TRUONG DAI HQC KHOA HQC T NHIEN
TRUONG THPT CHUYEN KHOA HQC TU NHIEN

DE THI CHON HOC SINH GIOI
NAM HOQC 2023 - 2024

Mon thi: TOAN (Ngay thit nhit)
Thoi gian lam bai: 180 phit, khong ké thoi gian phdt dé

Bai 1. Cho m, n 1A céc s6 nguyén duong phan biét va p la s6 nguyén tb sao cho
mn 1a ude ctia m? 4+ n? + pm. Chitng minh riing m 1a s6 chinh phutong hodc mn
la tdng ctia hai s6 chinh phuong.

Bai 2. Cho k 1a s6 nguyén, k # 2, P (z) la da thitc véi cac hé s6 hitu ty. Gia sit
s6 thuc a 1a nghiém cta phuong trinh 2° — kz + 1 =0 (*). Xét day (a,) nhu
sau: a; = P(a),a,41 = P(a,), Vn > 1. Chitng minh ring néu a; la nghiém
ctia (%) thi @, ciing 1a nghiém cta (), Vn > 1.

Bai 3. Cho tit gidc ABC'D noi tiép dudng tron (O). H, K lan lugt 1a tryc tam
ctia tam gidc ADC, BDC'. N la tam dudng tron ngoai tiép tam giac AOB. Ké
NL 1 CD (L € CD). Goi 1,J lan lugt la trung diém cia OH, OK. Chitng
minh rdng LN 13 phan giac cta ZILJ.

Bai 4. Héi c6 ton tai ham s6 f : N — N song 4nh sao cho vdi moi bd 3 sb ti
nhién phén biét a, b, ¢ tao thanh mot cip s6 cong thi f(a), f(b), f(c) khong tao
thanh maot cip sb cong?
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DAP AN (ngay 1 Vong 1)
Bai 1. (5d) Trudc hét ta chiing minh bd dé sau: Néu a, b 1a céc 86 nguyén duong
théa méan a2 + 6% + 1 i ab thi a® + b* + 1 = 3ab.

That vay, gid st a®+ b+ 1 = kab (1) véi k € N‘.'Goi (ag, bo) 1a cép sb nguyén
duong c6 tdng nhé nhét thoa man (1) tdc 1a ag + b5 + 1 = kagb, va gia sit them

ring agp > by. Xét phuong trinh
x? — kbyx + b5 +1=0 (2)

Phuong trinh (2) c6 mot nghiém 1a ay nén con c¢6 modt nghiém a; théa man
ap + a; = kby va aga; = b + 1. Ta thiy a, nguyén va a; > 0. Suy ra (a,, by)
ciing la mot nghiém nguyén duong ctia (1). Do dé a; + by > ag+ bp hay a; > a,.
Néu ag > by + 1 thi aga, > (13 > (bo+ 1)2 = bg +2bp+1> bg + 1-v6 ly. Do dé
phai c6 ag = by. Khi dé6 2a3 + 1 = ka? hay (k—2)a2=1.Dodék—2= a; =32
hay k = 3. Nhu vay a® + b* + 1 = 3ab.

Trd lai bai todn: Dat d = (m,n) thi m = da,n = db véi a,b € N*, (a,b) =
1. Khi dé6 d*ab|d*a® + d*b* + dpa hay dab|da® + db* + pa. Suy ra db*a ma
(a,b) = 1 nén dia. D4t d = ka véi k € N*. Khi d6 ka® + kab? + paika®b hay
ka® + kb® + p:kab. Suy ra pk.

Néu k = 1 thi m = da = ka® = a® 1a s6 chinh phuong.
Néu k = p thi ka® + kb® + kikab hay a* + b* + 1iab. Theo b3 d8 ta phai c6
a* + b + 1 = 3ab hay d*a® + d*b* + d* = 3d%ab hay m? +n? + d2 = 3mn hay
mn = (m — n)* 4 d* 1a tdng ctia hai s6 chinh phuong.
Bai 2. (5d) Dt f(z) = 2° — kz + 1. Ta 6 ag = a,a, = P (a) 1 hai nghiém
cia f(z) = 0. Truong hgp k = 0 thi f(z) = 0 c6 nghieém duy nhit z = —1
nén a, = P (a) = —1. Khi dé a, = —1 ta c6 ngay dpcm.

k X(zt trudng hgp k # 0. Do k # 2 nén f () khong c6 nghiém hiu ty. T d6
dé thfiy f (z) 1a da thic hé sé nguyén c6 bac nhd nhét nhan a 1a nghiém.

Néu a, = P(a) = a thi a, = a nén khing dinh bai toan hién nhién ding.

Xét a; = 2P(a) =% 'ga c6 f(P(z)) - f(z) = (P(z) —7)Q(z) véi
Q(z) = P(2)’+2P(z)+1”~k la da thiic he s6 hitu t§. Khi 6 ta c6 f (ape;) —
f(an) = (ans1 — a,) Q (a,) ,n > 0. (1)

Do a; = P (a) %ﬁa nén @ (a) = 0 ma f (z) da thitc hé s nguyén c6 bac nhd
nhét- nhan a la nghiém nen f (z) | Q (z) . Hon nita, a, 1A nghiém cta f () nén
@, ciing la nghiém ciia ) (z) . Thay vao (1) suy ra a, I nghigm cia f (z). Tié
tuc nhu vay thi tit (1) suy ra f (a,) = 0 véi moi n > 1, ta ¢6 dpem. .
Bai 3. (5d) n
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Goi M la trung diém ctia CD. T la giao diém ciia tiép tuyén tai A va B clia
(0).KéTX L CD (X € CD).

Do N 1a trung diém ctia 70 nén L la trung diém cta X M.

Dung hinh chit nhat ORX M, S déi xing véi R qua X. Khi dé L 1a trung
diém ctia OS.

Ta c6 AH = 20M = RS nén AHSR 1a hinh binh hanh, suy ra AR || HS.
Ma HS || IL nén IL | AR. Tuong tu, JL || BR.

Céc diém A, B, O, R, T cing nim trén duong tron duong kinh O7', ma TA—
TB nén RT la phan giac cia ZARB.

Laic6 RT | LN, IL || AR, JL || BR nén LN la phan giac clia ZILJ.
Bai 4. (5d) Define function g

g(0)=0, g(1)=2, ¢g(2)=1, ¢(3)=3

Assume that n = @y ... x4 (base-4 representation of n). Then define

f(n) = g(ai)g(as) .. -g(ak)4'

The function is obviously bijective. Assume that a, b, ¢ be an arithmetic sequence
with a + b = 2¢. Let 7, j, k be their respective last digits in the base-4 represen-
tation. We have

i+j=2kmod4 f(i)+ f(j) = 2f(k) mod 4.

These happens only when ¢ = j = k, delete them from a, b, ¢, then we compare
the second last digit and so on. Then we have a = b = c.
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