bap an

1. DPAtA=x, 4+ X3+ X5+, B=xy+X,+x¢+--- (tuong ting 13 tdng cac sb hang chi sb
1é va chan). Khi d6, A+ B =2 va do cac x; khong am, ta c6

ABZX1X2+X2X3+"'+XH_1XH=1. (*)

Suy ra
4=(A+B)*>4AB > 4,

chiing td A= B = 1 va (x) 1a ddng thitc. DAu = trong (%) chiing té x;x; =0 néu i, j
khac tinh chin 1é va |i — j| > 3.
Goi k 1a chi s6 nhd nhét sao cho x; # 0. Khi d6 x,1,,; = 0 v6i moi j < —1va j > 1.
Tt d6 suy ra x; = 0 v6i moi i # k+ 1 va cling tinh chan 1é v6i k+1. MAA=B =1 nén
Xpr1 = 1, Xppop = Xpp142ieny = 0 VOIiMOi § > 2, X = X, X35 = 1—x,v6i 0 < x < 1. Tir
d6 ta c6 két ludn can tim.

2. a) Goi M, N tuong tng la giao diém ctia KB véi (F; FA), KC v6i (E; EA).
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Ta c6 ZAMB = ELAFB = ELBDC = /KBC nén AM || BC.

Tuong tu, AN || BC. Tit 6 suy ra A, M, N thang hang.
Lai ¢d, KB = KC nén KM = KN. Suy ra Py p.say = KM - KB = KN - KC = Py (z.5)-

Piéu d6 ching té A, K nim trén truc ding phuong cla (E; EA) va (F;FA) va vi thé
AK | EF.

b) Ta ¢6 ZLAB = /LBA= /HAC = /ZHCA= /KBC = ZKCB va D la truc tAm cta tam
giac BKC nén chiing minh tuong tu cau a) cho tam giac ABC v6i b ba diém K,H, L
(thay vi D,E,F) tacO AD L HL.

Goi Z 14 giao diém khac B ctia AB v6i (BKD). Ta c6 ZKZB = 180° — ZBDK = 90° —
/DBC =90°— /FBA. Suyra BF L KZ.

Lai c6, /BZD = /BKD = /DBC = /BAF. Suy ra AF || ZD. Do d6 ZD | BL.

Suy ra cac dudng thang tuong Ging qua A, D, K va vudng géc véi FL,BL, BF ddng quy
tai Z. Tit d6, bang cach ap dung dinh 1y Carnot cho tam giac ADK va BFL ta c6 cac
duong thing qua B, F,L, tuong ting vuéng goéc véi DK,AK,AD dbdng quy; nghia 13
BC,FE,HL dng quy.

3. a) Ta sé chi ra rdng 2 x4u nhi phan 13 tuong ddng néu va chi néu ching cé ding 2 vi
tri 1 tring nhau va ding 2 vi tri 0 trung nhau. Thét vay, gia st 2 x4u tuong dbng c6
<1 vi tri O trung nhau (va do d6 c6 > 3 vi tri 1 trung nhau); trudng hop c6 > 3 vi tri
0 triing nhau dudc chitng minh tuong tu (hoic déi vai trd ctia 0 va 1). Tai > 21 vi tri
con lai, chit s6 0 khong dong thoi xudt hién trong 2 x4u. Tai cac vi tri d6, c6 it nhat 3
vi tri ma & d6 ca hai xu déu c6 sb 1, néi cach khac khéng c6 sb6 0 ndo. Piéu nay cho
thiy t6ng chit s6 0 clia hai x4u khéng vudt qua 2 + (21 —3) = 20 < 22, mau thuln.
b) C6 C? =10 cach dién 3 chit s6 1 vao 5 vi tri diu tién. Vi mbi cach dién nhu vy,
ta xdy dung mét nhém cac xau nhi phan trong S sao cho 3 chit s6 1 diu tién tring
v6i cach dién d6. Nhu vdy, hai xu bat ky trong mét nhém tring nhau & it nhit 3 chit
s6 1, do d6 chiing khong tuong dong nhau.

Tuong tu, c6 C2 = 10 cach dién 3 chit s6 0 vao 5 vi tri dau tién. V6i mdi cach dién
nhu vay, ta xdy dung mdt nhém céc xau nhi phan trong S sao cho 3 chit sb 0 dau tién
tring véi cach dién d6. Nhu vy, hai x4u bat ky trong mo6t nhém nhu véy tring nhau
& it nhat 3 chit s6 0, do d6 ching ciing khéng tuong dong nhau.

Cubi cling, trong 5 vi tri diu tién ctia mbi x4u nhi phan phai 6 it nhit 3 vi tri 14 chit
s6 1 hodc 3 vi tri 14 chit s6 0. Do d6 méi xau nhi phén nam trong it nhat mét nhém

Xay dlIng theo cach trén day. (Mot xau co the nam trong nhiéu nhém khac nhau, ta
sé bo x4u dd vao ding mot trong cac nhom néu mubn cé mot phin hoach ctia S.)

Bai toan dudc gidi quyét.

4. Ky hiéu P(x, y) 1 bit dang thitc ctia dé bai. Ta cb

P(L,1): (F())P<f()+2 = f(1)<2. (1)



P(-1,-1): (f(-1)P<f(1)-2= (f( 1))*’<0 = f(-1)=0. (2)
P(=x,—1): F=)f(=1) < f(x)—x—1 -2 F(x)=x+1. (3)

P(0,0): (F(O)2<F(0) =<1 -2 f(0)=1.

Tu do6 suy ra

fO)=f(x)fO)<fO)+x+0=1+x.
Diéu nay, két hop véi (3) din dén £(x) = x + 1 v6i moi x.
Pdo lai, dé dang kiém tra dudc f(x) = x + 1 13 mot nghiém ham ctia bai toan.
. Xét mot sb nguyén duong n théa man yéu ciu clia bai toan. V6i moi 1 < i <k, dat
d+...+d; =a’ (a nguyén duong). Dé thay a; la mot day tang. Ta goi mot s nguyén
duong j 1a tbt neu a;=ivadi=2i—1vimoil<i<j Tasé chi ra bang quy nap
theo j rdng moi sb nguyen dLIOng ] < k 14 tét.

Trude hét, nhin xét rang v6i moi sé nguyén j > 2 ta c6
_ 22 _
d; = a;j—aj ;= (a;—aj;4)(a; +a;_;) = 3.

Néi riéng, ta cé d; = a, = 1. Nhu véy, 1 14 sb tbt.
Gia stt j < k—1 13 sb tot. Ta sé chira j+ 1 cing tot. That viy, ta cd

2 2 _
a;+a,|aj,,—a;=dj;, = a;+a;,[n.

Do d6 a;+a;,, cling la mét u6c ctia n. Do vay, ton tai mot sb nguyén s dé d, = a;+a;j,
Ta co, do a; < a;;; nén
d,>2a;+1>2j+1

Thé ma, do j 1a tét d; = 2i — 1 v6i moi i < j nén bat dang thitc d, > 2j + 1 kéo theo
s> j+1.Khido

aj+af+1:dS:(as sl)(a +a, 1)>a+as 1_a]-+1-l-aj.

Suy ra cac bat ding thtic trén déy 1a ding thic, din dén a, +a, , = aj,, +a; vavi thé
s =j+1; dong thoi ta cling phai ¢6 a,—a,_, = 1, din dén a,,=a;+1=j+1.Tudo
suy ra

diy = (a1 —a)aj,+a;)=2j+1.

Piéu d6 ching té j + 1 1a sb tot. Nhu vy, theo nguyén Iy quy nap thi moi sé nguyén
duong j < k 1a tot.

Tom lai, néu n ¢6 tinh chit da néu thi cac udc cta n cd dang 1,2,...,2k—1. Noi riéng,
néu k > 2 thi d,_; 1a mét uéc 1é cha n—d,_; = 2. Suy ra di_;, =1, chu?ngtok—z

Nhu Vay, hodc k =1, d4n dén n =1, hodc k =2, din dén n = 3. Ta dé dang kiém tra
dugc rang cac gia tri nay théa man yéu cAu ctia bai toan.
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6. a) Gia st EH cit AB tai L, FH cit AC tai K.

Ta ¢c6 ZLHB = ZECH = /LBH, suy ra LH = LB. Mat khac, theo tinh chit quen biét,
ta co TB = TH (va cung bang ban kinh dudng tron ngoai tiep tam giac ABC). Suy ra
LT la duong trung truc cua BH, ndi riéng vudéng goc v6i BH. Ta thu duge TL || AC.

Tuong tu TK || AB.

Suy ra ZELT = /HEA = 180° — ZHEC = 180°— ZBHC = /BAC = ZTKC. Suy ra E
nam trén (TLK).
Tuong tu, ZFKT = /AFK = 180°— 4BFK = 180°— /BHC = /BAC = ZTLB. Suyra F
nam trén (TLK).



Cac tinh toan trén cho thidy ZEFT = ZELT = /BAC = /FKT = /FET. Suy ra
TE=TF.

b) Goi P 1a giao diém khac H ctia (HEC) va (HFB). Ta ¢6 (PB,PC) = (PB,PH) +
(PH,PC)=2(HB,HC) = 2(AC,AB)=(TB,TC) (mod 7). Suy ra B, P, T,C dong vién.
Lai c6 /FPE = /FPH + /HPE = /ABH + /ACH = /ABH + /LHB = /FLE. Suy ra P
nam trén (ETF).

Ma TE = TF, PH la phan giac clia ZEPF nén ZHPT = 90°. Suy ra PH di qua diém
do6i xting X cua T qua J (tAm dudng tron (BTC)).

Goi N 14 diém chinh glu’a cung EF khong chita T clia (ETF) va M 1a trung diém cta
EF va. S 1a giao di€m cta cac tiép tuyén tai E va F cla (ETF) Ta ¢6 FK giao EL tai
H, FL giao EK tai A nén ap dung dinh ly Pascal cho sau diém F,F,E,E,K,L ta thu
dudc A, S, H thang hang.

Ma (SM,NT)=—1nén H(AM,XT) =H(SM,NT)=—1.Do AH || XT nén HM di qua
trung diém cta X T, hay HJ chia d6i doan thang EF.



