SO GIAO DYC VA PAO TAO  KY THI CHON POI TUYEN DU THI HSG QUOC GIA

THANH HOA NAM HOQC 2021- 2022
- MON THI: TOAN
PE CHINH THU'C Thoi gian: 180 phit, khong ké thoi gian giao dé
S6 bao danh Ngay thi thir nhat: 27/9/2021

______________ (Dé thi ¢ 4 bai, gom 01 trang)

Bai 1 (5,0 diém).

1) Cho day s (a,) x4c dinh boi @, =3,a, =7 va a,,, =3a,,, —a, véi YneN'.
Tinh ]imz : :

= d,d

i+1
2) Cho day sd (u,):u, =2, u,=3u, , +2n’ -9n* +9n-3, YneN,nz2.

. ’ ’ p_l ’
Ching minh rang vai moi so nguyén to 1¢ p thi Zu, chia hét cho p.

i1
Bai 2 (5,0 diém). Tim tat ca cac ham f: 2 — [ thoa mén
(v+1).f(x)+ fxf(y)+ f(x+y))=p voi VxeR,VyeR.

Bai 3 (5,0 diém). Cho tam gidc nhon khong can ABC ¢6 trung tuyén AM va céc
dudng cao BB,,CC, (B e AC.C, € AB). Duong thang qua 4 vudng goc voi AM cat
cac duong thang BB,.CC, lan luot tai £ va F. Goi (k) la duong tron ngoai tiép tam
gidgc EFM . Gia st (k). (k,) la cic duong tron iép xtc voi duong thing EF dong
thoi tiép xtic voi cung EF khong chira M cua duong tron (k).

1) Chirng minh rang AE = AF.

2) Chimg minh rang néu (k) cit (k,) tai P va Q thi P, M,Q thing hang.
Bai 4 (5,0 diém). Xét day sb gom 2021 sb tu nhién lién tiép 1;2;3;..;2021.

1) M&i 14n ldy ra hai sd k& nhau bét ky cta day rdi xép ching v’éo céc vi tri vira
lay nhung theo chiéu ngugc lai. Hoi sau mot sb 1é lan thyc hién lién ticp nhu vay, ta c6
thé nhan dugc day viét theo chiéu ngugc lai 2021;2020;...;3;2;1 hay khong?

.2) Mbi lan lé}' ra 10 s hang bat ky cua day roi xép chan’g vao vi tri vira léy
nhung theo chiéu nguoc lai. HOi sau mot <6 1¢ lan thuc hién lién tiép nhu vy, ta c6 thé
nhan dugc day 1:2:3;...;2021 nhu ban dau hay khong?

HO V& 811 HE SIMR: ....ovineinvmsmssenassnssieen e e ‘
Ghi cha: Thi sinh khong dwoc sir dung mdy tinh cam tay khi lam bai



SO GIAO DUC VA PAO TAO KY THI CHON DOI TUYEN DU THI HSG QUOC GIA
THANH HOA NAM HOQC 2021- 2022

PE CHINH THUC HUONG DAN CHAM MON TOAN

Ngay thi: 27/9/2021
(Dap an gom 07 trang)

T Bai \ Noi dung Piém
1

1) 3 diém). Cho day sa' (a,) xdc dinh bii a,=3.a,=7 vi q,,=3a,,~a, voi
(5 diém) VneN'. Tinh hmz

i=l aa1+1

e A A z _
Tu gia thiét a,,, =3a,,, —a, VOl VneN,n21=a,,-3a,,+a,=0.

n+l

3—\/—'x _3+\/§

Xét PT dac trumg X* —3X +1=0 c6 hai nghi¢m x, =——==:%, ==

3-05) (3445
Nghlema—AYlJerﬁ—A[ \/—] [ 2\/—]

1,0

: 1 _2ke2 _
| = x XX Xy (do X%, =1)
k42 kel | kel _ 2
:x; +7+x§ '—( " + X, >+5—ak+l+5 190

=a,.d,,,~ al, =5 Vk=123...n

|
| ‘l Vi n ] 1 &) Gan Gt ]_ l(fﬁi_&_)
ay =z — - '
l = aa,, 2k L SN\ 4

1,0

Vay llmz =3

=1 1 I+l




Truomg hop 2: f(0)=1=> f(f(v))=-/(0)=-1 VyeR.
xét P(£(»)): 0+ )L (f )+ £ (f )L )+ £ (£ (2)+2))=»

= (y+1)+f(f2 (y)+f(f(y)+y)):y
S (L) +(F()+r)=20+1 (2)

- Xét P(x:0)= f(x)+f(x+f(x)):() Vx e R
<:>f(x+f(x))=—f(x) VxeR (3)
Tr (2).(3)= f(/*(»)-f(y))=2y+1VyeR

Vaynén f(y,)=/f(y,) 2y +1=2p,+1o y =y, (*¥)

Tur (*) va (**) ta c6 trong moi truong hop f déu 1a don anh.

2,0

Thay y=1vao (1)tacd f(f(-1))=~-(1-7(0))-/(0)=-1I.
-Xét P(xi=1): f(x.f(=1)+ f(x=1))=-1= f( /(1)) VxeR
Do f 1a don anh nén

xf(-D)+f(x-1)=f(-1) VxeR
< f(x-1)=f(-1).(1-x) VxeR
< f(x)=-f(-1).x VxeR

< f(x)=C.x VxeR, Clahang s

1,5

Thay vao bai toéan:

(y+1).Cx+ f(Cxp+C(x+y))=y Vx,yeR
S Cxy+Cx+Cxy+Cx+C’y=y Vx,yeR

Cho y=0,x=1=C*+C=0C=0;C=-1.
Cho y=1,x=0=>C*=1< C=+l1.
Viy C=-1= f(x)=-x VxeR

Th lai ta thiy f (x) = —x la ham thoa man bai toan.

1,0




2) B dé: Cho ddy cung FE cta duong tron(w) ; mot duong tron (O) tiép

xuc voi (o) tai X va tiép xtc EF tai Y thi XY di qua trung diém cung EF cla

Chimg minh: Goi giao cta XF va XE voi (O) lan lugt 1a Lva H.
Tacd FY? = FL.FX,EY? = EH.EX .

Ké tiép tuyén Xx cta (@) tai X, taco duoc: FXx = LHX - FEX

= LH// FE nén F—L:E_H_:;, FH = FLEX
FX EX

. Vay

FY* FLFX
EY? EH.EX

FLFX _FX’

= - 2
FL gy gy EX
FX

FY FX
= ——=—.

EY EX
Vay XY 1a phan gidc FXE
(b6 dé dwoc chitng minh).

1,0

Gia st (k) tiép xuc véi EF tai U, tiép xte (MEF) tai R: (k,) tiép xtc EF tai
v, tiép xtic (EFM) tai S.
Ap dung bddétadugc R, U M vas, V. M thing hang.
D& thdy AMEU ~ AMRE(g.g); AMFV ~ AMSF(g.g)
— ME? = MU.MR = MF* = MV .MS
Suy ra M thudc tryc dang phuong cla (k) va (k)
Vay P, O, M thang hang .

2,0




Viy viéc ching minh (*) twong dwong véi chitng minh bai toan: Mai lan 13y
ra 2 sb bt ki ctia day va xép chung vao cac vi tri vira ldy theo chiéu ngugc
lai. Ching minh sau 1& 1an thuc hién lién tiép nhu vay, ta khong thé nhan
duge day 1;2;3;...;2021 nhu ban dau.

That vay:

Véi i, jeN', 1<i< j<2021,xétanhxa f, ,:P—>P , f,,(5) thu dugc tir
S bing cach ddi chd cia (5(1),5(])), cac vi tri con lai gitr nguyén. Ta dé
thdy dugc f, = f, 0.0 finofiewofi,of, (1)

1a hop thanh cua 2(j—i)—1 anh xa.

Theo cau (1), T(£;(6))=T(5)+1(mod 2). (2)
Tu (1) va (2)

=T(f,,,(8))=T(8)+2(j~i)~1(mod 2) 5
=T(5)+1 (mod 2).

Gia sit 5, l1a tho tu cia 2021 s6 sau lan xép thtt k. Ta ¢6 6, €P va
Opi =f(i’j)(5k), voi 1 <i< j <2021 nao do.
Theo (3) ta co

7(8,)=T(5,,)+1 (mod2)

=T(58,)+k (mod2)
=k (mod?2)

(do T(8,)=0)
Do d6 véi k 1¢ thi T(8,) = 0(mod2). Hay &, # &, véi moi sO k 1¢.

Vay sau mot sb 1¢é lan nhu vay, ta khong thé xép cac so vé chinh vi tri ban
dau.

Chu y: Hudng dan cham nay chi thuc hién cho loi gidi nhw trén, néu thi sinh lam bai

theo cach khac thi 16 chém thong nhat phiwong dn cham thi cho phit hop va vén cho
diém 16i da néu cdch gidi dung.




SO GIAO DUC VA PAO TAO  KY THI CHON DOI TUYEN DU THI HSG QUOC GIA

THANH HOA NAM HOC 2021- 2022
MON THI: TOAN
PE CHINH THUC Thosi gian: 180 phit, khong ké thoi gian giao dé
S6 béo danh Ngay thi thir hai: 28/9/2021

(Dé thi ¢6 3 bai, gom 01 trang)

Bai 5 (6,0 diém). Gia sir P(x) 1a mot da thire hé sé thyc thoa man tinh chat: véi moi
sb thye x,y thi |y* — P(x)| < 2|x| khi va chi khi [ = P( »)|<2]y-

Chung minh rang x = 0 khong phai la nghiém ctia phuong trinh P(x) = 0.

Bai 6 (7,0 diém). Cho p 1a sd nguyén t 16n hon 3, n la s nguyén duong sao cho céc
sé p—1, p, n, n+1 timg doi mot khong co ude s6 chung 16n hon 2. Tim tit ca cac sd
nguyén duong x,y théaman x” ' +x” '+ +x+2=""

Bai 7 (7,0 diém). Cho tam gidc nhon ABC (4B < AC). ndi tiép duong tron (0O). Cac
dudng cao AD,BE va CF cua tam giac ¢it nhau tai H (De BC,Ee AC,F € AB).
Goi M la trung diém ciia canh BC . Duong tron (J) ngoai tiép tam gide AEF cit
duong tron (O) tai diém thir hai 1a K (K # A); AM cit dudng tron (J) tai diém thu
haila O (Q # 4).

1) Ching minh cac duong thing KF,EQ va BC dong quy.

2) Goi U la trung diém cua doan AM , P la diém di dong trén cung nhdé AC
cua (0) X 14 hinh chiéu vudng goc cua M trén AP . Goi [ la trung diém cua PX
Pudng thang K7 cit (O) tai S (S #K). Ldy diém 7 thudc duong thing KX sao cho
IT  vudng goc véi Ul. Chung minh S7 ludn di qua mot diém ¢b dinh khi P dj
chuyén trén cung nhd AC cua (0).

Ho va tén thi sinh:

Ghi cha: Thi sinh khéng dwoc sir dung may tinh cam tay khi lam bai.



SO GIAO DUC VA PAO TAO KY THI CHON DOI TUYEN DU THI HSG QUOC GIA
THANH HOA NAM HOC 2021- 2022

PE CHINH THUC HUONG DAN CHAM MON TOAN
Ngay thi: 28/9/2021
(Padp dn gom 05 trang)

m Noi dung piém
S Gia si P(x) la mjt da thicc h¢ sé thuc théa man tinh chist: véi moi sb thuc
(6 diém) | x,y thi \ y? - P(x)\ < 2|x| khi va chi khi |x2 ~P( y)| <2)y|-

Chirng minh rang x =0 khong phai la nghiém ciia phuwong trinh P(x)=0.

Phan chimg: Gia st P(0) = 0.

_Néu P(x) la da thic hing = P(x) =0 VxeR.

Khi do, \yz\ <2x| e |x2l <2|y|, khong thé xay ra voi moi sd thue x, y.
- Néu degP(x)>1, dit deg P(x)=neN*, goi a la he s6 bac cao nhét cia |
P(x). Ta chimg minh Vx € R thi [P(x)] 2 2/x].

That vdy, gia sir ton tai s thue x, sao cho |P(x0)\ <2|x,| bang céch | 2,0

chon x=x, va y=0 ta duoc tP(kO)l< 2.xo|:> x*,|<0e x,=0. Do do
P(0) <0 méu thudn. Vay |P(x)|= 2[x| v6i moi s0 thucx.

Nhu vy ta c6 P(x)#0 véi moi x € (0;+00), ma P(x) mot la da thuc
nén ludn lién tuc trén  (0;+00). Do d6 P(x) > 0 voi moi x e (0;+0) hodc
P(x) <0 v&i moi x € (0;+0).
Trwong hop 1: P(x)>0 voi moi x>0.Khido a>0, lim P(x) = +o0.
Véi cac gid tri x>0, Chon y=4/P(x) thi ly* - P(x)| =0 <2[x]

2
do 86 [* - P(y)| < 2]y|=2/P(x) = x PO ls 2yP()
JPe JP| VP
o . 2 2-/\P
Gia st n=3 taco 2L - (x) —0 khi x> +o0 va lim P(f) =a
JP'x) P s x 0

Pl P(x 2
nén lim —===1lim —(—(—)) =q. Thanh thu N

Pt P”(x) x—++cn( P(x))” s P (x)

Dodé a=1va2="— n=2 mauthuin. Vdy n=1 hodc n=2

NS,




- Xét x> 1. Tur gia thiét suy ra

D— . g A xp_l_ n
P +x+l=y" -1 == _(y—l)(y +...+y+1)

(1

p

i vay ql(x"—l)

. \ . A N A1 A < - - X
Goi g 1a uwéc sO nguyén to bat ky cia x” +..+x+1=

va (x,q)=1 = x"" ~1ig (Theo dinh li nh6 Fermat).
k=1 x-1:
:[ X
k=p [q-Lp
Néu x—1ig thi x*' +..+x+1=p(mod g)= pig=>p=¢q.

k
Dat k:ora’q(x),cho ta:{ lp :{
k|q—1

p

Viy tit ca cdc udc sO nguyén t6 ¢ cua : thi hodac g=p hodc
x_

’ _\‘p
g=1(mod p). Do do tat ca cac ude cua 1
'\‘_

hodc chia hét cho p hoic

dong du véi 1 theo modulo p.

2,0

y-1=0 (mod p)
y—1=1(modp)

Két hop véi (1) ta co: < -

'+ T+ +y+1=0 (mod p)

n

'+ 4+ y+1=1 (mod p)

Néu y—1=0 (modp)= y=1 (mod p)
=y +y" "+ 4 y+l=n+l (modp)
n+1=0 (modp) |n+1=0 (modp)
= =
n+l=1(modp) |n=0 (modp)
(p.n) <2

Mau thudn véi gia thiét
(p,n+1)_2

2,0

Néu y-1=1 (modp)= y=2 (mod p)
=y +y T 4+ y+1=2" 1

n+l 1 7nvl
{2 1=0 Onodp):j{_

1
2" —1=1 (mod p) 2™ =2

—

mod p)

(mod p)

(mod p)

Xét 2" =1 (mod p), 2°"' =1(mod p) nén cho ta: 2" =1 (mod p)

4 =1(mod p)
1(mod p)

Xét 2™ =2 (modp)=2"=1 (modp), 2" =1(mod p)

I

Ma (n+lLp-1)<2= { . Diéu nay khong xay rado p>3.

nén cho ta: 2"*™) =1 (mod p).Ma (n, p—1)<2 nén ta cling c6 mau thuin,

Véy khong ton tai cac sé nguyén duong x, y thoa man phuong trinh (*).

2,0




Goi (U) la duong tron duong kinh AM .
Do AKM = AXM =90" = X. K < (U).
Giastt KI cit (U) tidiém V', AV cattia T/ tai diém R.
Taco VXP = AKV =AKS = APS = VXP = XPS = XV | ISP.
Ma / latrung diém cia XP nén / cung la trung diém cta VS .

Xét tir giae AXVK noi tiép (U). co AX cit KV tai I va Ul LTR , theo

' dinh ly con budm thi / la trung diém cua 7R .
\

1

| Gia sir ST cét (0) tai W= 4V //WS

' Suyra VR//TS.

2,0

| suy ra WAV =180° — AWS =AKS = AKV = WA 1a tiép tuyén cia (U)

1

1

Cho 4,B.C ¢ dinhnén (U) cb dinh va (O) ¢6 dinh nén W c6 dinh.

| Vay ST ludn di qua diém ¢6 dinh W khi P thay dbi trén cung nhé AC

2,0

o 1. 11 1N 4~ 1 ‘._- 21 “._,, 1 A, 1 ] ‘._A Py T (NN T I 'R

Py eIk ). =L ~

Chu y: Hzrang dan cham nay chi thuc hién cho loi giai nhu trén, neu thz smh lam bai
il -

7
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