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(Khong ké thoi gian giao dé)

15¢x =11 3Jx=2 2Jx+3

a) Cho biéu thirc 4= - - voi x20,x#1

yadde—8 Jo=1 N5+3
8

Rut gon biéu thirc A va tim tat ca cac g14 tr1 cua X sao cho A< 3

Bai 1:

b) Cho a, b 1a c4c s6 hitu ti. Ching minh /(a> +b%)(a—b)* +a** 12 50 hitu i

Cau 2:

a) Tim tat ca cac gia tri ciia m dé phuong trinh x> —4mx—3=0 c6 hai nghiém nguyén phan
biét.

b) Cho a, b 13 cic s0 nguyén dwong thoa man &’ =2b* +4°. Ching minh a chia hét cho b.
Cau 3;

a) Tim tat ca cac cip s0 nguyén to (p; q) sao cho p* +¢> +4pg+52 1a s6 chinh phuong.

b) Tim tat ca cac cap so nguyén dwong (x; y) sao cho 5 —1=4y*

Cau 4.

Cho cac 6 thuc duong a, b, cthoamana+b+c=4.

a) Ching minh 4ab+ ac+bc > 4abc

b) Chirng minh 2a - = +—C i
da+bc 4b+ac 4c+ab 3
Cau 5:

Cho mot bang 4 x 5 6 vuong gom 4 hang va 5 cot (nhu hinh ve bén). Ta ghi cac $0
tw nhién tir 1 dén 20 vao cac o, mo1 6 chura ding mot sO va cac so 0 mdi 6 1a khac nhau.
Goi d, vO1 i e{1;2;3;4} 1a higu cua s6 16n nhat va sd nho nhat & hang thtr 1. Go1 D 1a gi1a tn

[én nhat trong cac gia tri d,,d,.d,,d,. Ta go1 D 1a “d¢ léch” cua hang

a) Hay chi ra mot cach ghi dé D = 4

b) Hay chi ra mot céch ghi d¢ d, =d, =d, =d, =5

c) Vol m01 cach ghi bat ki, ta tién hanh sap xép lai cac so trong bang theo quy luat: o moi
cot, cac sO dugc xep giam dan (s6 trén cung 1a 16n nhat, s6 dudi cung 1a nho nhat). Ching
minh sau khi sap xép lai thi “dd 1éch” cua bang méi khong 16n hon “dd 1éch” cua bang cil.
Cau 6:

Cho tam giac nhon ABC ¢6 BC < AB <AC. Go1 BD, CE la cac duong cao, H Ia
tryc tAm ctia tam gidc ABC. Trén doan thang HC lay diém P (P khac H va C),Mla diém
trén canh AC sao cho tia BD la phan giac cua goc MBP. Goi N la diem doi xtimg v6i B
qua E. Pudng tron ngoai tiép tam giac MHC cat BM tai K (K khac M).

a) Chimg minh BHKN 14 tir gidc noi tiép
b) Chimg minh H la tam duong tron ndi tiép tam giac BKP.
¢) Goi I 1a tim duong tron ngoai tiép tam giac AMN. Ching minh I, K, H thang hang.



PAP AN

15+/x =11 _3\/}-2_2J§+3
¥ 2de=3 «Juw—1 /543
3

Rut gon biéu thirc A va tim tat ca céc g14 tr1 cua x sao cho A< =3

Cau 1:

a) Cho biéu thirc 4=

VOl x2>0,x#1

b) Cho a, b 1a cac s hitu ti. Chirng minh \/(a2+b2)(a—b)2+a2b2 14 s6 hiru ti
Loi giai:
a) Vo1 x>0,x#1 taco
C15Yx=11 3Jx-2 2Jx+3
T x420x=3 Jx-1 Jx+3
__I5Vx-1l GYa=2)(Wx+3)  2Vx+3)Wx-1)
S Wr-DWr+3) (Wr-DEr+3) (=D +3)
15V —11-(Bx+ Tx - 6)— 2x++x —3)
) (Vx=D(x +3)
C Sx+ T x =2
C (Wr=D(Wx+3)
_ (x=D)(=5vx +2)
C Wx=DEx+3)

. -8 —5Jx+2 -8
be A<?® N < -
Suy ra JVx>2ex>4
b) Ta cO: /(a* +b*)(a—b)* +a*h’

=a' = 2a°h+3a’h* - 2ab® + b*

=\(a® -ab+b*) =|a® —ab+1"
Do a, b hiru ti nén «°,ab,b* hitu ti
Suy ra ‘az—ab+b2| hiru ti

A

& -25Vx+10<=8/x =24 (do Vx+3>0)

Vay |(a* +b*)(a-b)* +a*h* hiruti.
Cau 2:
a) Tim tat ca cac gié tri cia m dé phuong trinh x*—4mx—3=0 c6 hai nghiém nguyén phan
biét.
b) Cho a, b 1a cac s6 nguyén duong thoa min o' =2b* + 4. Chitng minh a chia hét cho b.
Lo1 giai:
a) Phuong trinh x* —4mx—3=0 la phuong trinh bac hai theo x ¢6 biét thirc
A'=(=2m)* +3=4m* +323>0
Phuong trinh [udn ¢ hai nghiém (thuc) phan biét

X, =2m—~4m’ +3




X, =2m+~4m’ +3

Do x +x,=4m nén dé x,x, eZ thi m=%(an)
. a++a’+12 a—~a’ +12
Khi do: % = - X, = ;

Vi aeZ nén di€u kién can d€ x,x, e Z 1a 12+4a* 1a so chinh phuong (vi can bac hai cua

mot so tw nhién 1a so tw nhién hodc s6 vo ti)
Suy ra, ton tai s nguyén duong b sao cho
124a° =b" & (a-b)a+b)=-12

Doa-b<a+bva(a—b)+(a+b)=2alasochan nén suy ra

a—b=-6 o a—b=-2

hoac

a+b=2 a+b=06

Suyraa=-2,b=4hoaca=2,b=4

Nhu thé, 4m e {-2;2} nén me {—%%}

Thir lai v&i m= -% thi phurong trinh c6 2 nghiém nguyén 13 1 va -3

V&1 m =% thi phuong trinh c6 hai nghi€ém nguyén la -1 va 3

b) Trude hét, ta s& chimg minh a va b cung tinh chan 1¢
That vay, néu a 1a so 1¢ thi d& dang chimg minh duoc b ciing 13 56 1é
Néu a 14 s6 chan thi tir 26" = a’(a—b):4 ta thu duge b 14 s6 chin
Ta cO: o =2b* +a*b=b(2b' +a*) nén &’ chia hét cho b
b2

2
Ngoai ra, do % = (—) va a, b cung tinh chan 1& nén »*ia
a

Vi vdy a va b c6 cliing tap uéc nguyén to, gia st d6 1a {p,, p,.... p,}
Dat a=pi.p..py b= pf.pl..pl
Trong d6 «,,B, 1a cac s6 nguyén duong

Taco: [[p'* =a' =20 +a’b=2] p* +] ] p}*** (1)
i=l i=l i=l

Néu ton tai i e {1,2,...,n} sao cho a, <B,, chia hai vé cua déng thirc (1) cho p*,

[T 27 =20 I1 p”+2>> II " (2

1< j<n, j#i 1< j<n, j#i 1< j<n, j#i
Ta nhén thay vé trai cta (2) khong chia hét cho p(do B, >a,)
T d6, ta ¢6 diéu mau thuan
Vivay o, 2B, vOimoi i=1,n
Vay a chia hét cho b.
Cau 3:
a) Tim tat ca cac cip s nguyén t6 (p; q) sao cho p*+¢* +4pg+52 1a s0 chinh phuong.



b) Tim tat ca cac cip so nguyén duong (x; y) sao cho 5*—1=4y*

Lo1 giai , ’ ‘

a) Gia su tronghai so p, q khong o s6 nao bang 2

Khi d6 p, q la cac s6 nguyén to nén p, q 1€, do d6 p’ =1(mod4),q” =1(mod 4)
Cho nén p*+¢>+4pg+52=2(mod4) khong thé 1a s6 chinh phuong, vi s6 chinh phuong
chia 4 chi ¢6 thé ¢6 s’(“') Qu’ la 0 hoac 1.

Do do phai co mot s0 bang 2, gia su do la p.

Khi d6 ¢° +8g+56 1a s6 chinh phuong

Dit ¢° +8¢+56=1°(t € N)

Suy ra (t—g—4)(t+q+4)=40

Vivay, t—q—4vat+q+4déu la woe cua 40, honntrat—q-4<t+q+4
Vat—q—4,t+q+4cung tinh chan 1¢

X¢t bang sau
t—q—4 -20 -10 2 4
t+q+4 -2 -4 20 10
t -11 -7 11 7
q J -1 S -1
Loai Loai Loai Loai

Vay (p.q)e{(25):(52)}
b) Ta c6:5 -1=4y"
&5 =4y" +1
&5 =2y +1)" = (2
&5 =2y =2y+1)2y°* +2y+1)

(2P =-2y41=5°
Do do yz d (a,be N,a<b,a+b=x)
2y"+2y+1=35
Suy ra (2" =2y+1)|(2y° +2y+1) (1)

Hay (2y"-2y+1)[4y

Thuvory=1, 2, 3 dugc cap (x, y) = (1, 1) thoa man
V6iy>3thi 4y—-(2y" -2y+1)==2y(y—4)-1<0

Ma (2% =2y+1), 4y déu duong

nén (2y° -2y+1) khong 1a uéc cla 4y, mau thuan (1)
Vay (x,y) = (1, 1)

Cau 4.

Cho cac s6 thuc duong a, b, cthbamana+b+c=4.
a) Ching minh 4ab+ ac+bc > 4abe

b) Chimg minh —%—+—22 4 3¢ <2
4da+bc 4b+ac 4dc+ab 3

Lo1 giai:
a) Taco:  4ab+ac+bc>4abc



©ﬁ+l+lz4

c a
2
Ma VT 2 Zudid) 4 =VP(dpcm)
a+b+c
b) Can chirng minh
2a 2b 3c 4
+ ~ -
4da+bc 4b+ac 4c+ab 3
2a 2b 3¢ 4

(a+b+c)a+bc ¥ (a+b+c)b+ac ¥ (a+b+c)c+ab 3
g 2a(b+c)+2b(a+c)+2c(a+b) o 4
(a+c)b+c)a+b) 3
. Sac+ 5bc+4ab < .
(a+c)b+c)a+b) 3
< 15ac+15bc+12ab<L4(a+c)(b+c)(c+Db)
& 0L4(4-a)4-b)4—-c)—(5ac+15bc+12ab)
<0< 4abc+4ab+ac+bc—64(a+b+c)+256
& dabe L 4ab+ac+ be
Bat dang thic cudi cung da dugc chimg minh ¢ ciu a
Dau bang xay ra khi (a, b, ¢) = (1, 1 , 2)
Cau 5: Cho mot bang 4 x 5 0 vuong gom 4 hang va 5 cot (nhu hinh v€ bén). Ta ghi cac S0
tw nhién tir 1 dén 20 vao cac o, mo1 0 chua dung mot sO va cac s6 & moi 0 1a khac nhau.
Goi d, vO1 i e{1;2;3;4} 1a higu cua $0 16n nhat va sd nho nhat & hang thir 1. Go1 D 1a gia tr

16n nhat trong cac gia tri d.d,,d,,d,. Ta goi D 1a “dd 1éch” ciia hang
a) Hay chi ra mot cach ghi dé D=4
b) Hay chi ra mot cach gh1dé d,=d, =d,=d, =5
¢) Voi m01 cach ghi bat ki, ta tién hanh sap xép lai cac so trong bang theo quy luat: o moi
cot, cac sO duoc x&p glam dan (s6 trén cung 1 16n nhat, s6 dudi cung 1a nho nhat). Ching
minh sau khi sap xép lai thi “dd 1éch” cia bang méi khong 16n hon “dd 16éch” cua bang cil.
Lo1 glal.,
a) D¢ thay, bang sau co D = 4:

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20
b) Dé thay, bang sau c6 d =d, =d, =d, =5

1 2 3 4 6

5 7 8 9 10

11 12 13 14 16

15 17 18 19 20

¢) Ta danh so cua bang ban dau nhu sau:



T N X
b: Bs .. by
Sau khi sap x€p lai bang, ta c6 bang nhu sau:
q 4 as
g 4, dy
g 7 Gy

Goi 4’ 1a hiéu s6 gifta s6 16n nhat va so nho nhat ciia hang i ¢ bang ban dau;

d. 13 hiéu so gitra s6 10n nhat va s6 nho nhat cia hang i & bang liic sau;

D'= max{d} vo11=1,2,3,4:D = max{ } vor1=1,2,3.4

Gia sur hang j ¢6 4, lon nhat ¢ bang luc sau, goi hai so 16n nhat va nho nhat lan luot 1a
2 -

Khéng mat tinh tong quét ta cO dinh cot chira s6 16n nhat ctia hang j (cot chira s6 a,) va

xép lai vi tri cua cac s6 con lai sao cho glong voi ban dau.
Khi do, g1a st s a, dugc thay vi tri boi s0 b,
Do su sap xep chi dién ra trén cung mot cot nén a, vO1 b, cung cot.
Néu b, =y,
Gia su b, cung hang vo1 b ma b, cung cOt vo1 a,,ta co b, > a, > q,
Goi d, 1a hiéu giira s6 16n nhat va s6 nho nhat cta hang chia b , ta co:
d,=a,—a <b-b, <d, <D
Néu a, gitt nguyén vi tri thi g, - ¢, = d, =d <D
Vay néu hang j c6 d, 1om nhat thi d <D’
Piéu nay cho thay D< D'
Cau 6: Cho tam giac nhon ABC co6 BC <AB <AC. Go1 BD, CE la cac duong cao, H Ia
tryc tam cua tam gidc ABC. Trén doan thang HC lay diém P (P khac H va C), M la diém
trén canh AC sao cho tia BD la phan giac cua goc MBP. Go1 N la diém doi xtimg v6i B
qua E. Puong tron ngoai tiép tam glac MHC cat BM tai K (K khac M).
a) Ching minh BHKN 14 tir giac ndi tiép
b) Chumg minh H la tam duong tron ndi tiép tam giac BKP.
¢) Goi I la tim duong tron ngoai tiép tam giac AMN. Chimg minh I, K, H thang hang.
Lo1 giai:



a) Ta cO: BNH = NBH = ABH = ACH = MCH = BKH
Suy ra tir gtac BHKN n01 ti€p

b) Ta c0: KHP = KHC =180° — KMC =180° — BMD
Mt khéc, % = KBH = MBD

Suy ra, KHP- g =180"— BMD — MBD = 90"

Hay KHP=90" + g

Két hop v6i BH 1a phan giac ctia goc KBP ta thu dugc H 1a tim dudng tron ndi tiep cua
tam giac BKP.

¢) Vi H 14 tam dudng tron ndi tiép cua tam giac BKP nén PH 14 tia phan giac ctia goc KPB.
Hay noi cach khac, duong thang PK va PB d6i ximg v6i nhau qua CH.

Két hop v6i n va B d6i xtmg nhau qua HC, ta thu duoc ba diém P, K, N thang hang.

Ta c6: MKN = BKP = 90° +¥=90° + L gt =180°—@=180°—M1N

Do d6 t& giac MINK ndi tiép



Cuoi cung, IKN = IMN =90° — MAN =90° — BAD = ABD = NBH =180° — NKH

Vay ba diém I, K, N thang hang

Nhan xét: Day la mot cau hinh hay vo1 y tuong chu yeu bién doi goc. Van d¢ dit ra khong
qua kho nhung c6 thé “giit chan” mot so ban do yéu to thoi gian va tam 1y. Tuy nhién,
diém E trong bai toan ndy duong nhu khong c6 vai tro gi hét.



