TRUONG DAI HOC SU PHAM HA NOI  KI THI CHON POI TUYEN HQC SINH GIOI QUOC GIA

TRUONG THPT CHUYEN TRUNG HOC PHO THONG NAM HOC 20242025
Pk CHINH THUC Mon thi: TOAN
(Dé thi gom 01 trang) Ngay thi: 16/9/2024

Thoi gian lam bai: 180 phiit, khong ké thoi gian giao dé

Ho tén thi sinh: ..o S6 bdo danh: .......cccoeeveeeuin..

Cau 1. (5 diém) V6i mdi s6 nguyén duong n, xét da thiic

1 1
P, (x) = 2*"*! — (1+—)x2”— (1+—):1:+1.
n n

a) Tim nghiém thuc nhé nhat ciia da thitc Pags(z).
b) Véi mdi s6 nguyén duong n, goi a, 1a nghiém thuc 16n nhat cta da thitc P,(z). Tinh lim a,,.
Cau 2. (5 diém) Cho duong tron (O) véi day cung AB khong di qua tam. Lay C 1a diém ddi xting
v4i A qua B. Céc tiép tuyén ctia duong tron (O) tai A va B cat nhau tai M. Pudng tron ngoai
tiép tam gidc BCM cit dudng tron (O) tai diém D va cit duong thang OM tai diém E (D # B,
E # M). Goi H 1a giao diém ctia DE v6i AB va G 13 giao diém ctia CE v6i BM. Chimg minh rang
cac duong thang DM, GH cit nhau tai mot diém nim trén dudng tron (O).
Cau 3. (5 diém) Cho ham s6 f : R — R tho& man:
f (ZE2 + Qy) > f (1’2 + 3y) v6i moi z,y € R.
Chtmg minh rang f(z) = f(1) v6i moi x > 0.
Cau 4. (5 diém) Véi mdi s6 nguyén duong n, ta dat
fn)=di+-- +di,
trong d6 dy < --- < dj, 1a tat ca cac udc s6 nguyén duong cua n.
a) Tim tat ci cdc s6 nguyén duong n sao cho f(n) =n?+n+ 1.

b) Tim tat ca céc da thitc hé s6 nguyén P(zx) sao cho f(n) | P(n) véi moi sb nguyén duong n.

Luu 4j: Thi sinh KHONG duoc st dung tai liéu; Gidm thi KHONG dudc gidi thich gi thém.



TRUONG DAI HOC SU PHAM HA NOI  KI THI CHON POI TUYEN HQC SINH GIOI QUOC GIA

TRUONG THPT CHUYEN TRUNG HOC PHO THONG NAM HOC 20242025
Pk CHINH THUC Mon thi: TOAN
(Dé thi gom 01 trang) Ngay thi: 17/9/2024

Thoi gian lam bai: 180 phiit, khong ké thoi gian giao dé

Ho tén thi sinh: ..o S6 bdo danh: .......cccoeeveeeuin..
Cau 5. (5 diém) Cho s6 nguyén duong n va cic s thue ay, . .., a, thod man
aq a9 (07%
+ 4+ . 4 =1
k+1 k+2 k+n

v6i moi k € {0,1,...,n — 1}. Chting minh rang a; + - - - + a, = n?.
Cau 6. (5 diém) Cho P(z) la mdt da thitc hé s6 nguyén sao cho 0 < P(0) < 10%. Chimg minh
rang, c6 it nhat mot phuong trinh trong céc phuong trinh duéi ddy khong cé nghiém nguyén
P(x) ==z, P(z) =2z, P(x)=3ax,..., P(x)=25z.
Cau 7. (5 diém) Cho s6 nguyén duong n. Tim s6 nguyén duong k nhd nhat sao cho ta cé thé dién

cac sO nguyén khong 4m vao cdc 6 clia mot bang 3 x k 6 vudng (bang gom 3 hang va k cot) thoa

man dong thdi cdc dicu kién sau:

o Téng tat ca cac s6 duge dién trong cting mot cot bang n.

o Trong cing mdt hang, méi s6 0, 1,...,n dudc dién it nhat mot lan.
Cau 8. (5 diém) Cho tam gidc ABC cé J la tAm dudng tron bang tiép trong gbc A. Goi D la
hinh chiéu vuéng géc ctia J trén BC; w la duong tron c¢6 dusng kinh JD. Pudng tron ngoai tiép

tam gidgc ABC' cit w tai cac diém M, N. Gia st céc tiép tuyén tai M va N clia w cat nhau tai P.

Chimg minh rang ba diém A, P, D thing hang.

Luu j: Thi sinh KHONG duoc st dung tai lieu; Gidm thi KHONG dugc gidi thich gi thém.



A. Huéng dan gidi ngay thi thi nhit

Cau 1 (5 diém) V6i mdi s6 nguyén duong n, xét da thiic

1 1
P, (x) = 2*"*! — (1+—)x2”— (1+—)x+1.
n n

a) Tim nghiém thyc nhé nhat ciia da thitc Pagos(z).
b) Véi mdi s6 nguyén duong n, goi a, 1a nghiém thuc 16n nhit cta da thitc P,(z). Tinh lim a,,.
Bai giai.
a) Ta c6 P,(—1) = 0. Ta sé chi ra —1 1 nghiém nhé thic nhé nhat cta P,(x). That vy,
/ 2n 1 2n—1 1
P(x)=02n+ 1)z —2n |14+ - |z —1+-).
n n
Véi z < —1 thi
1 1
Pl(z) > (2n+1)+2n <1+—> — (1+—> > 0.
n n
Do dé P,(x) dong bién trén (—oo; —1]. Thanh thit, néu z < —1 thi P,(x) < P,(—1) = 0.
Vay, v6i moi sb nguyén duong n, x = —1 1a nghiém nhé nhat cta P,(x).

b) Goi a, 1a nghiém thuc 16n nhat ctia da thic P,(x). Ta c6

1 1\?2
P l1+=)==(1+=) +1<0.
n n

1 1
Vi lim P,(x) = 400 nén trong khodng (1 + —; +oo) c¢6 mot nghiém thue. Vay, x, > 1+ —,
n n

T—r+00
v6i moi n > 1.

Mit khac, dé ¥ rang
2 1 2
Cn+1)(14+—=)—2n({14+—-)=3+—
n n n

2
do do trén I, = [1 + —; —|—oo> ta co
n

Pl(x) > (1+%>2n_1 <3+%) — <1+%> > 0.

Thanh thit, P,(z) dong bién trén I,. Mt khéc,

2 2\ %" 1 1 2 1 2\ %" 2
Pn<1+—):(1+—) ——(1+—>(1+—>+1:—<(1+—) —3——)>0.
n n n n n n n n



2
Vay z, <14 — v6i moin > 1. Do d6 limzx, = 1.
n

Nhén xét. C6 thé chimg minh lim n(z, — 1) ton tai va ~ 1.99.

Cau 2 (5 diém) Cho dudng tron (O) véi day cung AB khong di qua tam. Liy C 1 diém d6i ximg
v6i A qua B. Céc tiép tuyén ctia dudsng tron (O) tai A va B cat nhau tai M. Dudng tron ngoai
tiép tam gidc BCM cit duong tron (O) tai diém D va cit dudng thang OM tai diém E (D # B,
E # M). Goi H 1a giao diém ctia DE v6i AB va G 1a giao diém ctia CE v6i BM. Chimg minh rang
céc dudng thang DM, GH c&t nhau tai mot diém nidm trén dudng tron (0).

Bai giai. Goi F 1a giao diém tht hai ctia M D vé6i dudng tron (O), P la giao diém ciia AD va Q 1a
giao diém thit hai ctia CF véi (O). Ta c6

LFAC = ZFDB = /ZBCM.

Vay AF || MC. Tu d6, LDAM = ZDFA = ZDMC. Suy ra AAPM «~ AMPD(g — g). Vay
PM? = PD-PA. Chitng minh tuong tu, ZMCD = ZMBD = Z/BAD, nén suy ra AAPC «~ ACPD.
Vay, PC? = PD - PA. Tu d6 ta duge P 1a trung diém CM.

Q

Mat khac,
/PCQ =/ZAFQ = ZADQ.
Vay, tit gidc CQDP ndi tiép, do dé

/CQP = /CDP = /PCA = /CAF = /FQB = /CQB.



Suy ra cc diém P,Q, B thiang hang. Viy, BP la dudng trung binh ctia tam gisdc CAM, do d6
PQ || AM. Ta ¢
QCD = /ZQPD = /PAM = ZPMD,

suy ra QC tiép xiic v6i dudng tron (CBM) tai C'. Ap dung dinh If Pascal cho hé diém ( 1C) ]g g ) ,
suy ra F, H, G thang hang. Ttc 1a DM, HG cit nhau tai diém thudc dudng tron (O).
Cau 3 (5 diém) Cho ham s6 f : R — R thod man:

f (ZE2 + Qy) > f (1’2 + 3y) v6i moi z,y € R.

Chimg minh rang f(z) = f(1) v6i moi = > 0.

Bai giai. Gia st ham s6 f : R — R thdéa man:
f (x2 + 2y) > f (x2 + 3y) v6i moi z,y € R.

Ta sé& chimg minh f(x) = f(y) v6i moi 2,5 > 0 hay f 13 ham hang trén R*. Lay hai s6 0 < a < b
bat ki. Trong (1) thay z = v/3b —2a viy = a — b < 0 v6i cht ¥ rang a = 2% + 3y, b = 22 + 2y ta
duge f(a) < f(b). Vay f(z) < f(y) v6i moi 7 < y.

Tiép theo xét hai s6 0 < u < v bat ki. Ta s& chitng minh f(u) = f(v). Ta thiy rang ton tai s6

) =)

3
Trong (1) thay = = 0 ta duge f(2y) > f(3y) v6i moi y € R. Dac bi¢t f(y) > f <§y) v6i moi y > 0.

Tu do , .
f(u)zf@u) 2f<<§) u> 2~~~2f(<;> ) > F(0) > flu).

Do d6 f(u) = f(v). VAy f 1a ham hang trén R*. Do d6 f(z) = f(1) véi moi > 0.

nguyén duong n sao cho

Cau 4 (5 diém)

V6i moéi s6 nguyén duong n, ta dat
f) =di +-- +dj,
trong d6 dy < --- < dj, 1a tat ca cac udc s6 nguyén duong cua n.
a) Tim tat ci cdc s6 nguyén duong n sao cho f(n) =n?+n+ 1.

b) Tim tat ca cac da thiic hé s6 nguyén P(x) sao cho f(n) | P(n) véi moi sb nguyén duong n.



Bai giai. Dau tién ta nhan xét f 1a ham nhan tinh.

a)

b)

Gia stt n 1a s6 nguyén duong thod man f(n) = n? +n + 1. Néu n 1a s6 nguyén t6 thi f(n) =
n*+1<n?+n+1, loai

Néu n c¢6 it nhat mot wée duong d ma 1 < d < n. Khi dé g ciing 1a u6c duong ctia n. Néu d # g
thi )

f(n) 2n2+d2+%—|—1 >n’+2n+1>n*+n+ 1.
Vay n = d?. Vin chi ¢6 diing mot uc duong d ma 1 < d < n nén d 1a sd nguyén t6. Vay n = p>.

Tht lai, néu p 1a sé nguyén t6 va n = p? thi f(n) =n?+n + 1.
Gid stt P(x) 1a da thtic can tim. Vi n = pq, trong d6 p,q 1a céc sd nguyén t6 phan biét thi
flpa) = (p* +1)(¢* + 1). Do d6

(P* +1)(¢> +1) | P(pq).

C6 dinh s6 nguyén t6 p, xét da thitc Q(z) = P(pr). Khi d6 Q 1a da thiic hé s6 nguyén va
® + 1| Q(q) v6i moi s6 nguyén t6 q. Vay 22 + 1| Q(x) trong Z[z]. Suy ra P(pi) = 0 v6i moi s6
nguyén té p. Do d6 P = 0.



B. Huéng dan giai ngay thi thit hai

Cau 5 (5 diém) Cho s6 nguyén duong n va cic sb thuc ay, . .., a, thod man
a as a,
... =1
1 k2 T Eaa

v6i moi k € {0,1,...,n — 1}. Chting minh rang a; + - - - + a, = n’.

Bai giai. Xét phan thic
aq Qp,

f(z) 91:+1+ +3:—|—n

c¢6 nghiem 0,1,...,n— 1. Ta ¢

p(z)— (z+1)(z+2)...(x+n)
(x4+1)(x+2)...(z+n)

fz) =

Véi p(x) 14 mot da thitc bac khong qua n — 1. Do dé hé s6 ctia 2"~ trong p(z) 1a a1 + - -+ + a,. Ta
thiy tit thitc ctia f(2) 14 mot da thitc c6 nghiem 13 0,...,n — 1 va lim,_, f(z) = —1 nén

px)=(x+1)(z+2)...(x+n)—z(z—-1)...(x — (n—1)).

Khai trién p(z) thi hé s6 2" 1a

nn+1) nn-1)
> T2 T

Do dé ay + -+ + a, = n%

Cau 6 (5 diém) Cho P(x) la mot da thitc hé sb nguyén sao cho 0 < P(0) < 10®%. Chting minh
rang, c6 it nhat mot phuong trinh trong céc phuong trinh duéi ddy khong cé nghiém nguyén

P(z) =z, P(z) =2z, P(x) =3x,..., P(x) = 25z.
Bai giai. Phan ching, gia st ca 25 phuong trinh trén c6 nghiém nguyén.
Nhéan xét. Véimoi v,y € Zvax #y,tacéz—y| P(z)— Py).

Goi o1, Ta, . . ., Tos 1an lugt 1a cdc nghiém nguyén cta phuong trinh P(z) = x, P(z) = 2z, ..., P(z) =
25x. Do P(0) # 0 nén ; # 0 véi moi i € {1,...,25}. Ta s& chitng minh céc s6 z1,. .., 75 doi mot
phan biét. That vay, gid st ton tai i # j sao cho z; = z;. Khi d6 P(x;) = P(z;) nén ix; = jx;. Tu

d6 ¢ = j, mau thuan.
Véi i, 7 € {1,...,25} phan biét ta c¢6

0= P(x;) — P(xj) = tz; — jo; = (i — j)z; (mod z; — x;).



Do d6 x; — x; | (i — j)z; v6i moii,j € {1,...,25} phén biét.

Xét p 1a s6 nguyén td6 ma p < 25. Xét cic s6 zy, ..., x,. Néu trong cdc s6 ndy, khong cé sé nio
chia hét cho p thi ton tai hai s6 1 <i < j <pmap|x; —z;. Khi dé p|i— j, mau thuin. Vay, p la
wde clia it nhat mot s6 @y, v6i i € {1,2,...,25} nao dé. Khi do,

P(0) = P(z;) =iz; =0 (mod p).
Thanh thit, p | P(0) véi moi s6 nguyén t6 p < 25. Tt d6
2x3x5xT7Tx11x13x17x 19 x 23| P(0)
diéu ndy mau thudn véi gid thiét 0 < P(0) < 105

Cau 7 (5 diém) Cho s6 nguyén duong n. Tim s6 nguyén duong k nhé nhat sao cho ta cé thé dién
cac 56 nguyén khong am vao cdc 6 clia mot bang 3 x k 6 vudng (bang gom 3 hang va k cot) thoa

man dong thdi cdc dicu kién sau:
o Téng tat ca cic sb duge dién trong cling mot cdt bang n.
o Trong cing mdt hang, méi s6 0, 1,...,n dudc dién it nhat mot lan.
S ars TV A o xs o s 3

Bai giai. Dap so clia bai toan 1a kg = §(n +1)].

Xét mot bang 3 x k nhu viy. Gid st S 1a tdng clia tit cd cic sd clia bang. Tong cic sb & mdi
n(n+1)

hanglénhdnhoécbzing0+1+2+~~+n:T. Do dé
g > 3n(n+1).
2
3n(n+1)

R . 3
Mat khac, dieu kién tht nhat cho ta S = kn. Vay kn > hay k > §(n +1).

Ta xét 2 trudng hop, dua trén tinh chan 1é cia n.

TH1. Véi n 1é: Ta sé& lay hop ctia cic cot (0,a,n — a); (n — a,0,a); (a,n — a,0), 0 < a <
TH2. Véi n chan: Ta sé 1y hop ctia cdc ot (0,a,n — a); (n —a,0,a); (a,n —a,0),0 < a <
nn nn
a 2 cot ( 7_a_>;<_7_7 >
va 2 cot (0 55 55 0

Cau 8 (5 diém) Cho tam gidc ABC c6 J la tam duong tron bang tiép trong géc A. Goi D la
hinh chiéu vudéng géc ciia J trén BC; w 1a dudng tron c¢6 dudng kinh JD. Dudng tron ngoai tiép



tam gidc ABC' cit w tai hai diém M, N. Gi sit cac tiép tuyén tai M va N clia w cat nhau tai P.
Chimg minh rang ba diém A, P, D thing hang.

Bai giai. Goi I, (O) theo thit tu 1a tAm dudng tron noi tiép, dudng tron ngoai tiép tam gidac ABC.
Pudng thang di qua I, song song véi BC cit (O) tai E, F. Goi H la giao diém ctia D.J va EF. Q
13 hinh chiéu vudéng géc ctia I trén BC. Goi K la giao diém thit hai (khéc D ) ctia AD va w. Goi T
13 giao diém ctia AD va EF. Ta cé:

K

DH-DJ=QI -DJ=DB-DC :=k
Suy ra phép nghich ddo I% bién (O) thanh (O) va bién w thanh EF. Do d6 I¥ : (O) Nw —
(O)NEF. Suy ra If : M — F,N —. Viy M, D, E thang hang va N, D, F thang hang.
Ta liy Q' d6i xting Q qua I. Khi d6 Q" thuoc AD (két qua quen thudc). Vi IT||QD nén T 1a

trung diém cia Q'D. Do d6 T thudc trung truc ctia QD. Vay OT vuéng géc v6i BC. Suy ra T 1
trung diém ctia FF. Chii ¥ rang DQ| EF, ta c6: D(QTEF) = —1. Suy ra

(DKMN) = D(DKMN) = D(QTEF) = —1

Vay MDNK 1a tit giac dieu hoa. Suy ra P thudéc DK = AD.



HUGNG DAN CHAM

A) Huéng dan chung:

1) Hoc sinh lam ding dén dau thi chAm dén doé.
2) Hoc sinh trinh bay theo cich khic ma ding thi gidm khio cham tuong tng biéu diém ctia hudng
dan cham dudéi day.

B) Huéng dan cu thé:

Cau 1. 5,0 diém
a) (1,5 diém)
+/ —1 1a nghiém: 0,5 diém.
+/ Chting minh —1 13 nghiém nhé nhét: 1,0 diém
b) (3,5 diém)
+/ Chiing minh 2, > 1+ %: 1,0 diém

+/ Chiing minh z, <1+ g: 2,0 diém
+/ Chi ra limx,, = 1: 0,577;1iém
Cau 2. 5,0 diém
Cau 3. 5,0 diém
o Chimg minh f khong giam: 2,0 diém
o Chimg minh f hang trén R*: 3,0 diém
Cau 4. 5,0 diém
a) (2,0 diém)
+/ Chting minh n = p%: 1,5 diém.
+/ Thit lai n = p*: 0,5 diém.
b) (3,0 diém).
Cau 5. 5,0 diém
Cau 6. 5,0 diém

o Chimg minh z1,..., 225 khic khong: 0,5 diém

o Chiing minh z1,...,2zes phan biét: 1,0 diém
o Chting minh z1, ..., 225 chia hét moi sé nguyén t6 p < 25: 2,5 diém

Cau 7. 5,0 diém

1 .
(”;): 2 diém

3
+/ Chiing minh k >
+/ Dung m6 hinh, méi trudng hop: 1,5 diém

Cau 8. 5,0 diém



