; Ag qua trung diém cua
cac doan thang A, As; A3 As; AsA,
Xeét ba hinh binh hanh ‘
Agi1145i4245i434%4, 1= 0,1,2 (gom
A A, A5 AL AsALAAYL; As AgALAL). MG P
hinh binh hanh déu dugc phu béi cac cap
tam giac Az;4142i42B5i42 VA
A2i+2§42i+3Béi+2-
Cu thé hinh binh hanh A;4,A3 A} dugc

Cau phu boi hai tam giac A, A,B; va A, A3 B;.

9 Tuy nhién ba hinh binh hanh nay chua 5,0d

phu hét luc giac da cho, d6 1a tam giac
ALALAL
Ta can chizng minh ¢6 it nhat mot tam giac trong cAc tam giac Ay;y1A45i42B5i4o
phu tam giac A,A, Ag.
Xét tam gi4c B, B3 Bs va A, ALAL
Do B;; Bj; Bi la cac diém ddi xtng twong (g cia cac diém B;; Bs; Bs ta dugc
A,B! = A,By; AsB, = ABs; ABL = A.Bs
AAL = AAg: A AL = A Ay ALAL = ASA,
Hai tam giac AsBsAq ; A,A,B; dong dang do c4c cip canh dbi song song

A;B1 A4,
AsAg  AsBs ,

Hai tam giac AsB:A,; B3A,A; dong dang do cac cap canh doi song song
AgBs  AsBs

= =
AsA,  A,B,




Khi d6 ta duoc
A\B] A3B'3 AsB's A;By A4Bs3 AgBs A;A; AuBs AsBs
= . . = . . = . : =
A1A'e AzA', AsA'y  AsAg A1A; AzA,  AsBs A1A; AuBs
Hay

1

A1B; A3B'3 AsB's
AA g AZA, T ASA,
Néu ca ba tich s6 ndy déu bang 1 khi d6 luc giac da cho c6 cac canh bang nhau
nén tam giac A,A}, AL suy bién thanh mot diém va dién tich sau tam giac
A;B!A;,, phu dung luc giac va dién tich bang 1.
A1B]  A3B'3 AgB's
A4’ A3A";" AsAly

1

Néu mét trong ba ti s6 c6 it nhat mot ti s khong bé hon 1.
gia st rang
A1 By
AA,
Khi d6 tam giac A, B1A, phu dugc tam giac A,A,Ag.
Nhu vy sau tam giac A;B;A;,, phu duoc luc gidc di cho X_; Sapa,,, = 1
Dau bang xay ra khi luc giac déu.

> 1= A,B] > A, A,

chay:
+ Hoc sinh giai cach khac ding van cho diém tbi da.

+ Piém thanh phan do t6 chdm thao luan chi tiét ¢én 0,25 va khéng 1am tron




