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1. (5 diém.) Tim tt ca c4c ham sb f : R — R sao cho

fey)=yfx)+x+f(f(y)—f(x))
v6i moi x, y € R.

2. (5 diém.) Chon=2 s tu nhién a; < a; < -+ < a, sao cho a, < 2a,.
Goim la sb cac ude nguyén t6 phan biét cla a,a,---a,. Chufng minh
rang (a;a,---a,)™ ' > (n!)™

3. (5 dlem) C6 n dbng da, mbi dbng c6 2021 vién, Khéi lufdng cua cac
moi vién da, tinh theo kg, biang mot trong cic so 1,2,...,25 va tong
kh01 lugng cha cac dong la d6i mot khéc nhau. Biét rang néu chon hai
dbng bat ky va lay ra tif moi dong mot vién da nang nhat va mot vién
da nhe nhat thi dong ban dau ning hon sé rd nén nhe hon. Hoi gia
tri 16n nhét 6 thé cta n 13 bao nhiéu?

4. (5 diém. .) Cho tam glac ABC nbi tiép (0), véi truc tdm H. Mot du?dng
thang bat ki qua H cit cdc canh AC, AB l4n lugt tai Z,Y. Du?dng tron
ngoai tiép cac tam giac BHY, CHZ cit BC lan luct tai E va F. HE cit
AB tai K, HF cat AC tai L. Goi T 14 hinh chiéu vuong goc cua O trén
KL.

a) Chling minh rdng KL, YZ, BC ddng quy.

b) Ching minh rdang T nim trén truc ding phuong ctia dudng tron
ngoai tiép cac tam giac BHY, CHZ.



Déap an
1. Th x =y =1 vdo phuong trinh ham, ta duge (1) = f(1) + 1+ £(0),
din dén f(O) = 1,

Tlep theo, thé y=1 Vao phuong trinh ham, ta dugc f (x) f (x)+x +

F(f(1) = f(x)), dan dén —x = FU)—F(x)). Diéu nay ching t6 f 1a
mot toan anh.

Bay gid, 1an luot thay (x, y) = (a, 0) rdi (x, y) = (0, a), ta dugc f(0)=
O0+a+f(f(0)—f(a)) va f(0)=af(0)+0+f(f(a)—f(0)), dan dén
—l=a+f(-1—f(a) vd —1l=—a+f(f(a)+1).

Cong cac dang thic trén, ta thu dugc

fF@+D+f(—fla)-1) =2

Do f 1a toan anh, véi moi z € R, ta ¢o thé tim dugc a d€ z = fla)+1
va dang thirc ngay trén cho thay

f@E)+f(—=)=2. (x)

By gio, thay (x,y) = (a,1) 16i (x,y) = (1,q) ta thu dugde f(a) =

fl@)+a+f(f(1)—f(a)), hay f(f(1)— —fla))=—avaf(a)=af(1)+
1+ f(f(a)— £(1)). Cong hai dang thic lai va st dung () ta c6

fla)=af(1)+a-1

Nghia la f(x) = cx —1 voi ¢ la mot hing s6. Thé vao phUdng trinh
ham ban diu ta thay rang ¢ =1 hodc ¢ =—1 va day la céc gia tri duy
nhét thda mén bai todn.

Nhu vdy, f(x) =x —1 hodc f(x) =—x —1 14 cic nghiém ham ctia bai
toan.

2. Goi p 1a mét uée sb nguyén tb cta tich a;ay- - a,. Ta ddt q; = = pkib,,
trong dé b, khong chia hét cho p=1,2,. n) Tiép theo vl ay <
a, <---<a,< 2a1, chung ta thay rang tit ca cac b; 1a d6i mot phin
biét. That vay, néu b; = b; v6i i > j nao d6 thi
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méu thuan. Vi cic b; d6i mOt phan biét, ta suy ra b;b,--- b, > n!. Suy
ra
aa,...qa, =phtkt-+hp b, b > ponl,

trong d6 e, la sb mil clia p trong phén tich tiéu chuén cta q; ..
Nhén cac bat dang thitc thu dugc d6i véi tht ca cac uée nguyén tb cla
tich a;a,...a,, ta suy ra diéu phai ching minh.

3. Sap Xep cac dbng d4 theo thit tu khéi lugng ting din, tong khéi lugng
cua dong thit i dugc ky hiéu 1a s;; va sau khi bd di vién da nang nhit
va vién da nhe nhéit tr d6 thi khéi hIOng con lai la s. Khi d6 ta c6 cac

batdangthufcsausl<sz< <y vas >, > >s

D€ y rang vién da nang nhat ctia dong tht nhit khong nhe hon mbi
vién ctia dbng d4 dé nén né cung khéng nhe hon 2- 2019 Tu do, tong
khoi lufdng cta vién da nang nhit cia va vién dé nhe nhat ctia déng
thit nhit khong nho hon 57 2019 +1. Nghialas; —s] = x > 515 2019 + 1.

Tufdng tu, khéi luong ctia vién da nhe nhét cla dbng thit n khéng vugt
qua 2019 va kh01 luong clia vién ning nhét khong vudt qua 25 nén ta

= 2019
Tu do suy ra

/

_ o

1 / / n
+1<x=5—5,<s,—s —2(n—1)< +25—2(n—1).

2019 1781 S 8n 8 =2 ) 2019 ( )

S

Din dén 2(n—1) < =2~ 2019 2019 +24 < 24 ching to n < 13.

D& két thiic, xét 12 dong da nhu sau: dbng d4 thit k, véik =1,. 12,
co: 1 vién nhe nhat c6 khbi luf(mg 2k, 2007 vién co khbi lufdng 24 va
13 — k vién co kho1 lu’Ong ning nhét 1 25. D& thiy tinh hubng nay
thda man cac diéu kién cta bai to4n.

4. a) Cdch 1.



Goi S 1a giao diém cta YE va ZF,

Tacd LYZS+/ZYS = ZHCF + /HBE = 180°-—ZI,3HC = /BAC, do db
LYSZ + LYAZ = 180°. Suy ra tlt gidc AYSZ noi tiép.

Suy ra LYAS = /SZY = ZHCB = ZHAB, ta thu dudc S € AH.

Ap dung dinh ly Desargues cho hai tam gidc KYE va LZF ta c6 KFE

giao LF tai H, KY giao LZ tai A, YE giao ZF tai S va H,A,S thang
hang nén KL,YZ,EF dong quy.
Cdch 2.
Goi X la giao ctia AH véi (BYH).
KL,YZ,BC dong quy khi va chi khi (BKYA) = (CLZA).
, BY EY in/ZBHY
Ta c6 (BKYA) = H(BKYA) = (BEYX) = —on ; oL — _SMLOAY
BX EX sin/BHX
sin/EHY __sinLBHY ' sin ZABC __ sinZBHY -sinZCHZ
sin/EHX  sin/ACB "sinZCHZ  sin ZABC -sin ZACB
sin /BHY -sin/ZCHZ

sin ZABC - sin ZACB

Hoan toan tuong tu, ta cling ¢6 (CLZA) = —

4



Vy (BKYA) = (CLZA).
b) Trudc tién ta phat biéu mdt b3 dé quen thudc sau.

BG dé. Cho tit gidc ABCD va mdt diém P nam trong ti gidc thdéa mén
ZAPB + ZCPD = 180°. Khi d6 P c6 lién hop dang gidc trong td giac
ABCD.

Chng minh. GoiX,Y,Z, T lAn lugt 1a hinh chiéu ctia P trén AB,BC, CD, DA.
Bing phép cong goc ddn gidn ta thdy ZAPB + ZCPD = 180° tucng
dUOng X,Y,Z,T cung thudc mot dudng tron tdm J. Goi Q 13 diém ddi
xting v6i P qua J thi Q 1a dlem lién hop dang giac cla P trong t gidc
ABCD.

Tré lai bai toan.
Tacé ZKHL = 180°—/KHY — /LHZ = 180°— /ABC — ZACB = 180° —
ZBHC nén H c¢6 diém lién hgp dang gidc trong t gidc BKLC.

Ma BH,BO va CH,CO la cac cap ducng déng gidc trong goc B, C nén
H,O lién hdp dang gi4c trong t gidc BKLC. Do d6 hinh chleu cua O
trén KL nam trén du’dng tron pedal cua H, O trong ti gidc BKLC hay
T nam trén duong tron Euler clia tam gidc ABC.

Goi I la glao ctia KL va BC. Ta cé H, 0 lién hop ding gidc trong tam
giacILC nén IH, IO ding gidc trong ZLIC. SuyraIH L TM.

Goi N la trung diém cta AH. HT cét (0) tai LQ sao cho P nam trén
tia HT.

Ta c6 MN la dudng kinh ctia dudng tron Euler nén ZNTM = 90°, suy
raNT||YZ. ,

Phép vi tu tdm H ti sb 2 bién duong tron Euler thanh (O)nén T la
trung diém ctia HP. Suyra NT ||AP. Ta thu dudc AP || Y Z.

Suy ra ZYHQ = ZAPQ = 180° — /Y BQ, hay tit gidc BYHQ ndi tiép.

Tucmg tu ta glac CZHQ ndi tlep Vay T nim trén truc dang phuong
cua (BYH) va (CZH).



