BO GIAO DUC VA PAO TAO PE THI TUYEN SINH LOP 10 THPT CHUYEN
TRUONG DHSP HA NOI NAM HOQC 2022-2023
Mén : TOAN CHUYEN
Thoi gian lam bai : 150 phut
Bai 1. (2,0 diém)
a) Khong st dung may tinh, hay tim gia tri cua biéu thuc

P=31+52 +37-5V2

b) Cho da thuc P(x)=ax’ +bx+cv6i a# 0. Chimg minh rang, néu da thirc P(x)

nhan gi4 tri nguyén voi mdi sd nguyén xthi 2a,a+b,cdéu 1a nhitng s6
nguyén. Sau d6, chiing té ring, néu ba s 2a,a+b,cla nhiing s6 nguyén thi
P(x)ciing nhan gia trj nguyén véi moi sO nguyén x
Bai 2. (3,0 diém) Cho tam giac déu 4BCngoai tiép dudng tron (O). Cung nhd OB
ctia dudng tron ngoai tiép tam gidc OBC cit dudng tron (0)tai diém E. Tia BE cit
duong tron (O) tai diém tht hai F
a) Chimg minh rang tia £01a tia phan giac cta goc CEF
b) Chimg minh ring t gidc ABOF ndi tiép
¢) Goi D 1a giao diém thir hai ctia duong thing CE va duong tron (O). Chimg
minh rang ba diém 4, F, D thing hang
Bai 3. (2,0 diém) Cho a,b,c,d 14 cac sb nguyén du’O’ng thoa man ab = cd.Ching
minh ring s& N =a*> +5* + > + 4> 1a hop sd
Bai 4. (2,0 diém) Ta viét mudi s 0,1,2,....,9 vao mudi 6 tron trong hinh bén dudi,
mdi sé duoc viét dung 1 1an. Sau do, ta tinh tong cua ba sd trén mdi doan thing dé
nhan duoc 6 téng. C6 hai khong mdt cach viét 10 s& nhu thé sao cho 6 téng nhan
duoc bang nhau.
()

Bai 5. (1,0 diém)

a) Trong mat phang cho ndm diém sao cho khong c6 ba diém nao thang hang.
Ching minh rang ton tai it nhat mot tam giac ti c6 cac dinh duoc 1y tir nim
diém da cho

b) Trong mat phang cho 2022 diém sao cho khong co6 ba dlem nao thing hang.
Ching minh rang ton tai it nhat 2018 tam giac tt ma moi tam giac ti d6 co
cac dinh dugc 14y tir 2022 diém di cho



PAP AN
Bai 1. (2,0 diém)

¢) Khong sir dung may tinh, hiy tim gia tri clia biéu thic

P=1+5v2 +{7-5{2

Ta oo P=7+5v2 +371-5V2 :i/(”*ﬁ)} +{/(1-«5)3 1424142 =2
d) Cho da thirc P(x)=ax’+bx+cV6i a= 0. Chirng minh ring, néu da thirc
P(x)nhan gi4 tri nguyén véi mbi s0 nguyén xthi 24,a+b,c déu la nhirng
s0 nguyén. Sau d6, chirng to rang, néu ba s6 2a,a+b,c1a nhirng so
nguyén thi P(x)ciing nhén gi4 tri nguyén véi mdi s0 nguyén x
Gia st P(x) nhan gia tri nguyén v6i moi sé nguyén x. Khi do, ta c6 :
P(-1),P(0),P(1)la cac s6 nguyén. Suy ra a—b+c,c,a+b+cla cac sb nguyén. Tir do
tacd: a+b=(a+b+c)-cla s6 nguyén va 2a =(a+b+c)+(a—-b-c)la s6 nguyén.
VAy 2a,a+bva ¢ 13 cac sd nguyén.

Bay gio, gia st 2a,a+b,cla cac sO nguyén. Khi do, ta c6 :

P(x):a(x2 —x)+(a+b)x+c=2a.x(xz_1)+(a+b)x+c

A A 7 M ~ r.* . /{ ~ x (x - 1) \ /{ A r.* .
Ludn nhan gié tr1 nguyén véi moi sO nguyén X, do — 1a s0 nguyén véi moi x
nguyén

Bai 2. (3,0 diém) Cho tam giac déu ABC ngoai tiép duwong tron (O). Cung nho
OB cua duong tron ngoai tlep tam giac OBC cit duong tron (O)tai diém E. Tia

BE cit dwong tron (O) tai diém thi hai F



d) Chirng minh ring tia £01a tia phan gidc ciia géc CEF
Do dudng tron (O) ndi tiép tam gidc déu ABCnén £BAC = /CBA=/ACB =60°va
A0, BO,COla cac duong phan giac cia tam giac 4BC
Do tir gidc OEBCndi tiép nén LOEF = ZOCB =30°va LOEC = ZOBC =30’
Suy ra ZOEF = ZOECnén EO la tia phan gidc cia ZCEF
e) Chirng minh ring tir gidc 4BOF ndi tiép
Vi tam giac OEF can tai O nén ZOFE = ZOEF =30°
Do /BAO = /BFO =30°nén tr gidc ABOF ndi tiép



f) Goi D 1a giao diém thir hai ciia dwong thang CEva dwong tron (O).
Chirng minh ring ba diém 4, 7, D thiing hang

Hai tam gidc OED,OEF ¢ OE = OF =0DVa ZOEF = /OEDnén chiing bing nhau
Suy ra ED = EF.Tu do, tam gidc DEF céan tai E. Ma ZDEF =60°nén tam giac nay la
tam giac déu. Bay gio, v6i chu ¥ rang t gidc ABOF ndi tiép, ta c6 :
ZAFB+ ZBFD = ZAOB+ ZEFD =120°+60° =180°
Vay ba diém 4, F,D thing hang
Bai 3. (2,0 diém) Cho a,b,c,d 12 cac s6 nguyén dwong théa méin ab = cd. Chirng

minh rang so N =a"* + b+ +d°*1a hgp s0
2022 d2022

Tur gia thiét , ta co am = 5 Vo1 x, yla cac s nguyén duong nguyén té cung
X 1 A A LR +o A A s 7 A A

nhau. Do =1a phan s6 t61 gian nén ton tai cac s0 nguyén duong m,n sao cho
Y

a’” =mx, > =my,d”*” =nx,b™ =ny. T d0, ta co :

N =mx+ny+my+nx=(m+n)(x+y)la hop s6, do m+n;x+y1a cac s6 nguyén duong
16n hon 1.

Bai 4. (2,0 diém) Ta viét mudi $6 0,1,2,.....9 vao muoi 6 tron trong hinh bén
dw6i, mdi so dwoge viét ding 1 14n. Sau d6, ta tinh tong ciia ba sb trén mdi
doan thing dé nhin dwoc 6 tong. C6 hai khong mot cach viét 10 s6 nhu thé
sao cho 6 tong nhin dwoc bing nhau.

Gia sur ton tai mot cach dién so
thoa man yéu cau dé bai. Goi cac



sd duoc dién 13 a,,a,,......,a, nhu hinh v& trén

Khi do :

6S:(al +a; +Cl2)+(a2 +a, +a3)+(a3 +a, +a,)+(a3 +a10+a4)
+(a, +a,+a,)+(a, +a;+a)

=2(a,+a,+a,+a,)+(a,+a, +a,+a, +a, +ag+a, +a;+a, +ay)
=2(a,+a,+a,+a,)+(0+1+2+3+4+5+6+7+8+9)

:2((11 +a, +a, +a4)+45

Suy ra 45 1a s6 chdn, mau thuan. Vay khong ton tai cach dién sb thoa man déu bai
Bai 5. (1,0 diém)

a) Trong mit phing cho nim diém sao cho khong c6 ba diém nao thing
hang. Chirng minh ring ton tai it nhat mot tam giac tit ¢é cac dinh duoc
lay tir ndm diém da cho

Xét nam diém 4, 4,, 4, 4,, A, trén mit phang sao cho khong c¢6 ba diém nao thang
hang. C6 thé thay rang bao 16i C ciia nam diém nay phai 1a mot ngii giac 16i hodc
mot tir giac 161 hodc mot tam giac

*Truong hop 1: Bao 18i C ctia ndm diém nay 1a mot ngii giac 16i. Khong mét tinh
tong quat, gia st ngil gidc d6 1a 4,4,4,4,4,. Khi do, ta c6 :

LAA A+ LA AA, + LAA A + LA AA + LA A A, =540°

Suy ra , trong cac goc L4 A4, 4,, LA, 4, A,, LA, A, As, LA,4, 4, L4, 4, A, phai cO mOt goc lon
hon 90°, tir d6 suy ra diéu can chimg minh

*Truong hop 2: Bao 16i C ctia nam diém nay 12 mot t& giac 16i. Khong mat tinh
tinh téng quat, gia st tr gidc d6 14 4,4,4,4,. Khi d6 , diém 4 phai ndm trong tir
gidc A, A,A,A;. Ta cO 1 LAAA + LA AA, + LA, AA + LA, A4, =360°. Do @6 , goc 16n
nhit trong cic g0¢ LA, 4 A, LA, A A,, ZA,A A, ZA,A 4, phai c6 sb do khong nhoé hon
90°. Néu goc nay co6 s6 do bang 90°thi ca 4 goc L4, 4 A, LAAA, LA AA,, LA.A A,
déu phai bing nhau va bang 90°. Suy ra £4,4 4, + /4,4 4, =180°, tirc 12 ba diém
A4,, 4, 4,thang hang, mau thuan. Nhu vay, goc 16n nhét trong cac goc

LA, A Ay, LAAA,, ZA,A A, ZAA 4, phai 12 goc ti. Ta c¢6 diéu phai ching minh



*Trudng hop 3: Bao 16i C cta nam diém nay 1a mot tam gidc. Khong mét tinh téng

quat, gia sir tam giac d6 1a 4,4,4,. Khi d6 hai diém 4,va 4,phai nim trong tam

gidc ndy, Suy ra LA, A A, + LA AA, + /4,4 4, =360°. Tir d6 , goc 16n nhét trong ba

g0C LA, A A, ZA,A A, ZA4,4,.4,phai c¢6 s6 do khong nho hon 3630 =120°>90°.Ta co

diéu phai chimg minh.

b) Trong mit phing cho 2022 diém sao cho khong c¢é ba diém nao thing

hang. Chirng minh ring ton tai it nhat 2018 tam gidc ti ma mdi tam
gidc tit d6 ¢ cac dinh dwoc 1ay tir 2022 diém di cho

Ta s& ching minh ménh dé tong quat bang quy nap theo n: Vi n+4 diém trén mat
phang cho trudc , sao cho khong c6 ba diém nao thang hang, ton tai it nhat n tam
giac th ma mdi tam giac ti d6 ¢6 cac dinh dugc 14y tir n+4 diém da cho.

Theo két qua cau a) ménh dé dung voi n=1.Gia sit ménh dé ding v6i n =k véi k
nguyén duong, ta s& chirng minh ménh dé ciing ding véi n=k+1/.Xét k +5diém
A, A,,... A, trén mat phing sao cho khong c6 ba diém nao thing hang. Khi 46, véi
nam diém 4,4, ,,4,.,,4,.,, 4 .theo cau a) ta tim dugc mot tam giac ti c6 cac dinh
ldy dugc tir ndm diém nay.Khong mat tinh téng quat, gia st tam gidc 4,,.4,,,4, .,
t1.B6 qua diém 4, va xét k+4diém A4, 4,,...4,.,. Theo gia thiét quy nap, tir k+4
diém dang xét, ta tim dugc k tam giac t co cac dinh duoc 14y tir £ +4 diém nay.
Nhu vy, tir k+5diém 4, 4,,...., 4., ta tim duoc k+1tam giac t c6 cac dinh duoc
lay tir k+5diém dang xét. Khing dinh ciing dung véi n =k +1. Theo nguyén 1y quy
nap, ta c6 khing dinh dang véi moi nnguyén duong .



