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PE CHINH THU'C

Bai s6 1. (1,5 diém)
1) Trong mit phang Oxy,cho hai diém 4(2;-3)va B(7;7). Tim diém M thudc truc Ox dé
ba diém M, A, B thang hang
2) Cho ala nghiém cta phuong trinh 6x* ++/3x—+/3 =0. Tinh gi4 tri cta biéu thirc
) T=12a" —oa2 +2a
Bai s0 2. (2,0 diém)
1) Giai phuong trinh (ﬁ—@)(lﬂﬁ +3x—10): 7

xX+y+z=6
2) Giai h¢ phuong trinh < xy+ yz+zx =11
xXyz=06
Bai s6 3. (2,0 diém)
1) Tim tit ca cac nghiém (x;y;z)clia phuong trinh x(x2 +x+ 1): z” —1théa man x,yla
cac sb6 nguyén va z 1a s6 nguyén t6
2) Tim cac sb thuc xsao cho x++/2022 va 3 —2022 déu 1a cac sb nguyén

X
Bai s6 4. (3,0 diém)
1) Cho dudng tron (0)c6d dudng kinh 4B.Lay diém C thudc doan 40 (C khéac A,0). V&
duong tron (1)dudng kinh BC.VE tiép tuyén AD va cét tuyén AEF voi dudng tron
(I)(E nim giita A va F) sao cho tia 40 nam giira hai tia 4D, AE. Dudng thing vudng
goc v6i AB vé tir C cit dudng tron (O) tai hai diém, goi mot trong hai giao diém d6 1a
N sao cho N va D thudc hai nira mét phang d6i nhau bd AB. Goi S 12 giao diém cta
hai duong thang DI va NB.Goi R 13 giao diém cia hai duong thing DN va 4S. Goi J
1a trung diém cua SD
a) Chung minh tam giac AND la tam giac can
b) Goi L,T lan luot 13 tAm dudng tron ngoai tiép ASBC va ASEF . Chimg minh ring
ba diém J,L,T théng hang
2) Cho hinh vuéng ABCD c6 dién tich S. T gidc MNPQ c6 4 dinh M, N, P,Qlan luot
thudc cac canh 4B, BC,CD, DA cia hinh vudng da cho va khong trung véi dinh cta
MN + NP+ PO+ OM

hinh vuéng. Chimg minh ring S < 4C. 1

Bai s6 5. (1,5 diém)
a) Cho x,y,z1a cac s6 thuc khong 4m thoa man x° + y* + z° =3.Tim gia tri nho nhit cta
3 3 3

PP A

3y+1 3z+1 3x+1

b) C6 10 ban hoc sinh tham gia thi diu bong ban. Hai ban bét ky déu phai ddu voi nhau
mot trdn, ban nao ciing phai gap 9 d4u thi ciia minh va khong c6 tran d4u hoa. Chting
minh rang c6 thé sap xép 10 ban nay thanh mot hang doc sao cho ban ding trudc
thang ban dimg ké sau

biéu thic P =




DAP AN
Bai s 1. (1,5 diém) ] ]
3) Trong mit phiang Oxy, cho hai diém 4(2;-3)va B(7;7). Tim diém M thugc
truc Ox dé ba diém M, 4, B thing hang
Goi (d):y = ax+b1a duong thang di qua hai diém 4 va B. Khi d6 :
{—3=2a+b<:> {a =2 (@) y =257
T=Ta+b b=-7

Ba diém M, 4, Bthing hang < M e (d).Ma M €Oxnén M (k;0)va

0=2k—7<:>k=z
2
A 7
4) Cho «la nghiém céia phwong trinh 6x* +3x—+/3 =0. Tinh gia tri ciia biéu
thire : 7=12a"-a* +2a
Vi ala nghiém ctia phuong trinh 6x*> ++/3x—+/3=0nén :
2
64> +\V3a-3=0= (6c12)2 :(x/g—\/ga)
& 36a*=3a>-6a+312a* =a* -2a+112a* —a* +2a =1

Vay T =1 .
Bai 50 2. (2,0 diém)

3) Gidi phuong trinh (Vx+5 -+ —2Xl+\/x2+3x—10):7
Xét phuong trinh (Vx5 —vx=2 )i+ +3x-10 }=7(1)(Diéu kién: x> 2)

Phuong trinh (1) ¢6 thé viét lai thanh :

(Vx+5-Vx=2 i+Vx+5x-2)=7
=vx+5

Dat a=NTT (a>b>0)thi o’ -b* =7 va phuong trinh trén tr¢ thanh :
b=+x-2

(a—b)(l+ab):a2 = (a—b)(l+ab—a—b)=0
o (@-b)(1-a)(1-b)e E:Zig(do a>b)

{a =1 [\/er 5=1 {x = —4(ktm)
=

=
b=1

=
Jx=2=1 [ x=3(m)
Viy phuong trinh d3 cho c6 nghiém duy nhit x=3
X+y+z=6

4) Giai hé phwong trinh {xy+yz+zx=11
xyz=06
x+y+z=6@)
Xét hé phuong trinh < xy + yz +zx =11(ii)
Xyz = 6(1'1'1' )



Tt (i)= x+y =6z (i) xy =" Thay vao (ii) ta duoc :
z

é+Z(6—Z):11<:>23—622+llz—6=0
z

z=1
<:>(Z—1)(z—2)(z—3):0<:> z=2
z=3
. +y=5 =2;y=3
e Volz=1=> Yy = * Y
xy =06 x=3y=2
. +y=4 =1,y=3
0V01z:2:>xy <:>x Y
xy=3 x=3,y=
y . + :3 :1’ :2
0V01z:3:>xy <:>x Y
xy=2 x=2,y=1

Vay hé phuong trinh da cho c6 cac nghiém (x;y;z)la tat ca cac hoan vi cla
(1,2;3)
Bai s6 3. (2,0 diém)
3) Tim tat ca cAc nghi¢m (x;y;z)ciia phwong trinh x(x¥ +x+1)=z"—1théa min
x,y1a cdc s6 nguyén va z 1a sé nguyén to
Bién doi gid thiét thanh (x> +1)(x+1)=2" (*)
Do x,y,zdéu nguyén nén tir (*)suy ra x,y> 0. Dong thoi vi z 1a s6 nguyén t6 nén
x +1=
{x+1—z (a be a>b> 0)
Khi d6 ta c6 x> +1ix+1= (x+1)(x—1)+2ix+1. Dan téi
2i(x+1)= x e {0;1}(do x> 0)
Véi x=0=>(*)e /=1 y=0vazla sO nguyén t6 bat ky
Véi x=1=>(*)o =4 x=y=2
Vay (x;5;2)=(1;2;2)hodc (x;y;2)=(0;0;k)voik 1a sb nguyén td bat ky

4) Tim céc s thue xsao cho x++/2022 va 3—\/2022 déu 13 cac s6 nguyén

X
Gia sit x++/2022 =a(ae D): x=a—-+2022va
3 3 (a +4/2022)
—-42022 =——————~/2022 —/2022
a—+2022 a*—2022
3a 3

= + -1 {2022

a’>—2022 (Cﬂ —-2022 j

Vi ——\/2022 e Jva ae [Inén :

3a
2003 | x=45-+/2022
Sa=145 =
3 1o x=-45-+/2022

a’—2022



Bai s6 4. (3,0 diém) o
3) Cho duong tron (0)cé duong kinh 4B.Lay diém Cthufc doan 40 (C khac
A,0). V& duong tron (/)dwong kinh BC.VE tiép tuyén 4D va cat tuyén AEF
v6i duong tron (7)(E niam giira A va F) sao cho tia 40 nim giira hai tia
AD, AE. Pwdng thing vudng goc véi 4B vé tir C ciat dwong tron (O) tai hai
diém, goi mgt trong hai giao diém do1a N sao cho N va D thudc hai nira
mat phang doi nhau bo AB. Goi Sla giao diém cua hai dwong thang D7 va

NB.Goi R 1a giao diém ciia hai dwong thing DN va 4S. Goi J 1a trung diém
cua SD

N

¢) Chirng minh tam giac 4ANDla tam giac can
Ta ¢ : AADC - AABD(g.g) =2 - A€ ypr - AB.AC(1)
AB  AD
Xét AANBvuong tai N c6 NCla duong cao nén AN’ = AB.AC(2)
T (1) va (2) suy ra 4D* = AN> = AD = AN = AANDcan tai A
d) Goi L,71an lugt 1a tam duwdng tron ngoai tiep ASBC va ASEF . Chirng
minh ring ba diém J,Z,7 thing hang
Ta co £ADS = ZANS =90°va ZADN = ZANDnén : ZADS — ZADN = ZANS — ZAND



Hay /SDN = ZSND
Suy ra ASDN can tai S hay SD=SN. Két hop v6i 4D = AN (cmt), suy ra AS1a duong
trung truc DN.Tu day, xét A4ADS vudng tai D ¢6 DR 1a duong cao nén : AD? = AR.AS
Mit khac , dé dang chimg minh dugc AD? = AC.AB = AE.AFnén :
AR AS = AC.AB = AE.AF
Suy ra cac tir gidc BCRS va EFSRnoi tiép. Dleu nay chung t6 cac duong tron tam L
ngoai tiép ASBCva tam T ngoai tiép ASEF cét nhau tai hai diém R va S. Do vay I/ 1a
duong trung truc ciia doan RS
Mit khac ADRS vudng tai R c¢6 RJ 1a duong trung tuyén nén JR = JS = J thudc duong
trung truc cia RS. Két hop vdi két qua trén suy ra ba diém Z,7,J thang hang

4) Cho hinh vudng ABCD c6 dién tich S. Tit giac MNPQc6 4 dinh M, N, P,0lan

lwgt thudc cac canh 4B, BC,CD, DA cta hinh vuong da cho va khong trung
MN + NP+ PO +OM
4

v6i dinh ciia hinh vuéng. Chirg minh riang s < AC.

"

Goi d9 dai canh hinh vuéng 4BCD1a x, Khi d6 AC =x/2va S =x>.Do d6, diéu phai
chirng minh tuong duong voéi :

2 ¢ x\/E.MNJrNPZPQJ“QM hay MN + NP+ PQ+ QM > 242x(*). Theo Pytago ta c6 :

(BM +BNY

MN*=BM* + BN*> = MN 22 (BM + BN)

Tuong ty, ta cling ¢ :

NP2 2(CN +CP); PQO>~2(DP+DQ); OM >2(40+ AM)

T do suyra :

MN + NP+ PQ+QOM >~/2(BM + BN +CN +CP+ DP+DQ+ AQ+ AM ) = 24/2x

Viay (*) dung va ta co diéu phai chimg minh.
Bai so 5. (1,5 diém)



¢) Cho x,y,z1a cac s6 thue khong Am théa man »* +° +2° =3.Tim gia tri nhé
3 3 3
+2 4=
3y+1 3z+1 3x+1

nhit caa biéu thie P=

Theo AM —-GM ,ta co :

X+1+123Yx°1.1=3x=3x+1< X +3

Y H1+1233)° 1.1 =3y =3y +1< y* +3

Z24+1+41232°.1.1=32=3z+1< 2> +3
3 3 3
Dod6: P> 3x + 3y + 32
y+3 z+3 x+3

Pit: a=x;b=y",c=2"thi a,b,c> 0va a+b+c=3, dong thoi

a b c a b* c?

P> + = + +

b+3 c¢+3 a+3 ab+3a bc+3b ca+3c

+b+c)
> (a C) (cauchy —schwarz) = 4
ab+bc+ca+3(a+b+c) ab+bc+ca+9
, , +h+cY .
Mat khac , ta co : ab+bc+ca< u=3nen P> %=%
_l’_

Déubﬁngxéyrakhi a=b=c=lox=y=z=1
Vay Miani@x:y:z:l

d) C6 10 ban hoc sinh tham gia thi dau béng ban. Hai ban bat ky déu phai dau
v&i nhau mot tran, ban nao ciing phal gap 9 dau thi cia minh va khong cé
tran diu hoa. Chirng minh rang cé thé sip xep 10 ban nay thanh mt hang
doc sao cho ban dirng trudc thang ban ding ké sau

Vi khong ¢6 tran d4u hoa nén ta ludn x€p dugc 10 ban thanh mdt hang doc sao cho
ton tai k ban lién ti€p ma ban dung trudc thang ban ké sau. RS rang 4> 2 va do s6 cach
xép 1a hiru han nén ton tai gia tri I16n nhat cua k, gid sir 1a k,va ta goi (k,)la diy gom
k,ban trong hang thoa man yéu cau bai toan. Ta s& chimg minh &, =10 . Gia st nguoc
lai, k, <10.Khi d6 ton tai ban A khong thudc day (k,). Co cac khd nang sau xdy ra

- A thing ban dimg dau cua diy (k, )thi co thé xép 4len dau day (k, )va ta co day
gdm k, +1ban thoa man yéu ciu bai toan. Piéu nay mau thuin véi gia thiét vé
()

- A thua ban dlimg cuoi cta day (k, )thi co thé xép A vao cuoi day (k,)va ta co
day gdbm k,+1 ban thoa man yéu cau bai toan. Piéu niy mau thudn voi gia thiét
vé ()

- A thing mot s ban, ddng thoi ciing thua mot sd ban trong diy (k,). Khi do, tdn
tai hai ban B,C cta day (k,) ma B ding trén C va trong hai ban B va C c6 mot
ban th'fmg va mot ban thua A
+Néu A thua B va A thang C thi xép A vao gitra B va C ta thu dugc day gom
k, +1ban thoa man yéu cau bai toan. Diéu nay mau thuan véi gia thiet vé (k,)



+Néu A thing B nhung thua C. Lan luot xét cac ban dimg phia trén B s& xudt
hién 2 kha néng:

*) Ton tai hai ban lién tiép phia trén B(c6 thé gdm B) ma ban & trén thing A,
ddng thoi ban ké dudi thua A. Dén day, ta lai c6 thé xép A vao giita hai ban nay
va dan téi mau thudn véi gia thiét vé (k)

*) A thang tat ca cac ban phia trén B. Khi do, ta lai c6 thé xép A 1én du va ciing
dan t6i mau thudn voi gia thiét vé «,

Tom lai, gia sur 1a sai va bai toan dugc chiing minh.



