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Bai 5. Cho a, b, ¢ 1a cac sb thye dudng théa mén a? + b? + ¢ = 1. Chitng minh
ring

\/(1 —ab)(1 — bc) + \ﬁl — be)(1 — ca) + \/(T— ca)(l — ab) = 2.

Bai 6. Cho s nguyén dwong k > 3. Ki higu f(k) 1a sb cac sb6 nguyén duong
m sao cho tdn tai bo s6 nguyén duong nguyén t6 cing nhau (ax, @z, -, ay) thoa
man m | a} + a3 + -+ + a; v6i moi s6 nguyén duong n. Ching minh rang

k< flk) < 2.

Bai 7. Cho n 1a s6 nguyén duong, n > 4. Trong mit phing xét n diém phan
bigt, sao cho 2 diém bit ki trong ching hodc khéng duge ndi véi nhau hodc dudc
néi véi nhau chi bing 1 canh va bit ki diém nao trong chiing duge ndi véi it nhat

n(n+2)
4

d6. Chitng minh ring tdn tai k + 1 diém (k > 3) trong n diém d6, ki higu la

Ay, ..., A4 sao cho Agyy dugc nbi véi Ay, ..., Ay va A; ndi véi Ay, Ay véi

As,..., A;nbiv6i Ay (1 <i<k—1),.., Axa nbi véi Ay va Ag ndi véi A;.
(Cha y: v6i z € R, [] 1a s6 nguyén nho nhat ma né 16n hon hodc béang z.)

1 didm khac trong n diém d6. Biét réng c6 it nhat [ } canh giita n diém
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DAP AN (ngay 4)
Bai 5. (7d) Sit dung diéu kién gid thiét va bt diang thic AM-GM ta cb

I) .
be he 2b¢

['wong tu

O (4. _-(# | a* > 7(1?) ' l< a . ’/r )
l—ea — 2 (lr’ e b? 4+ a? l—ab ~ 2 \ct+a? c*+ b

Cong lai theo ve ta dugc

ab be ca 3
+ f— < =
l1—ab 1-bc ] — ca 2
Két qua nay tuong duong
| ] 1 9

A\

—— + + i
1 —ab 1 — be l—ca — 2

Mit khéc, lai c6
> 1 : 1 ‘ 1

5=1—ab 1—0¢ "1—eca

1 1 | 1

|
- .

VA —ab)(1=0bc) /({1 -=0bc)1 - ca) £l V(1 = ca)(1 — ab)

9

V(1 —ab)(1 —be) + /(1 =bc)(1 = ca) + /(1 — ca)(1 — ab)

IV

Hé qua la

/ s 3 !
V(1 ab)(1 — be) 4 V(1 be)(1 — ca) + \/(1 —ca)(l —ab) > 2

nhu yéu cau.
Bai 6. (7d) Trudc hét ta ching minh f(k) > k. That vay: gidstl <m<k
At Vi) < <K,
ta (-17:01'1 ”,1, = . = “(1\,,,“'— l.’”i” HO= o =0 =M thl (ay,ap,...,a;) = 1 va
m|a} + ay + ... + aj véi moi s6 nguyén duong n.
Néu k 16 ta c = .. - A i
éu k 1& ta chon a, ek Oy l,a, = k + 1 thi ay +a3 + ...+ a} =

il e 4 1\P2 % 0 mAREB R y s o g
k —1+ (k+ 1)"k, 2 nén 2k|a} + a? + ... + aj véi moi sé nguyén duong n.
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Néu k chin, ta chon a; = ... = a,_; l,ap = k—1thial +a} + ... + a;
k 1+ (k 1)":k 1,:2 nén 2(k ])5”]' - ay + ... + a; v6i moi s6 nguyén
duong n va 2(k 1) > k(do k > 3).

Nhu vay f(k) 2> k + 1.

Tiép theo ta chitng minh f(k) < 2,

Gia sit m c6 ude nguyén t6 p > k. Goi t 1 86 céc s6 khong chia hét cho p trong

k sb ay,ay,...,ax. Vi (ay,0ay,...,a;) | nén c6 it nhit mot sé6 khong chia hét

cho p trong k sb a,, as, ..., a. Suy ral <t < k. Khi d6 theo dinh 1y Fermat
2 A=l _wey 1 )

tacéay  +ay +..a; = t(modp). Do d6 p|t-vo 1§. Vay moi udc nguyén

td cua m déu khong vugt qua k. Gid stt p; < p; < ... < p, 1a tht ci cac sb

nguyén to khong vugt qua k. Goi oy 1a 86 nguyén duong 16n nhét sao cho p™ < k

e = . . m ’ 2 . oy +1 4 xe. -

véi mdi 1 l,...,7. Ta chitng minh m /p{*™" v6i mbi i 1,...,7. That vay,

gla sumup;t . Goi g 1a sb clc sb klmng chia hét cho p; trong k s6 a,, a,, ..., a.
v om [ i +1 ~ +1 £ . m . , N

Liy n o o(p) > thi a7ip*"" néu a;ip;. Theo dinh ly Euler, ta c6

" . , oy ; . ; {0 = 55 & _ 1. il

a; +ay+..+ap = q(m()(l‘)),‘ ) Suy ra gip;*"-vo ly vil < ¢ < k < p;

T d6 suy ra m phai c6 dang m = pi*...p* v6i z;,...,z, € N va z; < o; V0i

moi 2 = 1,...,7. Suy ra f(k) < (a; + 1)...(a, + 1) = T. Mt khéc, theo khai

trien Newton thi 1 + a; < (14 1)% = 2% < p véi moi 2 = 1,...,7. Goi 8
] < s < 1) lachi s 16n nhit ma p? < k. Khi dé p; > k véi moi s < 1 < T.
Suyraa; =1vlimoi s <t <r. Dodb

r~ k ) )
I < ])'l'l,..]);”-'?r?s < k22 = (;) 2

Ta thay tit 1 dén s6 nguyén duong A ¢6 ding LhT;IJ so lé, trong d6 1 khong phai sb

B AE R O o i t& ohE £ . [h+1] £ ;
nguyén t6 va 2 1a sé nguyén t6 chin duy nhét nén cé khéng qué [*F] s6 nguyén
t6 khong vugt qua h. Hon nita s 1a sb cac sb nguyén t6 khéng vugt qua vk
1A s6 cac s6 nguyén té khong vugt qué k. Do d6

[Yk+1)
"0\ WY S i) . 2
r< (B)7 gt (B) o
2 - = \2 -

Xét ham s6 g(z) = /zln2—Inz trén khodng (16, +00), tacé g (I) L,if—: >
"“_;_3 > 0. Suy ra g(z) dong bién trén (16, 400). Suy ra g(z) > g(16) = 0 véi
moi z > 16. Do dé véi k > 16 thi vVkIn2 > Ink hay vk > M = log, k hay

k < 2V Khi d6

var

T < (2V/F-1) Yt ol _ ofsloht _ ok

Déu "=" khong ddng thdi xay ra.

Voik=3th T=(1+1)(1+1)=4< 2




Vi k =4 thi T = (24+1)(141)=6<2¢
V("? OSk<STthT=(2+ D(14+1)1+1)(1+1) =24 <25 <2
Vi8 < k<15thi T = B+1)2+ 1)1 +1)(1+41)(1 + 1)(141) =192 <

2P <

Nhu viy trong moi truong hgp ta déu c6 f(k) < 2%,
Bai 7. (6d) It is a graph problem: a graph of n vertices with at least ['—'%—”—’1
edges, then there exists a wheel.

Denote the vertices to be vy,...,v, and the corresponding degree d,, ..., d,.
Let £ be the total number of edges.

Let ex be the number edge uv such that v, is connected to both u and v.
Assume that G contains no wheel, then e, < dy — 1. Each such edge uv belongs
to a triangle.

Taking sum over the number of such edge uv, we have

S'<2E—n

On the other hand, for each edge uv, the number of triangles having uv as an
edge is 3 [d(u) + d(v) — n|. Taking the sum over set of edge uv

[;d(uf — nE'J > i—E(E - ﬁi)

n 4

Co| =

T > Z %[d(u) +d(v) —n] =-

Comparing 2 inequalities

E n?
Z(E-2) < —_n.
. (E 4) <2E-n
It follows that
il 1 3
oF < ”(”;_ 2) e [71 Z 4] i 2n(n + 2)

Then we are done.
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