KY THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN PHAN BOI CHAU
TRUONG THPT CHUYEN - TRUONG PH VINH
NAM HOC 2022 - 2023

SO GIAO DUC VA PAO TAO
NGHE AN

DE CHINH THUC

MON THI: TOAN

Thoi gian lam bai: 150 phiit (khong ké thoi gian giao dé)

Bai 1:
a) Gidi phuong trinh vz + 14 2% — 2 = Va2 + 1.

2zy — 1) + 42® = 5y?
b) Giai hé phuong trinh (2zy ) . ¢
2t (z—y*)=y*—y

Bai 2:

a) Tim z,y € Z thoa man (z —y)*(8 — zy) +4 = 12(z — y).

b) Cho n la s6 nguyén duong. Chitng minh rang 2" + 36 va 12" + 25 khong dong thaoi 1a sd

chinh phuong.

Bai 3:

Cho céc s6 thuc z,y, z thoa man 1 < z,y, 2 < 3. Tim gia tri 16n nhat ctia biéu thitc

T=Tsty+z49 +22° — 352 — 26xy2.

Bai 4:

Cho tam gidc nhon ABC (AB < AC') noi tiép duong tron tam (O). Cac duong cao AD, BE,
CF cét nhau tai H. Tia AH cét (O) tai K (K khac A), tia KO cit (O) tai M (M khac K)
va tia MH cit (O) tai P (P khac M).

a) Ching minh OD | MH va 4 diem A, O, D, P cing nam trén mot dudng tron.

b) Goi Q la giao diem ctia PA va EF. Chiing minh DQ 1 EF.

¢) Tia PE va tia PF cit duong tron (O) lan lugt tai L va N (L, N khac P). Chiing minh
I — NH.
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Bai 5:
Cho tap hgp A gom 2022 s6 tiy nhién lién tiép tir 1 dén 2022. Tim mot s6 ti nhién n nho nhat
sao cho moi tap hop con gom n phan tit ciia A déu chita 3 phan tit 14 cac s6 d6i mot nguyén

t6 cliing nhau.
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L.OTI GIAT DE THI VAO 10 CHUYEN PHAN BOI CHAU

Bai 1:

a) Giai phuong trinh vz + 1+ 22 — 2 = V22 + 1.

_ 2zy — 1) + 422 = 592
b) Gidi ho phiong trinh 4 7Y V) v
2z (zv —y*) =y* —y

Huéng dan giai

a) Dicu kién z > —1.
TacovVz+1+zi—z=vVz2+1
SVI+l+22+1—(z+1)=V22+1.
Dit a = /7 + 1,b = /22 + 1. Diéu kién a > 0,b > 0.
Khi d6 phuong trinh tré thanh: a + b* —a® = b
& (a—b)a+b—-1)=0
a=1"b

=
a+b=1.

Truong hop 1. Néua=b=Vz +1=Vz2 +1
srt+l=2"+1

x =1 (thod man)
szrzr—1)=0&
z = 0 (thoa méan).

Trudng hop 2. Néua+b=1=Vz+1+ V22 +1=1.
Vivez+1>+vV1=1;vVz+1>0, véi moi z > —1.

Suy ra VT > 1, nén phuong trinh v6 nghié¢m.

Vay phuong trinh ¢6 tap nghiém S = {1;0}.

(2zy — 1)* +42” = 59> (1)
20(z—y*) =y’ —y (2)
(2) & (2zy — 1)y = 222 — 3%

e Nouy=0=4z2+1=0(vo ly), vidz? +1> 1> 0.

e Néu y # 0. Khi do
) 222 —y®
Thé 2zy — 1 = ——— vao (1), ta duge
Y

222 — 42\ 2
(%) LA =52 (3).
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Dat 5 =t va chia hai v¢é ctia (3) cho y?, ta duge:
(262 — 1) + 4> =5

At -4 + 14+ 412 =5

s =4t =1

St-D)Et+D(E+1)=0

e Néut = 1=z =y thé vao (2), ta duge
s’ = (22" - 1)z
S22 —1r-1)=0

szz—1)2z+1)=0

r=0=y=0 (loaiviy#0)

s lr=1=y=1

,:—:} —_ —

Tt TV

e Néut = —1= y = —z, thé vao (2) ta dugc

& (22° + 1)z = ?

sz22®—z+1)=0
- <o 9 1\ 7
Szr=0=>y=0 (loaiviy#0).[vi2z°—z+1=2 = +§>U .

-1 —1
Vay hé¢ ¢6 nghiém (1;1), (7? 7)

Bai 2:

a) Tim z,y € Z théa man (z — y)*(8 — zy) + 4 = 12(z — y).

b) Cho n la s6 nguyén duong. Chitng minh ring 2" + 36 va 122" + 25 khong dong thoi 1a s6
chinh phuong.

Huéng dan giai
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a) Diat z —y = a,zy = b thi a,b € Z, ta bién doi phuong trinh nhu sau

(r—y)*B8—my) +4=12(z —y) & a*(8 —b) +4 = 12a
8a% — 12a + 4 120 — 4
— =8 ——3

a a

€z

&S b=

12a — 4
= 2
a

eZ (1)

Suy ra a? | 12a — 4 = 4(3a — 1) ma (3a — 1,a*) = (3a — 1,a) = 1 nén a? | 4.
Tt day ta duge a € {1, —1,2, —2}. Ta x6t cac truong hgp sau
e Néu a =1 thé vao (1) ta duge b= 0 hay z —y = 1 va zy = 0.
Tu day ta duge cac cip (z,y) théa man 1a (0,—1), (1,0).
e Néu a = —1 thé vao (1) ta duge b = 24. Bing phép thé ta duge phuong trinh
y(y — 1) = 24. Khong ¢6 (z,y) théa man vi phuong trinh nay vo nghiém nguyén.

e Néu a = 2 thé vao (1) ta duge b = 3. Biing phép thé ta duge phuong trinh

yy+2) =3y +2y—3=0
< y-Dy+3)=0
y=1=z=3

=
y=-3=1x=—1

e Néu a = —2 thé vao (1) ta duge b = 15. Bing phép thé ta duge phuong trinh

5 5 y=0=>x=3
yy—-2)=156 (y-1)°'=4«

Yy=-—-3=>T=—D

Vay tét ca cac cip (z,y) théa man la (0; —1), (1;0), (3;1), (—1; 3), (3;5), (—5; —3).

b) Gia sit ton tai n nguyen duong sao cho 2" + 36 va 122" + 25 1a s6 chinh phuong.

Ta lap bang dong du nhit sau

Do d6 ta rit ra duge nhan xét: Mot s6 chinh phuong bat ki chi ¢6 thé dong dw 0,1, 2
hoac 4 theo modulo 7..
Quay trd lai bai toan, vi 2" + 36 = 2" (mod 3) nén n phai la s6 chin(vi s6 chinh phuong

bat ki chi ¢6 dong du 0,1 theo modulo 3). Tt d6 ta xét cac truong hop sau.

e Néun = 3k véi k chiin thi 12" +25 =5" +4=125F + 4 = (—1)* + 4 =5 (mod 7)

mau thuan véi nhan xét.
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e Néun =3k+1v6i k1éthi 2" +36 =2.8°+36 =2+ 1 =3 (mod 7) mau thuan vé6i

nhan xét.

e Néun =3k+2v6ik chin thi 2" +36 =48 +36=4+1=15 (mod 7) mau thuin

v6i nhan xGt.

Do dé diéu gia sit 1a sai. Vay 2" + 36 va 1227 + 25 khong dong thai 1a s6 chinh phuong

vGi moi n nguyén duong.

Bai 3:

Cho cac s6 thiuc z,y, z théa man 1 < z,y, z < 3. Tim gia tri 16n nhat ciia biéu thic
T="Tr+y+z+ 9> +22° — 322 — 26zy2.

Huéng dan giai

Theo gid thiét tac6 1< 2<3= (z—1)*(2—3) <0
& (22-22+1)(2-3) <0
22 -5224+72-3<0

22 <522 -T2 +3. (1)
Ciing theo gia thiét ta c6 (z —1)(z2 —3) <0< 22 <4z — 3.
Thé vao (1) ta duge 22* < 10(4z — 3) — 142 + 6 = 262 — 24.
T day két hop véi 27 — 3z — 262y <27 -3 — 26 = —2 < 0 ta cb

22% — 32z — 26zyz + 2 < 262 — 24 — 322 — 26TYZ + 2 = 2(27 — 3T — 267Y) — 24
< 27— 3x — 26zy — 24 = 3 — 3z — 26zy.

T day két hgp véi 4 — 26y <4 — 26 = —22 < 0 ta co

T<T7z+y+9°+3—3z—26zy =4z +y + 9% + 3 — 262y
=z(4—26y) +y+9° +3
<4-2y+y+9y° +3=9y"—259+7.

Dén day ap dung y? < 4y — 3 (vi 7,7, z binh ding) nén ta dugc
T <94y —3)— 25y + 7= 11y —20 < 11-3 — 20 = 13.

Vay gi tri 16n nhat ctia T = 13. Dau bing xdy ra khiz =1,y = 3,z = 1.
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Bai 4:

Cho tam giac nhon ABC (AB < AC) noi tiép duong tron tam (0). Cac dudng cao AD, BE,
CF cét nhau tai H. Tia AH cit (O) tai K (K khac A), tia KO cit (O) tai M (M khéac K)
va tia M H cat (O) tai P (P khac M).

a) Chitng minh OD || MH va 4 diém A, O, D, P ciing nam trén mot dudng tron.
b) Goi @ la giao di¢m ctia PA va EF. Chimg minh DQ 1 EF.

c) Tia PE va tia PF cit duong tron (O) lan lugt tai L va N (L, N khac P). Chiing minh
LC = NB.

Huéng dan giai

Y
T

AN
5

a) e Taco KBC = DAC (2 goc nai tiép cung chin cung KC').
Do ADB = AEB = 90°, ma hai dinh D va E 1a hai dinh ké nhau.
Suy ra tit giAc ABDE nai tiép. = EBD = EAD = HBD = DAC.
Do dé6 HBD = K BC(= DAC).
Suy ra ABHD = ABKD (c-g-c) = DH = DK, hay D la trung di¢m ctia HK.
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Xét AKHM c6 O la trung diém ctia KM, D la trung dicm ctia HK.
Suy ra OD la duong trung binh cia AHMK = OD || HM.
e ViOD || MH = DOK = PMK (hai goc dong vi).
— 1 ——— . N £
Ma PMK = EPOK (g6c noi ticp bing mot mia goc ¢ tam cung chan cung PK).
— 1 —— i —
= DOK = EP()K hay OD la phan giac cia POK.
= POD = DOK. Ma PMK = PAD (2 goc nodi tiép cung chin cung PK).
— POD = PAD, ma hai dinh A va O I3 hai dinh ké nhau.
Suy ra tit giac APDO noi tiép, hay bén diém A, O, P, D ciing nim trén mot duong

tron.

b) D@ dang chiing minh dugc tit gisc BFEC noi tiép.
Suy ra E@ = ﬂ} Ma ﬁ' = m‘ nén m = Zﬁ?} Do dé ta duge

AE  AQ

= AP - AQ = AE - AC. (1)

Vi HECD la ti giac noi tiép nén AH - AD = AE - AC (2).

T (1) va (2) ta duge AH - AD = AP - AQ. Do dé6 tit giac PQHD Ia tii giac noi tiép.
Ta c6 AAOP -~ APHD vi hai tam giac can va AOP = ADP = PDH. Tit day két hop
vii PQHD la tit giac noi tiép suy ra }5‘@75 — PHD = PAO nén QD || AO.

Vi OAC = 90° — ABC = 90° — AEF nén OA L EF. Ma QD || AO nén QD L EF.

Vay bai toan duge chiimg minh.

c) Vi AP - AQ = AE - AC theo b) va AE - AC = AF - AB vi tii giac BFEC nai tiép nén
tit gidc PQEC, PQF B noi tiép. Do dé ta duge

FQB = FPB = NPB,EQC = EPC = LPC (*)
Ké BX,CY vuong goc véi EF. Ta ¢6 ACEY «~ AABD(g-g); ABFX «~ AACD(g-g).
Tt day két hop véi CD.BC = CE.AC, BD.BC = BF.AB va dinh 1y Thales trong hinh
thang BXY C ta dudc cac ty I¢ thiic sau

CY _CE BX _BF _CY CE AC_CD-BC _CD _YQ
AD AB’AD AC BX BF AB BD-BC BD XQ@Q°

Ma Eﬁ—;@ = m = 90° nén ACY(Q «~ BXQ(g-g) suy ra
FOC — YOO — XOB — TOB ()

Tt (%) va (xx) ta dugce NPB = LPC hay sd NB= sd LC suy ra NB = LC.

Vay bai toan duge chiimg minh.
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Bai 5:

Cho tap hop A gom 2022 s6 tir nhién lién tiép tit 1 dén 2022. Tim mot s6 tif nhién n nhé nhat

sao cho moi tap hop con gom n phan tit ciia A déu chita 3 phan tit 1 cac s6 doi mot nguyén

to cung nhau.

Huéng dan giai

Trude hét, ta ¢6 nhan xét sau: Trong 6 s6 t nhien lién tiép, néu it nhat 5 sé dude chon thi ta

luon tim duge 3 s6 doi mot nguyén t6 ciing nhau.

Chitng minh: Goi 6 s6 ty nhién lién tiép d6 1a: a;a + 1;...;a + 5.

e Gia sit a chin, ta dit: @ = 2k, khi d6 6 s6 tir nhién lién tiép sé 1a: 2k;...; 2k + 5. Ta xét

2 truong hop:

Trudng hgp 1: Néu ca 3 s6 2k + 1; 2k + 3; 2k + 5 déu duge chon, ta c6 3 s6 nay thoa
man yéu cau dé bai.

Truong hop 2: Néu ca 3 s6 nay c6 it nhat 1 sé khong duge chon, khi dé vi ¢6 it nhat 5
s6 duge chon nén ca 3 s6 2k; 2k + 2; 2k + 4 déu sé dude chon.

Va néu ca 2 s6 2k + 1;2k + 3 hodc ca 2 s6 2k + 3;2k + 5 déu duge chon thi ta lan hiot
chon cac s6 2k + 2; 2k + 4.

Khi dé 5 s6 duge chon dé 1a: 2k; 2k + 1;2k + 2; 2k + 4; 2k + 5.

Dén day, trong 2 s6 2k + 1;2k + 5 sé ¢6 it nhat 1 s6 khong chia hét cho 3 vi hiéu hai s6
nay la 4 khong chia hét cho 3.

Ta x6t 2k + 1 chia hét cho 3. Truong hgp con lai chitng minh titong ti. Trong truong hop
nay, ta chon 3 s6: 2k + 1;2k + 5; 2k + 2. Con v6i 2k + 5 chia hét cho 3 thi ta lai chon:
2k +5;2k + 4; 2k + 1.

e Trudng hop a 1é, ta chiing minh tuong tr.

Nhu vay nhan xét duge chitng minh.
Quay trd lai bai toan, xét n = 1349. Khi d6 chia 2022 s6 tiu nhién thanh 337 nhém:
{1;2;3;...;6}, ..., {2017; 2018; ...; 2022}.

Khi dé6, theo nguyén 1i Dirichlet ton tai it nhit mot nhém chita it nhat 5 phan ti dude chon

va theco nhan x¢ét trén thi ton tai 3 so doi mot nguyén t6 cing nhau.

Ta chitng minh n < 1348 khong théa man. That vay, ta chon tat ci cac s6 nhan 2 hoac 3 lam

uée.

Ta tinh dugc c6 1011 s6 chia hét cho 2, 674 s6 chia hét cho 3, 337 s6 chia hét cho 6. Vi vay s6
so duge chon sé 1a: 1011 + 674 — 337 = 1348.
Vay ta két lnan: n = 1349.
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