SG GIAO DUC VA PAO TAO KY THI CHON HOC SINH VAO POI DU TUYEN
TINH DONG NAI THI HOC SINH GIOI QUOC GIA NAM HOC 2023-2024

PE THI CHINH THUC mon TOAN
Thoi gian lam bai: 180 phit
Ngay thi: 29/9/2023
(Dé thi gom mot trang c6 nam bai).

Bai 1. (4 diém)

) ‘ 1 ) L
Cho day s (a,) thoa man a; =1 v a,+1 = 1/2n + a2 + — , v6i moi s6 nguyén duong n.
a’n

a) Chitng minh a,, < n, v6i moi s6 nguyén duong n.

b) Tim lim fn,

n—+oo N

Bai 2. (4 diém)

Biét tap hop cic s6 nguyeén ky hieu 1a Z.

Tim tat ca cdc ham s6 f : Z — Z théa man f(2a) + 2f(b) = f(2(a + b)), v6i moi sd nguyen a, b.

Bai 3. (4 diém)

Cho tam giac nhon, khong can ABC' ¢6 ba dusng cao AD, BE,C'F. Vé ba duong cao AT, EP, F(Q
cua tam giac AEF.

a) Chitng minh hai duong thang PQ va BC song song v6i nhau.

b) Goi K la giao diém tht hai ctia dudng thang DT vé6i dudng tron duong kinh AT, biét K khac T.

Chitng minh ba duong thing AK, EF, PQ dong quy.

Bai 4. (4 diém)

Cho day s6 (u,,) théoa man u; = 1 v& u,+1 = 3u, + 10, véi moi s6 nguyén duong n.

a) Tim cong thic tong quét ctia day s (u,) va tim s6 du trong phép chia u, cho p, v6i p 1a s6 nguyen
t6 16n hon 3.

b) Chitng minh véi s6 nguyén duong ¢ > 1 ton tai s6 nguyén duong s > ¢ sao cho s6 udc nguyen t6
clia ug 16n hon 2 lan s6 wéc nguyén to clia u,.

Bai 5. (4 diém)

a) Cho 2024 vién bi dugce sip xép thanh mot hang ngang. Tinh s6 cac cach dat 29 chiée thé vao gitta
céc vien bi théa man & gitta hai vién bi ké nhau chi ¢6 nhiéu nhat mot chiéc thé va céc vien bi da cho
dudc chia thanh 30 phan, ma mdi phan c6 it nhat 9 vién bi.

b) Cho 2024 vien bi giéng nhau duge dat vao cdc dinh ctia hinh da gidc déu c6 2024 canh noi tiép
dudng tron (O), mdi dinh chi ¢6 mot vien bi. Tinh s6 céc cach dat 29 chiée thé giong nhau vao trung
diém cac canh ciia da gidc da cho théa man tai méi trung diém c6 nhidu nhat mot chiéc thé va cac vien
bi da cho dugc chia thanh 29 phan, ma mdi phan c6 it nhat 9 vien bi (biét hai cach dit thé duge coi 1a
nhu nhau néu ton tai mot phép quay quanh tam O bién cach chia nay thanh cach chia kia).
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HUGNG DAN CHAM VA BIEU DIEM

Bai | Y Noi dung Diém
1. 4,00
a) | Ching minh a, < n,¥n € N*: 1,00
,,,,,,,,, e AR LR el
Ta c6 day s0 (ayn) théa man a; =1 va apy1 = (/20 + a2 + — (1),¥n € N
Qn,
Can chiing minh a,, > 1,Vn € N* (2) bang quy nap Toan hoc: 0,25
- That vay, (2) ding véin =1, vi a3 = 1.
- Gid sit (2) ding v6i s6 nguyen duong n, nghia la g, > 1. | |
1
-Nén apy1 =4 /2n+a2 + — > 1.
anp 0,25
Vay (2) ding véi n + 1. ’
Theo nguyén 1y quy nap ta ¢6 a, > 1,Vn € N*.
,,,,,,,,,,,,,,,,, Rt SRR,
(1) a2y =2n+a, + —,Vn € N*.
Qn,
Can chiing minh a,, < n,Vn € N* (3) bang quy nap Toan hoc: 0,25
|- That vay, (3) dimgvéin=1,via=1. | ]
- Gia st (3) dung v6i s6 nguyen duong n, nghia 1a a, < n.
- Vay aiﬂ :2n+ai+— <om4n*+1l=0n+1)7?= a1 <n+l 0.95
Qn )
Vay (3) ding véi n + 1.
Theo nguyén 1y quy nap ta c6 a, < n,Vn € N*.
b) | Tim lim Iﬁ: 3,00
e e L S
Ta c6 a’,y =2n+ a2+ — > 2n+a? hay a>,, > 2n + a2 (4),Vn € N* 0,25
77777777777777777 a’ﬂ,,,,,,,,,,,,,,,,,,,,77777777777777777<
Ap dung (4) ta c6 a’l, >2n+al>2n+2n—1)+a:_,
>..>2+2n—1)+..+21+a=n"+n+1,Vn €N 1,25
:>a,212n2—n+1<:>an2\/n2—n+1,Vn€N*.
Ap dung dinh Iy kep ta ¢6 lim &, 0,50
n—+oo N
2. Giai phuong trinh ham: 4,00
Gia st ton tai ham s6 f : Z — Z thdéa man:
f(2a) +2f(b) = f(2(a+ b)) (1), Ya,b € Z. 0,50
| Théa=0=0vao (1) tacs f(0) +2/(O)=fO) & fO)=0 | __|
Thé a =0 va b bdi a vao (1) ta c6 f(0) +2f(a) = f(2a),Va € Z 1.00
& fQa)=2/(a) (2),YeE€Z | ]
Ap dung (2) ta c6 (1) < 2f(a) + 2f(b) = 2f(a+b), Ya,b € Z 1.00
e flatd)=flo)+ f0),YebeZ | ]
Ap dung két qua phuong trinh ham Cauchy ta c6 f(z) = cz, Yz € Z, véi 1.00
e=fMez._ | ]
Kiém tra cdc ham sb f(z) = cx, v6i ¢ € Z, Vr € Z déu théa méan bai toan. 0.50

Vay chi ¢6 cac ham s6 f(z) = cx, véi ¢ € Z, Vz € Z thdéa man bai toan.




4,00
a) | Ching minh PQ || BC: 1,00
A4
P @
. 7 0,50
B D C
Ta c6 BEC = BFC = 90° (vi BE,CF la hai du’dng cao cia AABC)
= tit gific BCEF noi tiép dwong tron = CBF=QEF._____ | |
Tuong tu ti @C\EFPQ noi tiép duong tron = QEF APQ 050
Vay CBF = APQ nén PQ || BC. ’
b) | Chitng minh AK, ER,PQ dong quy: _________________________| 3,00
i 7
T 0,50
B D C
Goi M, N, R, S lan luot 1a giao diém ctia duong thang PQ v6i bén dudng thang
DE,DF,EF, DK.
| Goi H 1a trye tam cha AABC = AD, BE, CF dong quy ted .. | ___|
Taco PFN = BFD = BHD = AHE = AFE = PFT (V1 tuong tur c6 hai ti 0.50
gisc BDHF, AEHF 0oi ti¢p duong twon) nen PFN =PFT. |
Mit khéac NPF = FBC (vi PQ || BC), ma FBC = AET TPF (Vl tuong | =
tu ¢6 hai tit giac BCEF, AETP noi tiép dudng tron) nén NPF = TPF. ’
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Vay ANPF = ATPF (g-c-g)
= FN = FT, ma canh AF Chung va AFN AFT (vi PFN PFT)
= AANF = AATF (c-gc) = ANF = ATF = 90° hay AND = 90°.
Tuong tu AM D =90°, 0.50
ma AKD = AKT = 90° (g6 noi tiép chin nita dudng tron duong kinh AT). |
Vay nam diém A, K, M,D, N cung thuoc duong tron dudng kinh AD
= MKD = MND = NMD = NKD (vi tuong tyw ¢c6 HDE = HDF va
AD 1 PQ nén ADMN can tai D).
| Vi AAEF ¢6 ba duong cao AT, EP, FQ dong quy va PQNEF ={R} | _ |
~ 0,50
nén (K, F,T,R) = —
| DE,F,TR)= -1« (M,N,S,R)=—-1< K(M,N,S,R)=—-1 | |
Laic6 MKS = NKS (do MKD = NKD). Titd6 KR L KS,ma KA L KS. | 0,50
Do d6 A, K, R thing hang nén AK, EF, PQ) dong quy.
4,00
a) | Tim cong thic tong quat cia (u,) va tim so du trong phép chia u, cho p: 2,00
| Ta c6 day s6 (u,) théa man uy = 1 va t,yy = 3u, +10 (1), Vn e N*. | |
(1) © ups1 +5 = 3(u, +5) (2), Yn € N*.
Ap dung (2) ta c6 upiq +5 = 3(tp 4+ 5) = 32(tp_1 +5) = ... = 3"(uy + ) 1,00
S Upyr = 6.3" — 5, Vn € N™.
Vay u, = 6.3""" — 5 (Ia s6 nguyén duong), ¥n € N*.
Vi p 1a s6 nguyén t6 16n hon 3 nén 3 /p, ap dung dinh Iy Fermat nhé ta c6
Fl=1 (mod p). 1.00
Do d6 u, = 6.3"' —5 = 1 (mod p) hay s6 du trong phép chia u, cho s6 nguyen |
to p > 3 luon bang 1.
b) | Chimg minh ton tai so nguyén duong s > t: 2,00
Goi uy = 6.3 — 5 = p*.p5*...p¢t* 1a cAch phan tich ra thita s6 nguyén to clia
uy, voi t € N*, t>1
Dat t;, =t + Hcp (p¥th), vi 5 /3 nen ged(p;,3) = 1, Vi = 1, k, 1,00
i=1
tit d6 uy, = 6.3 —5 =, (mod p»t!), Vi =1k
Mt khéc vy, (u;) = a; nén vy, (uy,) = a;, Vi = 1, k hay — € N*
Ut 0,50
Lai c6 % > 1 nén u,;, c¢6 thém it nhat mot uGc nguyén to khac py, po, ..., pr
| Ly Haﬁfttﬁ’én:gftﬁ nhu trén, cho ta mot day uy, , uy,, ... ma s6 cac uéc nguyen to | |
ctia chiing tang ngit, ddn dén ton tai s6 nguyén duong s > t dé u, théa man | 0,50
bai toan.
4,00
a) | Tinh so cach dat 29 chiéc thé: 2,00
| Ton tai cach ddt thé thoa man bai toan, nhw dat thé dau tien beén trai ma ben | |
trai ctia n6 c6 dung 10 vién bi vA giita hai thé ké nhau c6 ding 10 vién bi.
Xét cach dat thé théa man bai toan, ta danh sO cac thé tir trai sang phai la 0.50
ti, v6ii = 1,29. !
Goi s6 vien bi bén trai ¢; 1a by, sd vien bi nam gitta t; va t;41 1a by (V6i
i = 1,28), s6 vién bi bén phai a9 1a bs.
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30
Z b; = 2024 0,50
- .

Ta c6 hé

Ap dung két qua bai toan chia keo Euler, s6 nghiém nguyén duong ctia (1) 0.50
bing Clogs, d6 1a s6 cach dit 29 chiée thé théa man bai toan. ’
b) | Tvm so cach dat 29 chiéc thé: 2,00

| Ton tai cach dat thé thoéa man bai toan, nhw dat thé ma "gitta" hai thé ke | |
nhau c¢6 dang 10 vién bi, chi trit moét truong hop c6 1744 bi.

Xét cach dat thé thda man bai toan, chon mot thé A ¢6 dinh (vi hai cach dat

thé dugdc coi la nhu nhau qua mot phép quay quanh tam O nén thé A c6 thé

dat & trung diém canh tuy ¥ clia da gidc da cho), ta danh sé cac thé tit A 0,50
nguge chiéu quay kim dong ho 1a ¢;, véi ¢ = 1, 29.
Goi 86 vien bi nam "gitta" ¢; va ;41 12 b;, v6i i = 1,28, s6 vién bi ndm "gitta"
tl va tgg 1a bgg.
,,,,,,,,, ey
b; = 2024 0,50
Ta c6 hé ; (I)
by >9,Vi=1,2
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, )
N a; = 1792 (1 0,50
bat a; = b; — 8, Vi = 1,29, vay hé (I) tré thanh ; (1)
a; > 1,¥i=1,29
Ap dung két qua bai toan chia keo Euler, s6 nghiem nguyén duong ctia (1)
bing C15,. Vi 29 1a s6 nguyen t6 nén ting véi mdi cach dit thé c6 ding 29 050

cach dat thé (ké ca cach dat thé do) 1a anh ctia cach dat thé dé qua phép quay
28

quanh tam O. Vay so cac cach diat 29 chiec thé théa man bai toan la —1mL

Huéng dan chung:

- Néu thi sinh giai cach khac ding thi duge diém t6i da theo quy dinh va cach cho diém thanh phan
trén co sé ciia Huéng dan cham va Biéu diém nay.

- T6 Giam khao mon Toan théng nhat trude khi cham theo Huéng dan cham va Biéu diém nay.
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