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SO GIAO DUC VA PAOTAO  KY THI CHpy 921 TUYEN DU THI HSG QUOC GIA
THANH HOA NAM HOC 2022 - 2023
pi CHINH THUC HUGNG pAN CHAM MON TOAN
Ngéy thi; 27/9/2022
(Ddp dn gom 06 trang)
" Bai Noi dung Diém
1 1
(5 diém) | Cho day s6 (x,) xéc dinh bi { '~ 2 :
Ko H(r+1)x x = nx?, Ynz1
Chimg minh ring day s6 (y) xdc dinh béi y =i+ﬂ+...+£’ﬂ c6 gidi han hiru han
R T X,
va tim gidi han do.
3

Tir gia thiéttacé x,,, = 1+[n:l)x" ,Vn21.

Dé thiy x, >0,Yn>1. Ta cé:

Fpal kx, +k(k+l)xt k{k+1)x‘

x, 1+(k+1)x 1+(k+1)x, 1,5
e, (14 (k+1x, )= (k+ Db
PR =kx, —(k+1)x,,,,Vk 21.
Do véy , =%-[n+1)xﬂ+,,‘v’n >0, !
...................................... et e R e |[
i vnz=1 (1

Ta s& chirmg minh x n(n+1}’ nz1 (1) | !

Ta chitng minh quy nap theo n. ! |

Vo1 n=1 thi x, u-l*‘: : nén (1) dung. ‘

1(1+1)

| e et e !
r{ !Gl‘éﬂlf (1) ding v&i n=k =1, tirc la I“gk(kﬂ)'
| | Do ham sé £ (x) = ddng bién trén (0,+c) nén ta co | 20
‘ ‘ I+(n+1)x | I
I | ] 2 | |
| | . F{—“—J | |
f B e k(“])l _kllj{k llk IVhidng | l
| 1+(k+1)x, ~ ) (k+1)  (k+1)(k+2) |
f k(ﬁ:+l | |
| | Do 46 i AUyt » (lﬂ)‘" ___________________________________________ | |
: I __________ F ..... l. ............................... I l -------------------- .|i
| Nhur véy: =2 v, ==—(n+1)x,,, i—-;!_l_—,‘":r"na]
| 1 1,5
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(5 diém)

i

Tim tét ca cac ham s0 f:]R'_"RﬂlGamgu
f(**'*"f(-""'y))"'f(xy}:x+f(fj“_;1’l+y.f(x),‘nfx,yeR.

Gia sir c6 ham / thoa man:
Fx+ x4+ )+ (D) =3+ f(x+ y) 4 y.f (x), Y6y ER-(1)
D3t P(u;v) chi phép thé (%7) bdi (u;v) vag (1): dat S la tap diém bat dong

=x+f(x+1)eS,VxeR. (2)

Trudmg hep 1: Néu £(0)=0.
HVai P(0;y)= f(f(»))+(0)=1(»)+.s(0).Vy € R. Trong dang thirc
ndy tachon y€S thi f (f (J’)) = f(») nén thu duge

f()+£(0)=f(»)+rf(0).Wy€ES

& f(0).(y=1)=0,YyeS & y=LVyeS (do £(0)=0). J
Piéu trén chimg to S chi ¢6 phan tir duy nhét 1a 1. Két hgp véi (2) dan dén
x+f(x+1)=L¥xeR& f(x)=2-x,VxeR.
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Truwdmg hep 2: Néu £(0)=0.

+) Véi P(x;0)= f(x+ f(x))=x+ f(x),¥x & x+ f(x) €S, VxER.
+)Véi P(=L1)= f(=1+ £(0))=-1+ f(0) & f(-1)=—1&-1€S.
+)Vai P(L—1)= f(1+ £(0))+ f(-1)=1+£(0)-1.f (1) & f(I)=1e1€S.
+)V6i P(Lx)= f(1+ f(1+x))+ f(x)=1+x+f(1+x),Vx€R (3).
‘Ding thirc nay suy ra tinh chat1a: Néu xS va x+1€S thi x+2€§.
) Voi P(x+10)=> f(x+1+ f(x+1))=x+1+ f(x+1),vx

& x+1+f(x+1)eS

Két hop diéu nay véi (2) va nhin xét & trén suy ra
x+2+ f(x+1)eS,Vx€R.

Do d6 f(x+2+f(x+[)]=x+2+f(x+]],'tfxE R.
@.f(x+f(x—l))=.r+f(x—l),\ixE— R. (d6i bién x +2 thanh bién x).

+) Véi P(x;—1)= f(x+ f(x=1))+ f(—x)=x+ f(x=1)— f(x),VxeR.
& x+f(x=1)+f(=x)=x+S(x~1)— f(x).Vx & f(=%)=—f(x),VxeR
Viy f lé.

HV6i P(—L—x)=> f(—1+f(~1=x)) + f(x) =1+ f(-1=%) —x.f(<1), ke R
& —f(1+ f(1+x))+ f(x)=—1= f(x+1)+ x,Vx ER. (4).

Cong theo vé (3) va (4) c6 f(x)= x,Vx € R . Thir lai thdy ham sé nay thoa

man yéu cau.

| Vay, bai toan ¢6 2 nghi¢ém ham f(x)=2—x,Vx€R hodc f(x)=x,VxeR

() cingchimg totap Slatap kherbng.
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Cho tam gidc ABC ¢0 AB < AC , ndi tiép duong tron (O) va ngoai tiép dudmg tron (7).
Puong tron (/) ti€p XUc v4i cdc canh AC, 4B 1ai E, F. Puémg thing BI cht duomg
thing EF tai M va cat dudng thing ¢ g P, dudng thing BO cét dudng thing CM
tai 0.

a) Chirng minh MP.MB = MQO.MC .

A

---------------------------------------------------

Ta cé MIC = ABC +ACB =90° ———
2 2
MEC=ﬁ=90°—%€ 1,0

Suy ra MIC = MEC , suy ra tir gidkc MEIC ndi tiép, suy ra IMC = JEC = 90°.

________________________________________
----------------------------------------------------------

Suy ra MCB =90° — MBC =90° —

. tir day ta ¢o

BOC =180° —OBC — OCB

S 1gpp 8= BOC jgns Gy =BAC+£§.
2 2 2 1,0
ot o et NS B o _
Tam gidc ABP ¢6 BPC = BAC + (g6c ngoai tam giac)

2
Suy ra BPC=BQC nén tir gidc BCOP néi tiép, do d6 ta c6
MP.MB = MQ.MC .
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b) Dyng tiép tuyén chung d 'khﬁc_?'é““"-—
PBC va tam giac OBC . Chung minh g,
thing PO.

Goi S,T l1a céc diém chinh giita cdc cung BC, PQ ciia duomg tron (BCOP),
J,K 1a tam dudng tron ndi tiép tam giac PBC va tam gidc OBC .
+ Ta thay P,J,S thang hang va O,K,S thang hang.

Taco: SJ=SK,SB=SC va SCK = SCB+ BCK = SOB + KCO

cUa céc dudng tron ndi tiép tam giac
dng thing d song song VOl duong

— KOC + KCQ = CKS

= SK =SC = B,C,J,K cing thujc dudng tron tam S . |
'+ Do ST 1a phan gidc ciia PSO nén ciing 1a phan giéc cia JSK nén ST 1a |

trung truc cua doan JK , suy ra 7J =TK. n
|+ Goi X,Y 1a giao diém cia dudng tron (7,7K) va (BCQP), do TP=TQ va |
| IX=TY nén PO//XY.

XY,JK,BC dbng quy tai R.
Goi U,V la giao diém ciua XY, BC véi TS.

— — — . T L l —_—
' Ta c6 RUV = TUX = %(sdTX - sd}’S) = %(sd]"]’ +deS] = 2-sdT$
| RVU = RVT = Jz-(sa'TC‘ £ sdBS) 4 —;u(sdTC + sa’C'S) = ~sdTS

' Suy ra RUV = RVU ,suyra RU va RV d6i ximg nhau qua JK
Ma RV la tiép tuyén chung cia (J) va (K) nén RU ciing I tiép tuyén

| chung cua 2 dudng tron nay.

1,5

|Xét 3 dwomg ton (BCQP),(BCJK) va (T.TK) ta c6 céc duomg thing |

1,5




A5 diém)

a) Uho mQUIIVIIL 17 1Yy 31 VU CIeyY ¢

: 21 13 ; a0 khac nhau gdm 5 hoc sinh nir ¢6 chiéu cao
ting dédn ky hiéu lan lugt la G ,Gbc},q g oc

! T a ihe »G; va 10 hoc sinh nam. Héi ¢6 bao nhiéu cach
xép 15 hoc sinh do the? g hang ngang g, cho tinh tir trai sang phai thi c4c hoc sinh
nir ¢6 chiéu cao tang dan, cac hoc sinh payy, cling ¢6 chiéu cao ting dan; giira hoc sinh
G, va G, ¢6 it nhat 3 hoc sinh nam, gjy, hoc sinh G, va G ¢6 it nhat 1 hoc sinh nam
va nhiéu nhat 3 hoc sinh nam,

_-__-___'__

Goi z, 1 56 hoc sinh nam dugc xEp bén tri G.; z, 12 50 hoc sinh nam & gitra
G, va G,; @, 1 s0 hoc sinh nam & gitrg G, va G,; x, 1a s6 hoc sinh nam &
gitta G va G,; <, 150 hoc sinh nam ¢ gitra G, va G,; , 1a s hoc sinh nam
dugc xép bén phai G;. Khi d6 b s6 (ml;mz;...;mﬁ) hoan toan xdc dinh cac vi
tri ctia céc hoc sinh nir va ta ¢6: z, + Z, +..4+z, =10, T, > Bl<z <8.

1,0

bity,=z,-3 y,=2,—1,tadwgec z +y, +2,+2,+y, +z, =6.

Trong d6 cac 4n khong &m va y, < 2.
Ap dung bai todn chia keo Euler ¢ dang 1,0
z,+y,+2,+2,+z,=6—y, voi y, lanluotla 0, 1, 2.

Ta dugc s6 cach xép 1a C; + C, + C! = 406.

b) Cho H 1a mot luc giac déu c6 canh bang 2022. Ton tai hay khong s6 nguyén duong
n sao cho c6 mét cach phan hoach H thanh » hinh tam giic c6 canh khong 16n hon
2022 va tong n ti sO gitta d6 dai canh ngén nhat véi d6 dai canh dai nhét cia mdi tam

2 —
gilac do khong vugt qua Ludii; lzﬂn 20 ?
2n° +1

¢, <b <a <2022 véi Vi=1n.

Gia sir ton tai s6 nguyén duong » dé ton tai mot cach phan hoach hinh H thanh
n tam giac thoa méan bai toan.
Ki hiéu » tam giac 1a A A,...,A, ¢0 d0 dai cac canh la théa min

n

Ki hiéu: ¥, =L véi Vi=Tin. 0
Hf
' Trude hét ta ¢6: Dién tich cuia hinh luc gide déu H bang 6 1an dién tich clia mot
Z. : ] 3 i
tam gidc deu c6 canh bang 2022 nén S, = lfi.*\‘/_;.ZZUZZ3 : |
r:, .............................................................................................
L 2022. ¢ a q
| nay: V. = >—_t_ L _ (do <3
| Licndy: ), S o
2022
1
Er 1,0
2.7 a..c, Z.Sl e .
- > — voi Vi=1;n

2022% 2023
Déu bang khong thé xay ra vi nguoc lai tam gide A, ¢6 hai canh goc vudng cé
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Viv V > 2 véi Vi=lin
: 6+/3.2022

Dod6 Y7 >——4—=33>5.

o 2022
Miit khac theo gia thiét:
e +10n-20 5(2n° +1)+10n-p? — =)
Z”:ﬂ :” < ( 2 . 25=5—{” ) iy
par 2n° +1 : 2n” +1 2n’ +1
Viy ¢6 diéu mau thuin nén diéu gia sir ban diu 13 sai. Vay khong ton tai 7.

Chi y: Hurdng dan cham nay chi thiee hién cho 16i giai nhu trén, néu thi sinh lam bai theo
cdch khdc thi té cham thong nhat phwong an cham thi cho phi hop va van cho diém t6i
da néu cach giai dung.




