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DE CHINH THUC DE THI MON: TOAN J
Thoi gian lam bai: 180 phit, khong ké thoi gian giao de

Cau 1 (5,0 diém). Cho day s6 (x,), (,). (z,), n=1,2,... duge xdc dinh nhu sau:

X = 2021. Xou = 2022+i(h‘. ), y, = l Z I n=

k=l &lxg k=l A Xy

a) Chimg minh ring day s6 (y,) ¢6 gi6i han hiru han,

'|“1'1

b) Chimg minh ring ton tai vo han s nguyén td p sao cho z, > 2021°

Ciu 2 (5,0 diém). Cho ham sé f:N' — N’ thoa man diéu kién f(x)+ f(y)-xy la ude s nguyén duong

clia xf (x)+»" véi moi s6 nguyén duong x, y.

a) Tinh cdc gia tri cva f(1). £(2). £(3)-

b) Tim tdt ca cic ham sb da cho.

Ciu 3 (5,0 diém). Cho m, n la cic s6 nguyén duong. Ki hi¢u §(m,n) la 38 69 (x, % 0n2,) gbm n s6

nguyén x,.x,.....x, thoa man ddng thoi hai diéu kién sau:

() 0sx,sx,2...5x, S

n

(i) x, +x, +...+x, chia hét cho m.

Tinh céc gid tri cia S(m,n) khi:

a) m=3, n=06.

b) m=47, n=2021.

Ciu 4 (5,0 diém). Cho dudng tron (1) tiép xtic véi duomg thing A. Tam giac ABC thay d6i va ngoai tiép
dudmg tron () sao cho hai dinh B,C nim trén dudng thing A; trung diém £ cia dogn thing AD nim
trén dudmg won (7), trong d6 D 1a hinh chiéu vuéng goc cia diém A 1én duomg thing A. Goi (/) 1
dudng tron bang tiép img v&i dinh 4 cua tam giac ABC.

a) Chimg minh ring duong thing £/ ludn di qua mdt diém cb dinh.

b) Gia sir F la thm dudng tron ngoai tiép tam gidc BEC. Duomg thing EF cit dudng tron ngoai tiép tam
gidc BFC tai diém thir hai 1a G. Chimg minh ring dudng thing GJ di qua tim dudng tron ngogi tiép tam

Hét
Cdn bj coi thi khong giai thich gi thém.
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D&DT VINH PHUC KY THI CHON HOC SINH GIOI LOP 12
CHUONG TRINH THPT CHUYEN NAM HOC 2021-2022
MON: TOAN
HUONG DAN CHAM
(Gom 03 trang)

| Noi dung trinh bay Piem
| Cho ddy so (x,). (y.). (z,). n=12.... dugc xac dinh nhu sau:
| ” -
| x,=2021, x,, =202+ ¥ (%, ), y, = Y — 2. = ol d
l | k=i =) xi 5,0
| a) Chimg minh rang déy sb (y,) c6 gioi han hiru han.
| b) Chimg minh réng tén tai vé han s nguyén t6 p sao cho z, >2021™%
a | Chimg minh ring day s (»,) co gi6i han hiru han. 30
Tu cong thirc truy hoi cua day ta dugc:
=2 +Z(h]-2022 (n-1)x,_, *Z(h) (n-1)x _ +x,_ =nx_,. 1.8
E x,=mx,_, =n(n-1)x,_, =..=n'x, =20211! 0.5_
‘llll(lllll;"ll )
__+__+ A—m—| =t —F.+— < 1 1l+—+—+ ..+ |
x, 2021\1' 2! nt) 20211 12 23 n(n-1)
{ l (4.3 et o b )i 1.0
_____ PEN - SO RS %) (4 PR
2021 2 o SO n-1 n) 2021 n) 2021
Suy raday (y,) 12 day s6 bi chan trén.
! | Két hop véi day (y,) la day so tang ta duge day (y, ) c6 gii han hiru han. 0.3
1b | Chimg minh ring ton tai vo han s6 nguyén 16 p sao cho z, > 202177, 0
| Taco x, =20214k!<2021.K* = ifx, <0214 = {2021k 3
| 1 1 e Eoilx- ) 1)
Suvra ——> = |4 —+—+..+—| e
x4 2021k ;g"x $£021\1 2 3 7 n) 95
j(x) Inx, xe[l: k +1], theo dinh li Lagrange ton tai ¢ € (k:k +1) sao cho
_—In(k):ln(k+l) ln(k)—-<% vOi moi s6 k 0.5
: Inl+in3-In2+..+In(n+1)-Inn)
P
0.5
6 nguyén t6 di Ion ta co:
! _ﬂhﬂnumlhéchon dugc
2 o
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Lho hAm so ; N - N thoa miin diéu kign /(x)+ f(y) xy lhwie s nguyen diemg
cua X (x)+ y' vhi moi ) nguyen diromg x, y,

a) Tinh che gi4 tri cOa (1), 7(2), £(3).
b) Tim tht ca n,éa hitm 86 di cho,

2a Tinh chc gid trj clia /(l) /(2), 1 (%)

Ki hi¢u f’(x y) la phép thé bién vao gia thiét bai toan
_____ P(Ilh?.f(l) ||;(1)1| 22/ (1) =12/ (1)=1430 2/ (1) =132 2/ (1)~ e {13

+) 2/(]) =3¢ f(1) =2, Ding phép thé P(2. 1) ta duge:
S(2)+ £ (1)-221(2) #1= £ (2)|1 suy ra f(2) =1,

Theo gia thiét f(2)+ f(2)~2.25 05 f(2)>2 v Ii,

+) 2/ (1)-1=1e f(1)=]

Dung phép thé P (2. 1) ta duge:
F(2)+1()-221(2)+1= f(2)-1|2(/ (2)~1)+3 =5 f (2)~1|3
':(,hu} f(2)> Zm.nc.hlu’)/ﬂ) =3¢ f(2)=4.

1 fiulbeent

Ding phép thé P(3,1) ta duge:

)+ f(1)-33/(3)+1=> f(3)-23(/(3)~2)+ 7= f(3)~27
‘Chuyf(‘j) f(3)-33>0¢ f(‘,!)/--- nén chicod f(3)~2=7es [(3)=
| 2D |} Tnnlalcacachﬁmsédﬁuhu

lemmxeN , %ét phép thé P(x,x)=2f(x)~x" >0= f(x) > ?,

| Pa0)= S () =54 f ()15 f (1) =54 1x(f (x) =2 1) 57 <4

f = f(x)- x+1lx ~x+1(1)

| = f(x)s# (2).

JP(J:,x)--er(x) x‘!x/(X)*X 22/ (x)- x}sz/{x) ¥ )+3x =2/ (x) .r’!'hc" (3)

T - s6 nguyén tb ta duge: 2/(p)-
:2,{(;) ﬁ P I’}p'&pp’}

wm;
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|
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|

', két hop v

. f#p#ﬁil(p’ Fpa2)-dp-2

v (9

1

.. Mchwé p=3 thoa min vamf
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:f(x) xp+p Ixf(x)+p -\-—p}‘(r)
= f(¥)=xp+ plx(p" = pr+ £ (x))+ pé* = pf () = £ (x)-3p+ | 2" = f () (O)

Cho p-» +o ta duge (5) thoa min khi * ~f(x)=0& f(x)= <. Thir lai thdy thoa

man, viy ham s6 cin tlm la f(x)=x1

e ——————————————————— e

Cho m, n la céc s6 nguyr..n ducmg Ki hi¢u S(m.n) la s6 b (n Xy X,) 2OM 7 50

nguyén x,,x,,....x, thoa min dong thoi hai dicu kién sau:
(L OSxSx £.8% SK

. ' A
(1) x, +x, +..+x, chia h¢t cho m.

i
| !
3 | 5,0 l
Tinh céc gia tri cua S(m,n) khi: i :
a) m=3, n= ; ‘l
b) m=47, n=2021. 1 \
3a | m=3,n=6. L 5 ! 30 |
Xét b s6 gom 6 s6 nguym (\l“;'l_ 7{) thoa man 0<y <x,<..<x, <6 va |
X, + X, +...+x, chia hét cho 3, ta dit y, =x +i,i=12,..,6. Khi d0 y <y, <..<y, \‘é! 1
Vot Pyt Yo =X X ot X+ 1424046 =0+, +..+ X, +21:3. T d6 suy ra mdi b 78 :
b 56 (x,,%y,-4%,) thoa min 0Sx, <X, S..SX S6 VA X +X, +..+ X chia hét cho 3| |
tuong tmg v&i mdt bd & (y.yyewy,) thoa min 1<y <y, <<y <12 va |
¥, + ¥, +..+, chia hét cho 3. ERe
Xét da thire P(x.y)=(1 +xy)(l +x7y).(! +x%y)=3 (a,,x"y" ). trong d6 a,, la sO tap |
[ hop c6 k phin ti va tdng céc phan tir bing m . Khi d6 theo dinh 1i Ruf ta co: |
1 - !
Z{a“_‘y')-_—. E(P(l.}’)+ P(a‘,y)-i- P(&".J')) |
m3 5 | lnﬂ
P(Ly)=(1+y) |
P(e.y)= (l+sy)(l+a y)( )(1+3 y) ((I+ev)(l+a v,)(l+£ 1)) (_r‘+l]4 '
P(ey)=(1+&"y)(1+&"y)(.)(1+£™y) -.—.((1 +ey)(1+£7y)(1 +e‘.\-]) =()* +1)
¥ __,y')%((uy)” +2(1+y'))
Tee— = : | 1.0
! Pl
thoa miin 0<x <x, <..<x,, <2021 va |
OBt ), =% +i,i=12,..2021. Khi do|
0,5

BX X+ Xy, +2021.1011:47 .
min 0<x, Sx, <. Sxpy, <2021 va

b6 s6 (23 73300 ¥ap, ) théa min




Xo.,l da thire P(x.y)_(l+xy)[l+x y)- (1+x‘"’“v)=2( m‘pc'")') trong do a,, la s
tap hop ¢6 k phin tir va téng céc phin tir bing m . Khi do theo dinh i Ruf ta co:

> (@)= 5(P(1.2)+ P(ery) +ot P, )

mid7

])(Ly) G (1 +y)4042
Véi je{l,2,..,46} taco:

+ Bb

2,(0a7")= %((I +y)" 446147 )m)

ma7

S Gl ¥ |
Tacod $(47,2021)= )" 4, 0 = -*"'*—4:!—-
m:47

Cho dudmg tron (1) tiép xuc voi duong thing A. Tam giac ABC thay y doi | ngo;n lu.p
dudng tron (/) sao cho hai dinh B va C ndm trén dudng thing A; trung diém £ cua
doan thing AD nim trén duong tron (7). trong d6 D la hinh chiéu vuong goc cua
diém 4 1én duong thang A. Goi (J) la duong tron bang tiép (g v&i dinh 4 cua tam
giac ABC.

a) Chimg minh ring duong thing £J ludn di qua mot diém c¢b dinh.

b) Gia st F la tdm duong tron ngoai tiép tam gidc BEC. Duong th'mg EF cat duong
tron ngoai tiép tam gidc BFC tai diém thir hai 12 G. Chimg minh ring duong thing
GJ di qua tam duong tron ngoai tiép tam giac BFC.

4a

Chirng minh rang duomg thang £J luon di qua mot diém c6 dinh.

1.0

1,0

0,5




dinh do (7),A ¢ dinh). Goi K 1a giao diém cua A/ véi BC.

Ta c6 J (DAMN) = (DLMN) = t’{D 0
L N

Do JN||IM]|AD nén theo dinh If Talet ta c6; 2 -4 ND _JA

s = e 5 S 0,5
ML Ik NL Il
Do d6 J(DAMN) =(pLmn) =22 . ND _ 1A JA_ 4117y~ 1 (do BI, BJ1a phin gike
ML NL IL JL 0,5 |
trong va ngoai cua tam giac ABL). }
T J(DAMN)=-1 va AD||JN suy ra JM di qua trung diém cua AD hay JE di qua o '
diém M c6 dinh.
Gia st Fla thm dudng tron ngoai tiép tam gidc BEC. Duong thang EF cat duong
4b | trdn ngoai tiép tam gidc BFC tai diém thir hai la G. Chimg minh ring duong thang | 7
GJ di qua tdm duong tron ngoai tiép tam giac BFC.
|
|
l
|
Goi P, O, R, S lan lugt 1a trung diém cia BM, BX, CM, CY. PQ cat RS tai diem K. do
PQ, RS tuong tng song song XM, YM nén K la trung diém cua MJ.
Do PQ la truc ding phuong cua B va (1); RS 1a truc ding phuong cua C va (1) suy ra K
| 1a tim déing phuong ciia B, C va (1) suy ra KB = KC? = O =KMKE . T d6 tasuy | 0.5
a K (BEC).
huong tich KB = (BEC) tiép xuc vé6i (/) suyraE I F
 Suy ra cdc diémE, I, N, F thang hang. 0.5
E (hai tam gidc can c6 chung goc day) suy
1,0

V6i (J) suy ra phép nghich dao cuc F.




phuong tich FB*: B« B.C > C,BC <> (BFC).(J) (/).

Két hop véi BC tiép xuc véi (J) = (BFC) tiép xiic véi (J) tai G suy ra GJ di qua tam

(BFC).

Luu y khi cham bai:
-Dap arz chi trinh bay mét edch gidi bao gom cdc ¥ bét bugc phdi cé trong bai I
chdm néu hoc sinh bé qua bude nao thi khong cho diém budc do.
-Néu hoc sinh gidi cdch khdc, gidm khdo cdn cir cdc y trong ddp an dé cho diém.

am cua hoc sinh. Khi

-Trong bai lam, néu & mét bude nao d6 bi sai thi cac phan sau ¢é sir dung két qua sai do khéng dicge

diém.

-Hoc sinh dugc sir dung két qua phan trude dé lam phan sau.
-Trong o1 giai cau 4 néu hoc sinh khong vé hinh thi khéng cho diém.

-Diém toan bai tinh dén 0,5 va khong lam tron.
A

Het




