SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN DU THI HSG QUOC GIA

LAO CAI NAM HOQC 2023 - 2024
— : Vong 1 — Mén thi: To4n
Pl CHINH THUC Ngay thi: 22/9/2023

Thoi gian: 180 phit (Khéng ké thoi gian giao dé)
(D2 thi gdm: 05 céu, 01 trang)

Cau 1 (4,0 diém). Cho ddy sé (u,) duge xéde dinh nhu sau:
u=lu =2

(n+1)u,,, =n(u,, +u,,)+2(u,,+l +u—"J+3u,, vn21.
n

Tim cong thirc s6 hang tdng quat cua day sb (u,).

Céu 2 (5,0 didm). Cho tam gidc nhon ABC véi AB < AC, dudng tron (I) ndi tiép tam gide
ABC tiép xtic vé6i céc canh BC,CA4, AB 14n luot tai D, E, F. Pudng tron ngoai tiép tam gidc
ABC cét dudng tron ngoai tiép tam gidc AEF tai didm thit hai 1a P. Duong thing EF cét
duodng thing BC tai diém M. Pudng thing EF cit duong thing PI tai diém H.

a) Chiing minh ring MP L PD.

b) Chitng minh rfmg cac diém M,P,H,D cung thudc mdt dudng tron.

CAu 3 (5,0 diém). Cho bang 6 vudng nxn véi n 1a sé nguyén 16n hon 3, mdi 6 vudng ctia

bang dugc dién s6 1 hogic s6 —1.

a) C6 bao nhiéu cach dién dé tich c4c sb trén mdi hang va tich cic s6 trén mdi cot déu bing 1.

b) C6 bao nhiéu c4ch dién dé tdng céc sb trong m&i bang 6 vudng 2x2 déu bing 0.

Ciu 4 (3,0 diém). Cho ham s f:R — R 13 him sb ddng bién trén R v théa mén
f(9f(x2)—22f(y)+2023y)=9x2 +2001f (y), Vx,yeR.

a) Chimg minh ring khong tdn tai sb thuc m dé& f(x)>m, VxeR.

b) Chimg minh ring f 14 toan 4nh.

Ciu 5 (3,0 diém). Gia sir tdn tai sb nguyén td p vacéc s6 nguyén duong X, y thda mén

p-1
> x* =" ~1. Chiing minh ring p <90.

k=0

HET
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SO GIAO DUC VA DAO TAO KY THI CHON DQI TUYEN DU THI HSG QUOC GIA
— LAO CAI NAM HOQC 2023 - 2024
Vong 1 — Mén thi: TOAN HQC
Ngay thi: 22/09/2023
HUONG DAN CHAM Thoi gian: 180 phtt (Khéng ké thoi gian giao dé)
PLE CHINH THUC (DPdp dn gom cé 04 trang, 05 cdu)

L. Huéng din chung

1. C4n bd chim thi chdm ding nhu dép 4n - thang diém.

2. Néu cé cdu ndo, y nao ma thi sinh c6 cach giai khac so véi dép 4n nhung van ddng thi van cho diém

t6i da ctia cdu, ¥ d6 theo thang diém.

3. Néu cau 2 thi sinh khong v& hinh thi khang cho diém. Hoc sinh v& hinh sai bét du tir ndi dung ndo

thi khéng tinh diém tir ndi dung 6.

IL D4p 4n - thang diém

Cau 1l (4,0 diém). Cho day sd (u,,) duogc xac dinh nhu sau:
u=1u,=2

(n+)u,,, =n(u,, +u,,)+2(u,Hl +u—"J+3un Vn21.
n

Tim cong thirc s6 hang téng quat ctia day s6 (u,).

] N§i dung Pidm
Tir cong thire truy hdi cia ddy ta dugc:
; +1 2
(141}t (2)(#} o 1+, = (142 + LN, 10
. n
Uper - un+l +_u_n_
n+2 n+tl n ‘ 1,0
Dat ay =EL’ khi dé ta duoC: al =1’a2 =1’an+2 =an+l+an’ n=132,--- 1,0
n
' . 1 [(1+45) (1=5)
a 14 day Fibonaccinén a, =—= = .
Day (a,) 14 day A ng( : J ( . H
. d 1,0
Do d6 4, = (L5 | {125
PRnRTE 2 2 ||

Ciu 2 (5,0 diém). Cho tam gidc nhon ABC véi AB < AC, dudng tron (I) ndi tiép tam gide ABC
tiép xtic v8i cac canh BC,CA, AB 14n lugt tai D, E, F. Pudng tron ngoai tiép tam gidc ABC cit
dudmg tron ngoai tiép tam gidc AEF tai didm thi hai la P. Puong thing EF cit duong thing BC tai

diém M. Pudng thing EF cft duong thing PI tai diém H.
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A Chimg minh ring MP L PD.

/ b) Chimg minh ring c4c diém M, P,H,D cing thuc mot dudng tron.

BHC. Kbt hop v6i (M, D, B,C)=~1 suy ra MH L HD . K&t hop véi phin a) ta c6
H, P thuc dudng tron dudng kinh MD,

Y Nbi dung Dié¢m
a | i PFA= PEA nén PFB=PEC, lai c6 PBF = PCE nén aPFB ~sPEC.. 1,0
, PB PF BF . ., BF BD
Do d6 = = Iz 24 g2
PC PE CE CE DC 1,0
Suy ra PD la phén giéc géc BPC.
vi 2B EC FA_, ‘iheo dinhly Ceva suy AD,BE,CF déng quy, do d6
DC EA FB 1,0
(M,D,B,C)=-1.Dod6 MP L PD.
b | Tacé AEI = AFI =90" va IE = IF nén I 1a didm chinh gifta cung EF cuia dudng tron
i PF HF 1,0
AEF).Nén PH 1aphan gidc goc FPF suyra —=——.
(AEF). Nén PH 12 phan gidc g yra o=
Suy ra -1}% = %F— ,lai c6 BFH =CEH (do tam gidc AEF cén tai A).
Do d6 aBFH ~aCEH nén ﬂ=£ suy ra —@=@ hay HD 1a phéan gidc goc 1.0
HC CE HC CD ’

buoc quet bang CamsScanner


https://v3.camscanner.com/user/download

%ﬁu 3 (5,0 diém). Cho bang 6 vudng nxn v6i n 1a s6 nguyén 16n hon 3, mdi 6 vudng ca bang dugc

y

dién s6 1 hodc sb —1.

4 *A . A R o4z , A A R \ \ g7 r A A Re A A M
a) C6 bao nhiéu cach dién d8 tich céc s6 trén mdi hang va tich cdc so trén moi cdt deu bang 1.

Noi dung

lz
Piem

D;

Dn-l

Ci C, Cs o Cn1

Buée 1: Véi bang (n-1) x (n-1) & goc trén bén trai, ta dién ty ¥ nén ¢6 2" céch;

1,0

Buéc 2: Cac  Cy, ..., Cn.1 phai dugc dién boi tich céc so con lai trén cdt ciia no.
Céac 6 Dy, ..., Dn.1 phai dugc dién bai tich céc s6 con lai trén hang cua no.

1,0

Buée 3: Chu y tich cAc s& con lai trén hang chira M bang tich cic s6 con lai trén ct chira
M, vi ciing bang tich tat ca céc so trén bang (n-1) x (n-1) & bude 1.
Nén 6 M phai dugc dién bai tich céc so con lai trén hang (hodc trén cft) ciia nd.

Viy dap sb bai toan 1a 2" cach.

1,0

b) Cé bao nhiéu cich dién dé tong cic s6 trong mdi bang 6 vudng 2x2 deéu biing 0.

Noi dung

Piém

+
]

-+ -+ -
-l +]-|+]-
- |+|- |+
+

+|+]|"

THI1: Pau tién ta dién ngau nhién cjt 1, sao cho trong cdt co it nhat 2 § lién nhau dugc dién
glong nhau. Khi do 2 hang chira 2 6 ndy s& phal dwoc dién ty dong theo quy luat dan xen
d4u cac 6 trén mdi hang. Sau d6 céc hang ke v6i 2 hang nay s& duoc dién ty dong theo quy
luat dan xen d4u céc 6 trén mdi hang Ctr tiép tuc nhur vy ta s& dién hét dugc ca bang.

Trudng hop ndy ¢6 2" —2 cach dién.

1,0

TH2: Céc 6 ciia cdt 1 duge dién quy luat dan xen dau. Khi d6 cac cQt con lai cling phai
dién theo quy luit dan xen d4u cic 6 trén mdi cdt. Nhung trén mbi cdt lai ¢6 2 kiéu dan xen

dAu (tdy thudc vao  dAu tién cta cot 1a 1 hay -1). Viy trudng hop ndy ¢é 2" cdch dién.

0,75

Vay dép s6 bai toan la: 2" —2+2" =2"' -2 c4ch.

0,25
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4

/
Céu 4 (3,0 diém). Cho ham s§ f:R—> R 1a him s6 déng bién trén R va théa mén

f(9f(x2)—22f(y)+2023y)=9x2 +2001f(y), Vx,yeR.

a) Chirng minh ring khéng ton tai s6 thue m aé f(x)>m, VxeR.

i N§i dung Piém
Gia str ton tai m sao cho f(x)>m,VxeR.
Khi d6, do f(x) ddng bién nén tdn tai c € Rsao cho ¢ = }er}o f). 0,2
Taco li 1) - =-o0 VxeR
aco lim (97(x?)-22/(y)+2023y) = Vxe
nén lim £(9(x*)-227(y)+2023y)=c VxeR 0,5
y>—
Lai c6 lim (9x” +2001f (y)) =9x* +2001c, VxR nén 9x*+200lc=c,VxeR
T os 0,5
Diéu nay la vé li.
b) Chitng minh ring £ la toin dnh.
’ Noi dung Diém
Véi teR, do f(x) khong bi chin dudi nén tn tai a d& f(a)< 2—0’07 0,5
Chon b= %,/t—ZOOl f(a) thi 95> =¢-2001f(a). 0,5
Khi d6 f(9f(b*)-22/(a)+ 2023a) = 9b* +2001/ (a) =t. 0,5
Chu 5 (3,0 didm). Gia sir tdn tai s6 nguyéntd p va céc sb nguyén duong x, y thoa mén
p-l .
Zx" = y'' —1. Chimg minh rang p <90.
k=0
Néi dung Diém
Tathdy y>2.Goi ¢ 13 mdt uéc nguyén t6 bat ki cua y'' -1, suyra q|x” —1.
Goi h=ord,(x) thi h|p.
Néu h=1thi x=1 (modgq),suyra x"" +---+x+1=p(modg) nén ¢=0 (mod p). 1
Néu /= p, theo dinh 1y Fermat x’” =1 (modq) nén p|g-1hay g=1 (mod p).
Tir d6 suy ra moi u6c y'' —1 déu ddng du véi 0 hogc 1 (mod p).
Nén y-1=0 hodc 1(mod p); 1,0
vay'®+:+-+y+1=0 hojc 1(mod p);
TH1: y-1=0(mod p) thi y=1(mod p) nén ' +.:-+y+1=11(mod p).
Nén 11=0 hogc 1(mod p) tirc1a p e{2;5;11},
1,0

TH2: y-1=1(mod p) thi y=2(mod p) nén y" +:+++y+1=2"~1=2047(mod p).
Nén 2047 =0 hogc 1(mod p) tucla pe{2;3;31;11;23;89).
Vay p<90.

Hét
4
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