SO GIAO bUC VA PAO TAO HUONG DAN CHAM THI

NAMBINH DE THI CHON HOC SINH GIOI THANH LAP DO
BE CHINH THOC TUYEN DU’ THI HOC SINH GIOI QUOC GIA

NAM HOC 2024 — 2025
Mdn thi: TOAN (Dé sé 1)
(Hwéng dan chdm gdém: 07 trang.)

) X—1+ 2 =y+2;
Cau 1 (5,0 diém). Giai hé phuong trinh X“+3 y +2y+4 i x, yeR.
J2x3 -9y +3=.2y -1+3/x-3
Y Néi dung Piém
+ Piéu kién xac dinh: x >3, yZ% va 2x* -9y >0. 0,5
+ Phuong trinh dau tién ciia hé c6 dang f (x)= f (y+1) voi f(t)=t+t21 3 10
+ :

t—-1)" +t* +5t2+8 L
2 . :( ) + +2 - >0,vt,dodo f(t) dong bién
(t*+3) (t*+3) 1,0
trén R. Tir d6 din dén x=y+1 hay y = x—1.
5,0d | + Thay y = x—1 vao phuong trinh tht hai cua hé thu dugc

Taco f'(t)=1-

- o 0,5
V2X2 —9x+9 +3=1/2x -3 +3x -3 (véi diéu kien x > 3)

@( x—3—1)(\/2x—3—3):0 1,0
Jx-3=1 {x=4 05

= & ,
J2x-3=3 | Xx=6.

Véi x =4 thi y=3;véi x=6 thi y=5. C4c gia tri nay déu thoa man cac diéu

Kién xac dinh néu trén. 0,5

+ Vay hé co dung hai b nghiém la (x;y)=(4;3), (x;y)=(6;5).

u, (2u? +2)

> VneN".
2u; —u, +2

Cau 2 (4,0 diem). Cho ddy sb (u,) xac dinh bdi u, =2 va u,,, =

a) Tinh gigi han lim 21 + 21 4ot 21 .
u +1 u,+1 u; +1

b) Véi mdi s6 nguyén dwong n, dat v. = n®.u?. Tim tat ca cac gid tri thuc cua a dé diy sé
(v,) c6 giéi han hiru han.
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Y Néi dung Piém
+ Chi ra duoc u, >0,Vne N,

u2

2u -u, +2

+Suyra u,,—U >0,vneN’, do d6 day (u,) ting ngat. 1,0

n

+ Gia str ddy so (u,) bi chdn trén, khi d6 theo tiéu chuan Weierstrass thi day
s0 (u,) hoi tu vé s6 thuc Lma L>u, =2.

To un(2u§+2) vneN", ldy gidi h 1a hai vé khi th
v u.,=——2VneN, lay giéi han cua hai vé khi n — +oo thu
n+1 2u§_un +2 y g 0,5
22 L(2L° +2) . , e x
2,5d | dugC L=———= hay 2U'-L"+2L=21"+2L < L =0, mau thuan voi
2L°-L+2
L > 2. Chtng t6 ddy s6 (u, ) khong bi chin trén, do d6 limu, =+o.
+ Chirng minh dugc —2[i—ij, VkeN, 0,5
uk uk uk+1
Suy ra Z —2[1—i):1—i, YneN
u un+ un+
k= U k 1 1 , 1 0’5
Do dé Ilmz = Iim[l——):l.
1uk +1 un+1
2 1
+Taco lim u )=Ilim n =lim ==
(Upa =) 2u2—u_+2 P 0,5
n n _7+72
un un
+ Theo dinh Ii Cesaro ta thu dugc Iim(u—”J :%. 0,5
n
1,5d — khia+2=0
u Y 4
+ T v, =n*u? :(—“) n*? vneN suyralimv,=<0 khia+2<0 05
n )

+0 khia+2>0.

Vay ddy s6 (v, ) co giéi han hitu han khi va chi khi a<-2.

Cau 3 (3,0 diém). Xétham s6 f :R — R thoa man:
f (x2 — xf (y))+ f(xy)=(x=y)f(x)+xf(y), vx,yeR.
a) Chung minh rang f (x) Ia ham s6 lé.
b) Tim tat ca cac ham s6 f thoa méan yéu cau.
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Y ’ Néi dung Piém
Giasirhamso f:R — R thoa mén

(1) : f(xz—xf (y))+ f(xy)=(x=y)f(x)+xf(y), Vx,yeR.
Ta ki higu P (u;v) chi viéc thay thé (x;y)=(u;v) vao (1). 05
3a |+ P(0;0)=2f(0)=0= f(0)=0.
1,0d | P(x:0)= f(x*)=xf (x),vx (2).
+Trong (2) thay X boi —x ta thu dugc Xf ()= f(x*)=—xf (—x),vx. Suy ra
f(-x)=—-f(x),vx=0.Kéthop f(0)=0 tasuyduoc f(x) lahamsé le.
+ Truwong hep 11 f(x) chi biang 0 tai x=0
P(x:x)= f(x* —xf (x))+ f(5*) =xf (), vx 0.5
= f (x2 — xf (x))=O,VX (do (2)) = x* —xf (x)=0,vx= f(x)=x,Vx=0.
Kéthop f(0)=0 taduoc f(x)=x,¥xeR.Thirlai thiy ham s6 nay théa man

3b | yéu cau.
2,0d | + Truong hep 2: Tontai a0 ma f(a)=0.

P(La)= f(1)+0=(1-a)f(1)+0= f(1)=0.

P(x;l):>f(x2)+f(x)=(x—1)f(x),Vx. Két hop véi (2) thu dugc
f (x)=0,vx. Thi lai thdy ham so6 nay théa man yéu cau. 0,5
+ Vay c6 dung hai ham so thoa man yéu cau 1a f (x)=0,vx; f(x)=x,Vx.

0,5

0,5

0,5

Cau 4 (4,0 diém). Cho tam gidc ABC c¢6 AB < AC va ndi tiép duong tron (O), cac dudng cao
AD, BE, CF dong quy tai H . Lay diem K thudc (O) sao cho AKH =90° va ldy diém G thuoc
dudng tron ngoai tiép tam gidc DEF sao cho DGH =90°. Goi M, N Iin lugt 14 trung diém cia
cac doan HA, HK .

a) Goi P 1a trung diém cuia doan BC . Ching minh ba diém P, H, K thang hang.

b) Chitng minh rang cac duong thang GM va DN cit nhau tai mot diém nam trén duong
thang Euler cua tam giac ABC.
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Y Néi dung Piém
K¢ duong kinh AQ ciia duong tron (O) . Khi do ta co AKQ =90°. .
— D

Két hop véi AKH =90° tasuy ra K,H,Q thang hang.

s [ Mat khac, d2 dang chimg minh duoc tir giac BHCQ 1 hinh binh hanh nén L
HQ di qua trung diém cia BC hay H, P, Q thang hang ’
Suyra K, H, P, Q thang hang. 0,5
Ké duong kinh DY cia dwong tron (DEF ). Khi d6 ta c6 DGY =90°, Két o
hop voi DGH =90° tasuy ra G, H, Y thing hang
Ta ¢6 duong tron (DEF ) 1a duong tron Euler cua tam giac ABC nén MP la
dudng kinh cia dudng tron (DEF ) vatam X cua duong tron (DEF ) latrung | 0,5
diém caa doan OH , dong thoi X 1a trung diém cia cac doan MP, DY .

4b

2,0d | Taco XN :%OK nén N thudc dudng tron (DEF ). 0,5
. , . L D P G )
Ap dung dinh ly Pascal cho bg 6 diém tacod

M Y N

DY AMP=X,YGAPN=H, Suyra GM, DN, XH ddng quy. 0,5
Ma XH 1a duong thang Euler cia tam gidc ABC nén c6 diéu phai ching
minh.
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Cau 5 (4,0 diém).

a) Cho tap hop X ={1; 2; 3; ...; 2025} . Hoi c6 bao nhiéu cach phéan hoach X thanh ba tap
hop con khéc rong?

Cach 1 9
Y Nai dung Piém
Trudc hét ta tinh N 12 s6 cach phan hoach ¢ quan tam thu tu cac tap con.
Gia str ta phan hoach tap X thanh 3tap A, B,C, s6 cach phan hoachtuyyla| 0,5
3225 (mdi phan ti trong X c6 3 cach chon tap ma no thudc)
Goi X,Y,Z latap cac cach phan hoach ma A,B,C rong twong tmg, khi d6
X UY uZ latap cac cach phan hoach c6 it nhat mot tap rong.
5q Theo nguyén ly bu trir ta ¢ 0.5
2,0d | [XOYUZ|=|X[+|Y[+]Z]|-|X AY|[-]Y " Z|-|Z A X|+|X "Y N Z|.
Taco [X|=|Y|=|Z|=2%%, [X "Y|=[y nZ|=]ZnX|=1va |X NY nZ|=0,
0,5
nén |[X UY UZ|=3.2""-3.Suyra N =3%%-32%% 13,
N . , . 32024 _ 22025 +1
Do moi b 3 tap duoc tinh 6 1an nén két qua can tinh la 3 = > . 0,5
Cach 2
Y Ndi dung Piém
Vi s6 nguyén duong n >3, goi U, 1456 cach phan hoach X, ={1;2; 3; ...; n}
thanh 3 tap hop con khac rong. Ta cd u, =1.
Xét phan hoach X ,=AuUBUC, trongddé A=, B+, C=J. 05
Co cac truong hop: ’
25&1 - Trudng hep 1. C={n+1} va {1,2,3,..,n}=AUB, trong d6 A=J,
’ B = @&. Sb cach phan hoach trong trudng hop nay 1a 2" —1.
- Trudng hep 2. Phan hoach tap {1; 2; 3; ...; n} thanh ba tap khac rdng ri cho
phan tir n+1 vao mot trong ba tap do. S6 cach thuc hién 1a 3u, . 0,5

Suyrau,,=3u,+2""-1,vneN,n>3.
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~(u. =1
Nhu vay ta c6 cong thic truy hdi { ° . .
u.,=3u,+2"-1,vneN,6n>3. 0.5
n-1 n ’
Tim duoc u, :¥, vYneN’, n>3.
Ap dung véi n= 2025 ta dugc sé cach chia thoa man dé bai 1a
32024 _ 22025 +1 O 5

Uygps = > ,VneN,n>3.

b) Cho s6 nguyén duong n>4 va n duong thang trén mat phang sao cho khéng cé hai

duong thiang song song va khong co ba duong thang dong quy. Cac dudng thang nay chia mat

phang thanh cac phan. Chang minh ¢ it nhat %(n —1) phan la tam giac.

Y

Noi dung

DPiém

5b
2,0d

Ki hiéu T 1a tap cac duong thang va S 1a tap cac giao diém cua cac duong
thang da cho.

Chia T thanh hai tap: T, chira cac duong ma tit ca cac diém trong S nam vé
mot ntra mat phang vai bo 1a duong thang nay va T, =T \T,.

Ta ching minh [T|< 2.

Gia su [T,|>3, T, chia cac duong a,b,c, khi A

d6 cac duong nay tao thanh tam gidc ABC

ddng thoi cac diém con lai caa S déunamtrong 2 z
tam giac nay (néu c6 diém nam ngoai tam giac / ® ¢

thi coO mét trong ba duong khong thuge T,, méu 9

thuan).

Do trong S ¢6 nhiéu hon 3 diém nén c6 diém X nam trong tam giac ABC.
Mot duong thang bat ky qua X chi cit dang 2 canh cua tam giac ABC nén
phai c6 1 giao diém caa duong nay, gia st véi a nam ngoai doan BC (sir
dung hinh v& trén), diéu nay mau thuan khi b trong T,.

Suyra[T,[<2,suyra|T,[>n-2.

0,5
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Véi duong thang | trong T,, xét cac giao

diém tao boi n—1 duong thang con lai voi c
nhau, sé c6 diem C gan | nhat, diém nay gia

su la giao cua a,b. Goi A B la giao diém D

cua | vai a,b thitam gidc ABC la mot trong
cac mién ma n duong thang nay chia mat
phang. 0.5
That véy, gia s day khong phai 1a mien chia thi c6 duong thang khac cit canh
CA (hoac CB) tai D, khido6 D gan | hon C, mau thuan véi cach chon C.

Nghia la mdi duong thang trong T, tng véi it nhat 1 tam giac 1a mién chia.

Lam tuong tu ta thdy mdi dudng thang trong T, ang véi it nhat 2 tam giac 1a
mién chia.

Mbi tam giac dang xét duge dém nhiéu nhat 3 1an. Suy ra sb tam giac 1a mién

chiala N 2%(k+2(n—k)) trong d6 k =[T,|€{0,1,2}. oo

Suyra N Z%<n —1), ta c6 diéu phai ching minh. 0,5

Chay:
- Néu thi sinh lam diing, cach gidi khac véi huwdng ddn chdam, phii hop kién thirc ciia chiwrong trinh
thi té cham thong nhdt cho diém thanh phan dam bao tong diém nhw hieéng dan quy dinh.

- Téng diém toan bai khong lam tron.
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