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PE BAI
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Cau 1:  Gidi phuong trinh cos2x.sinx+2cos” x =sinx +2cosx

Cau?2: Tim hé sb cua sb hang chira x° trong khai trién nhj thirc Niu-ton cua (
X

1 n . .
—+Vx ) bict rang

C;Hl _ Cn

n+4 n+3

=7 (n -+ 3).

Cau 3: Cho hinh nén dinh S c¢6 dudng cao SO. Goi 4 va B 14 hai diém thudc dudng tron day noén
sao cho khoang cach tir O dén 4B bang a, SAO =30°va SAB=60°. Tinh dién tich xung
quanh cta hinh nén.

CAud4: Cho hinh chép tir gisc déu S.ABCD c6 canh day bing @, canh bén bing a/2. Goi C' 1a
trung diém ciia SC . Mit phang di qua AC’ va song song v6i BD cit SB tai B’ va cat SD
tai D'. Tinh thé tich khdi chop S.4B'C'D’ .

x> +2x—m

Cau5: Tim tit ca gia tri thuc ciia tham s6 m dé ham s§ y = dong bién trén khoang

X—m

A \ A 2 7. \ A N A 5 .7 s
Cau6: Chohamso y= §x3 +(m+1)x’ +(m2 +4m +3)x voi m 1a tham so thue. Tim tat ca gia tri cla

m & ham s6 co hai diém cuc tri x,,x, va biéu thic 4=x,-x, — 2()cl + xz) dat gia tri nho nhét
Cau7: Cho hinh chép S.ABCDco day ABCDIa hinh vudng canh a,S4 vudng goc voi mit phing
(ABCD)Vé SA=a. Goi [1a trung diém cua SD.Tinh khoang cach giira hai duong thang SB
va CI.
Cau8: Cho hinh lang tru ABC.A'B'C' ¢6 day ABC la tam gic déu canh a, A4’ =a. Hinh chiéu cua
A dinh trén mit phang (4'B'C’) tring véi trung diém cia 4'B’. Goi ¢ 1a goc gifra hai dudng
thang A'B va AC’. Tinh cosg.

1
, I - =2 x

Cau9: Cho hai sb thuc x,y khic 0, biét: (\/x2+1+x)y =(\/x2+1—x)) =(»*+1)". Tinh gid ti

biéu thirc P=2"—27"—2x+2"—27 -2y,

2 _ 3

Cau 10: Giai phuong trinh log, x* +log, (5~ x) =log, (3x+1)
Cau 11: Cho ham s6 y=x’—3x+1 ¢6 d6 thi (C), dudng thang (d):y=mx+1 va diém K(3;10).

Tim tat ca gi tri thuc cua tham sb m sao cho (C) va (d) cét nhau tai ba diém phan biét

A4,B,C trong 46 A(0;1) va trong tdm cta tam giac KBC nam trén dudng thang y = 2x+3.

1



Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

(1,25 diém). Tim tat ca gia trj thue cia m déham sé y =2In(x+1)—(m+1)In(2—x)—m’x dat
cuc tiéu tai diém x=1.
X—y=3x+y (D

y+3=x+2dx ()
Chon ngau nhién ba sé d6i mot khac nhau tir tap hop {1;2;3;...;100} gdm 100 sb nguyén duong

Giai hé phuong trinh {

dau tién. Tinh x4c xuit dé chon dugc ba sd 1a dd dai ba canh ctiia mot tam giac.

Cho khéi lang tru ABC.A'B'C' ¢6 AB=AC =a, BC =a~/3. Cac duong thing BB',BA',CA’
cling tao v6i mat phing (ABC ) mot goc 60°. Piém M nam trén canh AA'. Mit phing (a)
qua M va song song véi (ABC) lan luot cdt cac doan thang AB',BC',CA’ tai céc diém
D.E,F . Biét ring thé tich khéi t dién 4'DEF biing %cf . hdy tinh ti s6 %.

Xét 3 s6 thuc duong a,b,c thay ddi. Tim GTNN cua biéu thirc

a’ b’ c’ 4
P= + + + .
b+c c+a a+b 2 +b P+ +1

HET




HUONG DAN GIAI

Cau 1:  Gidi phuong trinh cos2x.sinx +2 cos’ x =sinx+2cosx.
Loi giai
3x=sinx+2cosx

3

cos2x.sin x + 2 cos

= (2coszx—1).sinx+200s x=sinx+2cosx
= (20052x—l).sinx+2cos3x=sinx+2cosx

&> 2c0s? x.sin x +2cos> x = 2sin x +2.cos x

& cos? x(sinx+cosx)—(sinx+cosx)=0

o (cos2 x—l)(sinx+cosx) =0
= 2.sin(x+%jsin2 x=0

sin x+£ =0 x+£—k7r x——£+k7r
= 4 o 4 el 4 (keZ).

sinx=0 x=kr x=krx

A N A A 5 A ’ . s R . Ja . 5 1 ! < A M
Cau2: Tim hé so cua s6 hang chira x’ trong khai trién nhj thirc Niu-ton cta (—3+\/ x3j bict rang

X
Crl=Cly=T(n+3).
Loi gisi
bK: n>0.
Crl=Cla=7(n+3)
| |
((nn:lé)‘!)é! ) (::33!). =7(n+3)

< (n+4)(n+3)(n+2)—(n+3)(n+2)(n+1)=42(n+3)
(n+3)(n* +6n+8-n"—3n-2-42)=0
<:>(n+3)(3n—36):O

- {n = —3(ktm)

n:I(tm)

12
Khi d6 ta ¢ (%+ VX ) c6 s6 hang tong quat 1a:
x

3

k 9
1 12—k 2(12-k 18-~k
T, = Clkz (?] (\/x_3) = C1kz 'x73k'x2( : = Clkz.x 2

S6 hang chira x° @18—%k:9©k:2.

Vay hé so cua so hang chira x° 1a C),.



Cau 3: Cho hinh nén dinh S c6 dudng cao SO. Goi A va B 1a hai diém thudc duong tron day non

sao cho khoang cach tir O d&n AB bang a, SA0 =30°va SAB=60°. Tinh dién tich xung
quanh cta hinh nén.

Loi giai

Goi [ 1a trung diém ctia AB . Tacé OK L(SAB)= Ol =a.

bat SO=x,
Tacé ASOI:SI =\/SO? +OF =& + 2 (1).ASO4: SA=—2_ _ 2.
sin30°
Xét tam giac déu ASAB: SI = @ = *62'2’6 =33 (2).
Tir (1) va (2) ta c6 Va? + x> =3x> < a® +x? =32 <:>x=%.
OA= 04=S0.cot30° :#. SA=2x=a\2
Sy, :ﬂRl:za;/g.a 2=ra’\3
Bang bién thién
T - m— 1 m+ 1 400

Dya vao bang bién thién ta thdy ham sd ton tai gia tri nho nhét trén khoang (0;+oo) c6 hai

truong hop sau:



Cau 4:

Trwong hop 1: m—-1<0<m+l< -1<m<1.

O<m-1

Trwong hop 2: {f(O) > fm+1)

m>1
b=
{2020 >(m+1)’ =3m(m+1)* +3(m* =1)(m +1)+2020

m>1 m>1
= = Sl<m<L2.
m*—-m—-2<0 —1<m<2

Vay -1l<m<2.

Cho hinh chép tir giac déu S.ABCD c6 canh day bang a, canh bén bang a2 . Goi C' 1a
trung diém cia SC . Mit phang di qua AC’ va song song v6i BD cit SB tai B’ va cat SD
tai D' . Tinh thé tich khéi chop S.AB'C'D’ .

Loi gidi

Goi O1la tam hinh vuéng ABCD . Vi S.ABCD hinh chép tir giac déu nén SO L (ABCD) :
Dién tich hinh vuong ABCD bang: S ., =a’

a6
2

Taco AC=a2=S4=5C, SO =
a*\J6
6
Trong mit phing (SBD) ,g0i [ =B'D'NSO,suyra A,1,C' thang hang
Trong tam giac SAC , tacd AC', SO 1a duong trung tuyén nén / 1a trong tim ASAC .
ST 2

7 , ‘ 1
Thé tich khdi chop S.ABCD biing: Vs iscp =S .155-50 =

: [ —
SO 3
Vi B'D'//BD nén 5B = SD = 51 :z.
SB SD SO 3

Tacs. Ve _SB' SC' 1 Vyew _SD' SC'_ 1
" Vype SB SC 3 Ve SD SC 3
Voo +Vsacr — Voo . Veacn :l
VSABCD VSABC + VSACD 2 VSABC 2 VSACD 3
1 a’ \/g

- VSAB’C’D' = g SABCD — 18

Vsuscn —




2
A Y T , X PO £ X +2x—m A A .
Cau 5: Tim tat ca gid tri thuc ciia tham s6 m dé ham s6 y = —————— dong bién trén khodng
xX—m

Loi gidi:

Tap xac dinh D=R\{m}.

e (2x+2)(x—m)—§x2 +2x—m) X —2mx-m

(x=m)’  (x-m)
1

Ham s6 dong bién trén khoang (—oo;——j N w >0 Vxe ( o0; _lJ
2 (x—m 2

2

X —2mx—m>0Vx e (—w;—lJ m>—" Ve —oo;—l
2 2x+1 2 %
< (*)

=
) 1
m | —o0;—— m> -t
2 2
A ? 2x° +2x

Xét ha /4 _ X , . ' —
éthamso f(x) o 1'(x) —(2x+1)2

0 ,
f(x)=0e {x - Ta c6 bang bién thién
X

f'(z) N 0 _ ///

A A A 2 7 \ A N A 5 ey < .
Cau6: Chohamso y= §x3 +(m+1)x’ +(m2 +4m +3)x voi m 1a tham so thyc. Tim tat ca gia tri cia

\lv'—'

m & ham s6 c6 hai diém cuc tri x,,x, va biéu thitc 4=x,-x, —2(x, +x,) dat gié tri nh6 nhét
Loi giai

Taco y =2x"+2(m+1)x+(m’ +4m+3). Him s6 c6 hai diém cyc tri x,,x, khi va chi khi
phuong trinh 2x* +2(m +1)x + (m2 +4m+ 3) =0 c6 hai nghiém phan biét,

hay A" =(m+1)’ =2(m’ +4m+3)>0 < m’ +6m+5<0< me(=5-1).

Theo dinh ly Vi-et



Cau 7:

Caiu 8:

2 2 +4 2_9 _
A:xl-x2—2(xl+x2):w_2,(_m_l):m +8m+7:(7’l’l ) > 9
2 2 2 2

Dau bang khi m = -4 théa man.

Cho hinh chép S.ABCD co day ABCDIa hinh vudng canh a,S4 vudng goc voi mit phing
(ABCD) vaSA=a. Goi I1a trung diém cta SD.Tinh khoang cach giita hai duong thing SB
va CI.

Loi giai

Goi Ola tam cua hinh vuéng ABCD.
D& thdy 10 /) SB=> SB |/ (AIC)=>d (SB,CI)=d(SB,(AIC))=d(S,(4IC)).

3

. 11 a
Taco Vg :EVSACD :E'ESA'SACD :E-
Tinh dugc AC = a\/z, 1A= a22 , 1C = a\z/g.
2
Ap dung cong thic Hé rong S = \/p(p —a)(p—b)(p—c) tinhdugc S, = #

Do dé d (S,(IAC)) = ﬁ—f - % Hay d(SB,CI)= %
Cho hinh lang try ABC.A'B'C' ¢6 day ABC 1a tam gic déu canh a, A4’ =a. Hinh chiéu cua
A dinh trén mit phang (4'B'C’) tring véi trung diém cia A'B". Goi ¢ 14 goc gifra hai dudng
thang A'B va AC’. Tinh cosg.

Loi giai



Dung hinh lang tru tir gid\c ABDC.AB'D'C', goi O=A'D'nB'C’.

f

Vi AAB'C' déu = A'0=CH = AD =240=a"3.

Xét AAA'H vudng tai H co

2
+)AH =~ A4” - AH* = /az—(%j =—=

+)tanm— AT _
AH

=3 = A4'H =60°= A'B'B =120°.

M\QN&

Xét AA'B'B c6 A'B> = A'B” +BB” —2A4'B'.BB c0s120° =3a’ = A'B=a+/3

2 2
Xét AAHC' vuong tai H ¢ AC' =+ AH* + HC"” :\/[a;/gJ +[a\/§J = a;/% — BD' = a;/g.

2
Tacé ¢ =(A'B; AC')=(A4'B; BD').

> (ads ) )
A'B*+BD"? — 4'D" (aﬁ) +[2] _(aﬁ)

Xét AA'BD' ¢ cos ABD' = S IBED = 7 =%
' 2.a\/§.ﬂ

=cosp=—o
Cau9: Cho hai s6 thuc x,y khac 0, biét: (x/ﬁ—i—x); = (m—x)y_z = (y2 +1)X. Tinh gia tri
biéu thirc P=2"—27" —2x+2"-27 -2y
Loi giai
Goi D 1a trung diém cia KC
(m +x)i = (m —x)yz = (y2 + l)x
I I

(m+x); = (m_x)yz (m+x); _ (m+x)2y

f—g R

( x2+1+x);=(y2+1)x (m+x);=(y2+l)x



1
—=2-y y2—2y+1:0
= Y = 1

(mu); =(y*+1) (m”); =(r"+1)

y=1
=
VxP+1+x=2"

Xt P=2" -2 =2x+2" =27 =2y =+/x’ +1+x—;—2x+2—l—2
VXt 14 x 2
=~/x’? +1+x—(\/)c2 +1—x)—2x—%
:2x—2x—l:—l
2 2
Va P——l
1y >

2 N 3
Cau 10: Gidi phuong trinh 108+ +108:(5—x) =log, (3x+1)

Loi giai
x#0 x#0
Piéu kién x4c dinh: {9-x>0 <11
—<x<5
3x+1>0 3

Phuong trinh log, x* +log, (5—x) = log, (3x+1)
< log, x* +log, (5-x)=log , (3x+ 1)3

< log, |x|+log, (5-x)=log, (3x+1)

< log, (|x]-(5-x)) =log, (3x +1)

< xf.(5-x)=3x+1 (1)

. |
Néu -3 <x <0 thi phuong trinh (1) c6 dang
(—x).(S—x)=3x+1

S xP—8x-1=0

x=4-17

e

x=4+\/ﬁ'
, ‘ 1
Két hop véi didu kién —§<x<0 nén x=4-+17.

Néu 0< x <5 thi phuong trinh (1) ¢6 dang
x.(5—x):3x+l < x*—2x+1=0<> x=1.Két hop v6i diéu kién 0<x<5 nén x =1

Vay phuong trinh c6 tap nghiém la {4 -7 ; 1} :



Céu 11: Cho ham s6 y =x’—3x" +1 ¢6 d0 thi (C), duong thing (d):y =mx+1 va diém K(3;10). Tim

Cau 12:

Cau 13:

tat ca gié trj thuc cia tham s6 m sao cho (C) va (d) cét nhau tai ba diém phan biét 4,B8,C
trong d6 A4(0;1) va trong tAm cla tam gidc KBC ndm trén duong thdng y =2x+3.
Loi giai
5 5 x=0
Xét phuong trinh x° —=3x* +1=mx+1 < x(x —3x—m) =0 ,
X —3x-m= 0(*)
Dé (C) va (d) cét nhau tai ba diém phan biét thi (*) c6 hai nghiém phan biét khac 0 hay

9+4m >0 9
&S ——<m#0.
m=#=0 4

Goi céc giao diém ctia (C) va (d) 1a A(0;1), B(x;mx, +1),C(x,:mx, +1) va {x‘ "=
XX, =—m

b

Goi G la trong tdm cua tam giac KBC, khi do G(xl+)3cz+3.mxl+n;x2+l2j hay

G(2:m+4).

Do Ge(d) nén m+4=7< m=3 (théa man)

(1,25 diém). Tim tat ca gid tri thuc cia m d€ ham s6 y=2In(x+1)—(m+1)In(2-x)—m’x
dat cuc tiéu tai diém x=1.
Loi gii
Tap xac dinh: D=(-1;2).
2 m+1 )

ey =T

Diéu kién can : Ham s6 dat cuc tiéu tai diém x =1 thi »'(1)=0

) 5 m=-1
Sl+m+l-m =0 -m +m+2=0&
m=2
Diéu kién dii :
L. . 2 " -2 " . z e 402
+Voim=-1thi yy=—"—-1=)"= -="(1)<0. Ham s0 dat cyc dai tai diem x=1.
x+1 (x+1)
Vay m =—1 khong thoa man.
7. 1 ’ 2 " _2 3 " 5 N X
+V6i m=2 thi y)'=—"—+ —4=y"= ~+ -="(1)==>0. Ham so dat
x+1 2-x (x+l) (2—x) 2

cuc tiéu tai diém x=1. Vay m =2 thoa man.
Tém lai, c6 duy nhét mot gia tri thuc cua m thoa man débailam=2.

X -y=iry O

. Loi giai
y+3=x+2Jx (2

Giai hé phuong trinh {

10



+ Ta co: (1)<:>x3+x:x+y+2/m

+Xéthamsb g(t) =t +£,2'(t)=3t>+1>0 Vx e R suy ra ham sb dong bién trén R

e gn)=gRx+y)ex=xtyeor’=xty=y=x-x

+Thay y=x>—x vao (2) taduoc x’ —2x—2/x+3=0<a’-2a*-2a+3=0 (a=x 2 0)
+Xéthamsé f(a)=a’-2a’-2a+3 (a>0)

(a)=6a’ —4a-2;f'(a)=0<= -
S @) /@ 6a’ +6a’ +6a* +6a+2=0(vn)

BBT:
a 0 1
f’(a) - 0 +
f(a) |

Cin ctt BBT ta thiy pt a® —2a®> —2a+3=0 c6 duy nhat 1 nghiém1a a=1=x=1= y=0
Vay hé c6 nghiém duy nhat 1a (1;0).

Céu 14: Chon ngau nhién ba s6 d6i mot khac nhau tir tap hop {1;2;3;...;100} gdm 100 s6 nguyén duong
du tién. Tinh x4c xuit dé chon dugc ba sd 1a dd dai ba canh ctiia mot tam giac.
Loi giai

Ta xét bai todn tong quat X = {1;2;3;4.....;n}.

Khong mat tinh tong quat gia sir ba s6 dugc chon 1 a,b,¢ véi a>b>c>1.
Trudong hop 1:

Khi nlasb1é (n=2m+1)

1) Khi @ chin (a=2i voi i tr2 dén ™ ) Véi b=i+k(k tir 1 d&n i—1) thi € chay tir 1=k +1 dén

. m i—1 m _ _
i+k=1(co 2k=1 cachchon ¢) = ¢6 5, =33 2k-1)=D(i-1)’ = mim 12(2’" D cach

=2 k=1 i=2

2)Khi @ 16 (a=2i+1 voi i tix2 dén M) Véi b=i+k(k t2 dén ) thi € chay tir i—k+2 ¢n

i=2 k=2 i=2

_ m(m—1)(4m+1) cAc

L= ; h.

Vay truong hop 1 c6: s=5,+5

1)Khi a chan (¢ =2i véi i tr2dén m ) Vi b=i+k(k tir 1 &én i—1) thi ¢ chay tir i —k +1
m i—1

dén i+k—1(co 2k—1 cachchon ¢ ) =¢b £,=3.3 (2k-1)=Y (i-1)° = mm =D (2m =1)

=2 k=l i—2 6

cach
11



2)Khi a 1& (a=2i+1 voii tr2dén m—1) V&i b=i+k(k tir2dén i ) thi ¢ chay tir i —k +2

m=1 i m-1 _ —
dén i+k—1(co 2k—2 cachchon ¢ ) = ¢o £, =D "> (2k-2)=> 4’ = m(m =1)(m =2)

i=2 k=2 i=2 3

cach.

m(m—1)(4m—-35) cAc
6

Vay TH2co: t=¢ +t, = h.

s _ (m-D@m+l) 1  3m
C; 22m+1)2m—-1) 2 8m* -2

2m+1

Xac suat can timnéu n 1€ (n=2m+1) la

Xac suat can tim néu n chin (n=2m) la L}=4m—5=l_ S
C " 8m-4 2 8m-4

3 _65
8.50—4 132

Ap dung vao bai: Véi n=2m =100 thi x4c suit can tim la %—

Cau 15: Cho khi ling tru ABC.A'B'C' ¢6 AB = AC =a, BC = a/3 . Céc dudng thing BB, BA',CA’
ciing tao voi mit phing (4BC) mot géc 60°. Diém M nam trén canh A4'. Mt phiang () qua M va

song song voi (ABC ) lan luot cit cac doan thing AB', BC',CA' tai cac diém D, E, F . Biét ring thé tich

khéi tir dién A'DEF bing %cf hdy tinh ti s6 j“j—A.

!

Goi h la chiéu cao cua lang tru.

BB'=BA'=CA' =— h
Suy ra sin 60°

= AA'=BB'=BA'=CA'

12



Xét tr dién A" ABC c¢6 BB' = BA'= CA' nén chan duong cao tring véi tim dudng tron ngoai
tiép tam giac ABC

a3
Suy ra h=R.tan60" =
i . 2sin120° \/_ a\/—
Goi h'=d((ABC),(MDF)) suy ra
B _AM _MD_ MF _,
WA MN MKk

B 2 I B B
= ﬁ =;(1—zj = SAEDF = SAMNK _3SAMDF = SAMNK (1_3;(1_XJJ

Ta c6

1, 1 1,
VA’ADEF ==h 'SADEF =—a’=—h 'SADEF

18 3

:>la3=h'.la.a.sin120°. 1—3h— l—h—
6 2 h h

12 13
@La:h' 3h—+3h

33 R

o 24 =34 —33ah™ +31"

V3
2\/§a

=h=
3

h 2 MA
=5 —=-—= =2
h 3 MA

Cau 16: Xét 3 sd thuc duong a,b,c thay ddi. Tim GTNN cua biéu thirc
2 2 2
a b c 4

P= + + + .
b+c c+a a+b @ 1p P+t +1

Loi giai
3(a’b+be+ca)<(a+b+c)(a’ +b +c*) < Y a(a—b) 20.
3(azc+bza+czb)£(a+b+c)(az+b2 )

<

=Y d (b+c)<§(a+b+c)(a +b* +?)

W | N

(az +b’ +cz) 3(a2 +b’ +cz)

4 4 4
P=3 -~ =Y

b+c \/a +b2+c* +1 a(b+e) Ja+b+cr+1

2

Caucly-Schwarz 4 t
2 > + >
2a’(b+c) N +b* +¢* +1 t [3¢ \/

—f(t)>f(3)——

HET
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