PE THI TUYEN SINH VAO 10 TRUONG PTNK
Nim hoc 2021 — 2022
MON THI: TOAN CHUYEN

Thoi gian lam bai 150 phut
Jx—2+Jy—1:2

Bai 1. (1.5 diém) Cho hé phuong trinh: {
X+y=m
a) Giai hé véi m=7

b) Tim m sao cho hé c6 nghiém (x,y)

Bﬁiz.(l.Sdiém)ChoM:£+E+E,N= ! + ! + 1 K= a . b L C
a b c¢ b+c c+a a+b b+c c+a a+b
2 2 2

a) Chung minh néu MK :% thi N=0
abC

b) Cho M =K =4,N =1. Tinh tich abc

X +X, 4. X, =1

a) Chang minh néu x, z% thi x +x, <X,
b) Chang minh néu x, s% thi tim dwoc sb nguyén duong k <n sao cho

1 2
ESX1+X2+"'+XK Sg

Bai 4. (1.5 diém)
a) Tim tat ca cac s6 tu nhién n sao cho (2n+1)°> +1 chia hét cho 22%

2
2n+2 va 4n“+2n+1

p
nguyén. Chang minh véi n va p tim dugc, cac s6 nguyén trén khdng thé dong thoi 1a sb
chinh phuong.

b) Tim tat ca sé tu nhién n va sé nguyén té p sao cho la cac sb

Bai 5. (3 diém) Cho tam giac ABC vudng tai A. Cac diém E, F 1an luot thay ddi trén cac
canh AB, AC sao cho EF //BC . Goi D la giao diém cua BF va CE, H 14 hinh chiéu cua D
1én EF. Puong tron (1) duong kinh EF cat BF, CE tai M, N ( M khac F, N khac E )

a) Ching minh AD va dudng tron ngoai tiép AHMN cung di qua tAm | cua dudng tron tm
l.
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" b) Goi K, L lan luot 12 hinh chiéu vudng goc caa E, F 1én BC va P, Q tuong (ng la giao

BP-BL

diém caa EM, FN véi BC. Chitng minh tir giac AEPL, AFQK ni tiép va CO.CK khong

d6i khi E, F thay doi

¢) Chang minh néu EL va FK cit nhau trén duong tron (1) thi EM va FN cét nhau trén
duong thang BC.

Bai 6. (1 diém) Cho N tap hop (N >6), mdi tap hop gém 5 chir cai khac nhau duoc 14y tur
26 chir cai a,b,c,...,x,y,z

a) Biét rang trong N tap hop di cho, hai tap hop bat ky c6 chung dung 1 chit cai, va khong
c6 chir cai nao c6 mat trong tit ca N tap hop nay. Ching minh khéng c6 chir cai nao c6 mit
trong 6 tap hop tir N tap da cho

b) Biét rang trong N tap hop da cho, hai tap hop bat ky c6 chung dung 2 chir céi, va khdng
c6 hai chit cai ndo cung xuat hién trong N tap hop nay. Hoi trong s6 N tap hop da cho, co
nhiéu nhat bao nhiéu tap hop c6 chung dung 2 chir cai?
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DAP AN VA THANG DPIEM THAM KHAO
X=2+,y-1=2

Bai 1. (1.5 diém) Cho hé phuong trinh: {
X+y=m
a) Giai hé¢ véi m=7
b) Tim m sao cho hé c6 nghiém (x,y)
Loi giai
a) (0.75 diém ){ VX=2+yy-1=2
X+y=m
DKXD: x>2,y>1

X=2+y-1+2/(x-2)(y-1) =4
X+y=7

@{2,/(x—2)(y—1) =0

X+y=7

ﬂ)¢>{

Xx—2=0

X+Y cj{{x -
y-1=0 y=5

X+y=7

y=1
{XZG(m

Vay (x,y) e{(2;5),(6;1)}

b) (0.75 diém) Pat u=+/x—2,v=./y—1(u,v>0)

u+v=2=2 u+v=2
2 2 < 2
u“+v-i=m-3 20 -4u+7-m=0

H¢ phuong trinh tr¢ thanh: { @)

Dé hé (1) c6 nghiém khi va chi khi (2) phai c6 2 nghiém khéng am, nhé hon hodc bang 2,

khi va chi khi:
A >0
S>0 - m>5
(x,-2)(x,-2)=0 |m<7
S<4

Va 5<m<7 thi hé da cho c6 nghiém (x,y)
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y Binh luan. Py 1a bai d& nhat trong dé thi, nhung chi dé & cau a, cau b 1a cau tim diéu kién

co nghiém cua hé phuong trmh thuong cac em cap 2 khdng quen lam, dé thiéu diéu kién
can, 1am dtng tron ven phai can than va chinh chu.

Bai 2. (15dlem)Ch0M—£+1+1 N = ! + ! + 1 K= a . b L C
a b c¢ b+c c+a a+b b+c c+a a+b
2 2 2

a) Chung minh néu MK :% thi N=0
abc

b) Cho M =K =4,N =1. Tinh tich abc

Loi giai
, 2 12, 2
a) (0,75 diém) MK =2 T2 +C N g
abhc

MK — (111j(a+b+cj

a b c/\b+c c+a a+b

1 b c a 1 c a b 1
+ +

:b+c+a(c+a)+a(a+b)+b(b+c)+c+a+b(a+b)+c(b+c) c(c+a) a+b

b (1 1 c (1 1 a (1 1
=N+——| —+= |+——| —+— |+ —+=
c+a(a cj a+b(a bj b+c(b cj

a’+b*+c®  a’+b’+c?
abc abc

= N+
= N=0

b) (0,75 diém)taco M=K =4:N=1
Theo cau a) ta dugc

2 2 2 2 2 2
MK =N +m316=1+m
abc ahc

= a’+b®+c” - 2(ab+bc +ca) =15abc(*)

Ta co:

K+3:bl+1+ b 11l +l=(a+b+c)N=7=a+b+c

+C c+a a+b

M =4—= ab+bc+ca=4abc

HOCMAI




///

y

| 4

Thay vao (*) = 72 — 2.4abc = 15abc = abc = ‘2‘_2

Binh luan. Bai nay ciing 1a bai dai s, thuoc phan bién doi déng nhét, cac dang toan kiéu
nay cic em ciing duoc rén luyén nhiéu, tay to bién di s& 1am duoc, nhung véi diéu kién
phai kién tri va tinh todn diing

Bai 3. (1.5 diém) Cho ddy n sé thuc x;%,;...;x,(n>5) théa: x <x, <...<x, v

X + X, +... X, =1

a) Chtring minh néu x, 2% thi x +x, <X,
b) Chiing minh néu x, s% thi tim duoc 56 nguyén duong k <n sao cho

1 + X+ X <2
3—X1 2t T XS

>

Lo giai
a) (0.75 diém) Gia sir ring x1+x2>xn2%>0,khidé X, >0 V&i moi 2<i<n.

Do n>5 nén x1+---xn_12x1+x2+x3+x432(x1+x2)>§:>xn<% (Vo ly)
b) (0,75 diém)
o Néu x Zé,khid() %ZXnZ T X X+t X, =1

n

Wl

n

1 2
:>§£x1+x2+...+xn_1:1—x 25

£ 1 1 .. ..

e Néu x, <§. Suy ra x <§ VoI mol .
Gia sir khéng ton tai k thoa dé bai, tuc 1a khong c6 k dé

1 2
§SX1+XZ+...+xk£§(*)
, . Ao 1 . 2
Ta chung minh ton tai 1 <n-2 sao cho x +---X <§ va x1+---x|+1>§ **)

That vay néu khong ton tai | thi x < % suy ra x, +Xx, < % vi nguoc lai thi

do (**) nén 1SX1+XZSE-

3 (méau thuan do (*)

w

Ly luan tuong tu thi x +X, +---X_, <%( Mau thuan )
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Do d6 néu tdn tai | thoa (**) thi suy ra x., > % > x (VB 1y).

Viy diéu gia st sai. Do d6 ton tai k thoa dé bai.
Binh luan. Day 1a bai bat dang thirc kha la va hay, tu twéng cha dao 1a phan chiing
va phan ching lién tuc. Viéc sap tha ty cac bién 1a mot gia thiét v cing quan trong,
gilp giai bai toan. Cau a khong qua kho, nhung cau b 1a & mot mic khéc han. Viéc
chung minh bat dang thirc dd khé, & day con thém n bién, thi bai toan tré nén qua
phirc tap cho hoc sinh cap 2. Ban nao giai duoc cau 3b, 12 rat gioi.

Bai 4. (1.5 diém)

a) Tim tat ca c4c s6 tu nhién n sao cho (2n+1)° +1 chia hét cho 2%

2n+2 . 4n*+2n+1
va
p p
nguyén. Chirng minh vai n va p tim dugc, cac so nguyén trén khéng thé dong thoi la so
chinh phuong.

b) Tim tat ca s6 tu nhién n va sé nguyén té p sao cho la cac sb

Loi giai

a) (0.5 diem) (2n+1)° +1:2%%

& (2n+2)(4n% +2n+1):2%%

& 2(n+1)(4n° +2n+1): 2%

< (n +1)(4n2 +2n +1) 1 22090

n+1:2%0% (do4n2+2n+1zl(mod2))

en=2"k-1(keZ")

b) (1 diém) Tir p2n+2 va p@n®+2n+1thi p phailasd l¢, dan dén pm+1.

Do 4n+2+2n+1=4(n-1)(n+1)+2(n+1)+3 nén p3, tir d6 p=3. Két hop véi diéu kién
2n+2 Vi 4n+2+2n+1

pd+1 thi n=3k-1 vdi keZ*. (0.5 diém) Ta chirng minh rang 3

khéng cuing 14 sb chinh phuong.
That vay, gia st ring ta co diéu nguoc lai, vi chiing déu 1a sé nguyén duong nén:

2n+2 4n*+2n+1
3 3

52(3eZ+)

Viét lai thanh (2n+1)°® = (3s—1)(3s+1). Do s la sé chin nén (3s—1,3s+1) =1, dan dén viéc
ton tai cac sd nguyén a, b dé ab=2n+1, (a,b) =1 va:
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3s-1=a’
3s+1=b?

Tirddy 2=(b—a)(b’+ba+a’). Do b>a nén b—ae{L,2}. Xét timg truong hop va gidi ra cy
thé, ta duoc (a,b) = (-1,1). Tuy nhién diéu nay din dén s =0, trai véi viéc s >0 tir didu da
gla su

Vay gia str ban dau 1a sai hay hai s6 di cho khong thé ciing 12 sé chinh phuong. (0.5 diém)
Binh luan. Bai 4 thudc phan sé hoc, co y dé kiém diém,nhu cau a, khong quéa khé dé

suy ra dugc 2n+2 chia hét cho 222 Cau b thi khd, viéc tim ra p =3 khong kho, nhung ¥
cudi thuc su kho, ,néu khong c6 cau a nhu dinh hudng thi kh()’lém dugec. Ki thuat ab=m® va
(a,b) la nguyén t6 cung nhau. suy ra a, b 1a lap phuong cua s6 nguyén ciing 1a ki thuat kho
ma cac em THCS can phai hoc chac méi lam duoc.

Bai 5. (3 diém) Cho tam giac ABC vudng tai A. Cac diém E, F lan luot thay ddi trén cac
canh AB, AC sao cho EF //BC . Goi D 1a giao diém cua BF va CE, H 1a hinh chiéu cua D
1én EF. Puong tron (1) duong kinh EF cat BF, CE tai M, N ( M khac F, N khac E )

a) Ching minh AD va dudng tron ngoai tiép AHMN cung di qua tAm | cua dudng tron tm
l.

b) Goi K, L lan Iuot I hinh chiéu vubng goc cua E, F 1én BC va P, Q twong ung | giao

BP-BL

diém caa EM, FN véi BC. Chitng minh tir giac AEPL, AFQK nai tiép va QoK khong

d6i khi E, F thay doi

¢) Chang minh néu EL va FK cat nhau trén duong tron (1) thi EM va FN cét nhau trén
duong thang BC.

Loi giai
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a) (1 diém) Qua D vé& duong thang song song BC cat AB, AC tai X, Y

DY DF DE DX

Taco = = =
BC BF EC BC

Suy ra DX =DY . Suyra D la trung diém caa XY. Do d6 AD qua trung diém | cua EF.
Ta c6 DHFN, DHEM noi tiép. Suy ra DHN = DFN = MAN va DHM = NEM = NAM
Suy ra MHN = 2MAN = MIN

Suy ra ti giac MIHN nai tiép. Ta c6 diéu can chizng minh.

b) (1 diém) Tacd ABMP# ABEM Suy ra BM -BF =BP-BL.
Mat khac ABAF# ABEM , suy ra BE-BA=BM -BE
Do d6 BA-BE =BP-BL

Tur d6 ta co tir gidc AEPL ndi tiép
Chtng minh tuong t thi tir gidc AFQK noi tiép

BP-BL BE-BA AB’
CQ-CK CF-CA AC?

¢) (1 diém) Giasir EL, FK cit nhau tai S thuoc (1) .
Khi d6 ESF =90° va EFLK 1a hinh vuéng
VEé PU L AB,QV L AC

BP BU BK . CQ CV CL

Tacd = = = =
BC BA BL BC CA CK

Pjt x = EF =KL

Ta can ching minh BRLCL
BL CK

< BK-CK +BL-CL=BL-CK
< BK(CL+x)+(BK +X)CL =(BK +x)(CL+x) < x* =BK -CL
Pung vi tam giac BEK va CFL ddng dang.

Binh luan. Bai hinh vé mat hinh vé khé phtc tap, nhung c6 chd dé cac em c6 thé 1am
duoc. Cau a, b trong d6i quen thudc va cach lam ciing quen thudc. Viéc ching minh
tir giac ndi tiép bang goc hoic phuong tich cac em 1am nhiéu Tuy vay cau ¢ thuc su
kho, minh phai phan van giira tinh toan d6 dai va goc, cudi ciing chon d6 dai, nhung
tinh do dai ciing c6 nhiéu hudng dé thyc hién, néi chung day 1 cau hinh kho trong
nhiéu nam trg lai dy.

Bai 6. (1 diém) Cho N tap hop (N =6), mdi tip hop gom 5 chit cai khac nhau dugc 13y tir
26 chir cai a,b,c,...,x,y,z
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a) Biét rang trong N tap hop di cho, hai tap hop bat ky c6 chung dung 1 chit cai, va khong
c6 chit cai ndo c6 mat trong tat ca N tap hop nay. Ching minh khdng c6 chit cai nao cd mit
trong 6 tap hop tr N tap da cho
b) Biét rang trong N tip hop da cho, hai tap hop bat ky c6 chung dung 2 chir céi, va khdng
c6 hai chit cai ndo cung xuat hién trong N tap hop nay. Hoi trong s6 N tap hop da cho, c6
nhiéu nhat bao nhiéu tap hop c6 chung dung 2 chir cai?
Loi giai
a) (0,5 diém ) Gia st c6 chit cai S sao cho S c6 mit trong 6 tap hop tir N tap d cho,
changhan 6 tap A, A,,..., A,

Vi hai tap hop bét ky c6 chung diing mot chit cai nén hai tap hop bat ky trong 6 tap
trén bao gio ciing chi c6 chir cai chung duy nhat1a s.

Do d6, tong s chir cai c6 mit trong 6 tap trén 1a: 1+6(5-1) = 25.
e Néu N=6thivdlydo S khong xuat hién trong tit ca N tap hop. Do do
N=>7
e V6i N>7,laytap A, c6 2 kha ning:
- A chaaS: Vi A vanhtngtap A,A,,...,A c6 chung ding mét chir cai o nén
A, con chira 4 phan tir khdng nam trong bat ky tap nao thudc A, A, ,.... A
Suy ra tong sb chit céi trong 7 tap trén 1a: 1+7(5-1) = 29> 26 (vd ly)
- A khong chtra S
Khi d6 A, s& c6 chung dung 1 phan tir véi mdi tap A, A,,..., A, Va 6 phan tir nay
phai khac nhau. (Vi 6 tap A, A,,..., A, dd co chung S ) Do d6 A, c6 it nhat 6 phan
tir. (v0 1Y)
Vay khéng c6 chit cai ndo nam trong 6 tap hop tir N tap hop da cho.
b) (0,5 diém ) Gia sir c6 nhiéu nhat k tap hop c6 chung dtng 2 chit céi, chang han S va
Khi d6 d& thay k > N —1 nén ton tai mot tap hop khac chua duoc ké tén trong k tap
hop trén, dat 1a tap hop X, X khéng chaa {S,T}.

e Néu X khdngchtraca S 1an T . X giao mdi tap trong k tap kia & 2 phan tir khac
nhaunén 2k <5=k <2
e Néu X chichta S, khong chua T.

Khi d6 4 phan tir con lai giao véi k tap kia & cac phan tir khac nhau, ma X cd 5 phan tu
nén k<4

Vay ¢6 nhiéu nhét 4 tap hop c6 chung dting 2 chir céi

Dé chi ra mot vi du vé kha ning c6 4 tap hop, xét N =6. Dé thuan tién, thay cac chit céi
bang cé4c con s6 tir 1 dén 26 . Khi @6 chon bo N tap hop nhu sau:
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A ={L2,3,4,5}
A, ={L,2,6,7,8}
A, ={1,2,9,10,11}
A, ={1,2,12,13,14}
A ={1,3,6,10,13}
A, ={2,3,6,9,12}

B 6 tap hop nay thoa man tat ca cac diéu kién caa bai toan

Binh luan. Nhu thuong 18, cau t6 hop ludn 1a dau 4n cua dé thi vao PTNK, cau té nim
nay ciing thé, rat kho khan, nhung néu duoc rén luyén véi cac bai toan tap hop, giao hop
cac phan tir thi day ciing c¢6 cau c6 thé kiém duge diém, it nhat 1a cau a. Cau b 1a cau cuc
tri t6 hop, kho, vé mat suy luan ciing khong khac ¥ a 1a miy, nhung do phai c6 danh gia
bat dang thtrc va tim vi du nén khd hoc sinh nao 1am duoc

Binh luan chung.

e Dé bai nhin chung vira dai va kho, c6 nhiéu y, day dua cac phan dai s6, sb hoc,
hinh hoc va té hop. C6 3 bai dai s6, 1 bai s6 hoc, 1 bai hinh va 1 bai to hop. Pai
s6 chiém 50% téng s bai

e Cac bai hoc sinh chuyén toan c6 thé lay diém dugc ¢ bai 1,2 va bai 5 a. Cac cau
muc phan loai la 3a,4a,5b . Néu 1am chéc cac cau trén nhiéu kha niang s& dau.

e Nhitng ciu khé 1a 3b,4b5c,6b, cac ki thudt kho dbi vai hoc sinh cap 2, dic biét Ia
3b va 4b.

e D& nidm nay nhin chung khé, cac ban 1am duoc tir 5 diém tré 18n ¢é hy vong dau
vao chuyén toan, con diém cao tim 9,10 t6i nghi 1a rat kho dat, phai thuc sy c6
nang khiéu va lam bai chac tay moi dat duoc
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