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Cau L (2,0 diéem) ‘ ‘
1. Cho a,b,cla ba so thuc théa man dong thoi cac di€u kién a+b+c=1va
1 1 1 . . . . AN
—+ Z + —=1.Chirng minh rang trong 3 s6 a,b,cc6 it nhat mot so bang 1
a c

2. Cho x,y,z1a ba s thuc thoa man dong thoi cac diéu kién x + y + z =2045va
(x—18) +(y—7) +(z-2020) =0.Tinh gi trj biéu thirc
F=(x-18)""+(y-7)"" +(2-2020)"
Cau II. (2,0 diém)
1. Giai phuong trinh 1+ 1 = 39

Jxi=1 12x

xy—3y=4x"+3x+3

2. @Giai hé phuong trinh
Y +4y+18=Tx>+16x

Cau IIL. (2,0 diiém)
1. Tim tAt cd céc cdp sO nguyén (x;y )théa man xy° — (x - 2)(x4 +2x+ 1): 2y?
2. Ching minh rang néu 2" =10a +b(a,b,n € 0,0<b <10,n>3)thi abi6

Cau IV. (3,0 diém)

Cho tam giac ABCnhon c6 £ZBAC > 4’50. V& vé phia ngoai tam giac ABC cac hinh
vuong ABMN va ACPQ.Pudng thang AQ cat doan thang BM tai E, duong thang AN cat
doan thing CPtai F ’

1. Ching minh to gidc EFQN ndi ti€p trong mdt duong tron

2. Goi I1a trung diém ciia doan thang EF.Chung minh 71 tam dudng tron ngoai tiép
AABC

3. Puodng thing MN cit duong thing PQtai D. Cac dudng tron ngoai tiép cac tam
gidc DMQva DNPcat nhau tai K (K # D).Céc tiép tuyén clia dudng tron ngoai
tiép tam gidc ABCtai B va C cit nhau tai J. Chung minh 4 diém D, A,K,J théng
hang

Cau V. (1,0 diem)

Trén mét duong tron ta lay 2024 diém phan biét, cac diém duoc t6 mau xanh va
mau do xen k& nhau Tai moi dlem nguoi ta ghi mot sd thuc khac 0 va 1 sao cho quy tic
sau dugc thoa mén “ so ghzfaz ngoz diém mau xanh bdng tong cua hai so gh?l tai hai diém ‘
mau do ké nd; so ghi tai moi diem mau do bang tich cua 2 so ghi tai hai diém mau xanh ké
no”. Tinh tong cua 2024 s6 do



PAP AN
Cau l.
1) Xéttich (a—1)([9—1)(0—1):abc—(ab+bc+ca)+(a+b+c)—1
=abc—(ab+bc+ca)
1

Tu —+l+l:1<:>ab+bc+ca=abc
a b c

Suy ra (a—l)(b—l)(c—l)zO. Vay 3 sd a,b,cco it nhét 1 s6 bang 1.
2) Tathdy , voi3 sd a,b,ctuy ¥ thi

a3+b3+c:(a+b)3+c3—3ab(a+b)

=(a+b+c)3—3(a+b)c(a+b+c)—3ab(a+b)

:(a+b+c)3—3(a+b)(b+c)(c+a)

Do d6 néu a+b+c=0thi a® +b° +* =3abc

DPit a=x-18,b=y—7,c=z—-2020t gia thiét suyra a+b+c=0=a’ +b’ + ¢’ =3abc
a=0

Mit khac, theo gia thiét, ta co: @® +b° +c* =0=3abc=0=|b=0
c=0

14 b_O
Néu a=0= { 0 2 truong hgp con lai tuwong tu
CcC=

Véy F — a2021 +b2021 + 02021 — O
Cau II.
x>1

1. DPiéu kién xé4c dinh: {
x<-1

Néu x < —1thi phuong trinh v6 nghiém do hai vé trai dau

2
Néu x >1, phuong trinh tuong duong voi x + j :3—§<:> [x+ al j :(—j

, X x> 1225
=1 TSy 144
x' x* 1225

X’ =1 Ty o1 144

bat 1 = \/if > 0, phuong trinh tr¢ thanh:
x =1

0




2
Fa2- 122 0o (141 <[ 2| =0 1=22(do 1> 0). Khi do
144 12 12

2
)z :f—5<:>25 ¥ —1=12x" < 144x* —625x* +625=0
x =1
xzzé x:ié
5= 3
X' == xX=*—
16 4
£ e ah pea 5 5
Két hop véi diéu kién x>1:>x:z;x:§

55
Vay S=<—;—
=133

o . xy—3y=4x"+3x+3
2. Giai hé phuong trinh:

Y +4y+18=Tx> +16x

Nhan phuong trinh dau véi 2 rdi trir di phuong trinh thi 2 vé theo vé ta dugc:

2x— 1" =10y —-18=x>-10x+6 < x> —=2xy+ > —10x+10y +24 =0

<:>(x—y—5)2 =leox-—y-5=4%1

Hx-—y-5=1=y=x-6

= x(x-6)-3(x-6)=4x" +3x+3<:>3x2+12x—15:0<:>{x:1:>y:_5
x=-5=>y=-11

Hx—y-5=-1=>y=x-4

:>x(x—4)—3(x—4)=4x2 +3x+3<3x" +10x-9=0

~5-2J13 ~17-2413
X=—= y =
- 3 3
—5+2J13 ~17+2J13
X=—"T">>y=""-——"—"
L 3 3
Vay hé phuong trinh c6 4 nghiém nhu trén.
Cau I11.

1) Gia str (x;)1a cdp s6 nguyén thoa man phuong trinh da cho
Khi d6 xp* —(x— 2)(x4 +2x+ 1): 2y°
= (x—2)(x4 +2x+1—y2):0. Ta thdy, véi x=2=ye [
Véi x # 2 thi phuong trinh tré thanh x* +2x +1=y?



Néu x>2:>x4<x4+2)c+1=y2<x4+2xz+1=(xz+l)2

Do x1a s6 nguyén nén x* & (x2 + 1)2 1a hai s6 chinh phuong lién tiép, suy ra khong ton tai

y nguyén thoa min bat dang thirc trén. Vi vay, truong hop nay phuong trinh khong c6
nghiém nguyén.

Néu x<2=x*-2x"+1= (x2 — 1)2 <x*+2x+1=y* <x*.Lap luan tuong ty ta thay
truong hiwpj nay phuong trinh cling khong c6 nghiém nguyén
x=-1=1y" =0 y=0(tm)
x=0=y" =1 y==1(tm)
x=1e )y =4 y==22(tm)
Vay cac cdp sd nguyén (x; y)théa mén phuong trinh gdm
(=1,0);(0;£1);(L£2)5(2;y Vy € D)
2) Vi 2"=10a+bva 0<b<10=2"cH tdn cing bang b
Dit n =4k + r(k,r e [,k>0,0< r< 3):> 2" =2%r =16" 2"

Néu 7=0=2"=16"c6 tan cing bang 6 nén b =6=>ab:6(1)

Néu 1< r<3=2"-2"=2"(16" —1)c6 tan cing bang 0 (vi 16" —1¢6 tan cing bang 5)
= 2"cé tan cung la 2", hay b=2"

Khi d6 10a=2"-h=2"-2"=2"(16' ~1}15=10a:3 = a:3

Mit khac 2" =10a +b:2 = b:2. Do d6 ab:6(2)

Tu (1) va (2) suy ra ab:6



CaulV.

1) Xét hai tam giac vuong ABE va ACF cé
ZABE = ZACF =90°; ZEAB = ZFAC (cung phu v6i ZBAC)
AB AE AN AE

= AABE [IAACF =

= = =
AC AF  AQ AF
1 ., \ . Lo s AN AE
Xét hai tam giac ANE va AQF c6 ZNAE = ZQAF (d6i dinh); A_Q = F cmt)
= AANE UAAQF = /ENA=/FQA = ZENF = ZFQFE
= EFON la ti giac ni tiép

2) Goi V 1a giao diém cua hai duong thiang EB, FC

T giac EAFV ¢6 AF //EV,AE //VF nén no l1a hinh binh hanh
Villa trung diém cua doan thang EF nén no ciing 13 trung diém ctia doan thang AV .Suy
ra 3 diém A,/,V thang hang
Mit khéc, ta thay tir giac ABVC co ABV = £ACV =90°nén nd noi tiép trong duong tron
duong kinh AV suyra IA=1IB=1IC



Hay 71a tam duong tron ngoai tiép tam giac ABC

3) Ta ching minh D, 4, K thang hang
Goi K'la giao diém cua DAva EF , d& thay t giac NDQOAndi tiép nén /NDK'= ZNFK'
. Do d6 ttr gidac NDFK 'ndi tiép , q
Mt khac, do tor gidc NDPF ndi ti€ép nén 5 diém N,D, P, F,K'cung thudc mdt duong tron.
Vay K’ thudc dudng tron ngoai tiép tam giac NDP ’
Chung minh tuong ty ta ciing co K’ cling thugc duong tron ngoai tiép tam giac
DMQ = K =K'= 3diém D, 4,K thang hang.(1)

Ta chimg minh 4, K,J thing hang

Do 5 diém D,0.K,E, M cung thudc mdt duong tron nén LAKE = ZDOE =90 suy ra
AK 1 KE . Tir d6 suy ra tt giac AKBE noi tiép nén EKB = ZDQOE =90° — Z/BAC . Tuong
trtacd LFKC =/FAC =90° — ZBAC
Suy ra ZBKC =180° —(LEKB+ £FKC)=2/BAC = BIC (gbc noi tiép va goc & thm cuing
chin 1 cung)= BKICla tir gidc ndi tiép
Mt khac JBI = JCI =90"nén BICJ ni tiép
Do d6 5 diém B,K,I,C,J cung thudc mot dudng tron nén ta co
ZIKJ = ZJBI =90° = JI 1 EF
Ma AK 1 KE = A4,K,J thang hang (3)
Tur (1) va (2) suy ra 4 diém D, 4,K,J thang hang.
Cau V. 7 7
Ta thay trén duong tron s€ c6 1012 diém dugce t6 mau xanh va 1012 di€m dugc t6 mau do
Xet 10 diém lién tiép bat ky trén duong tron voi diém dau tién la mau xanh
Ta goi 5 gia tri trén 5 diém mau xanh 13 a,,a,,a,,a,,a;va 5 gia tri trén diém mau do 1a
b,,b,,b,,b,,b,
Dat a, =m,b, = n(m,n # 0;1), Theo quy tdc dé bai dua ra ta co:

azz%:% b,=a,—b, _n_, n(l—m)
1 m
a3:_:n(l——m).ﬁ:1_m by=a,—b, = n(l m) (1- m)(m n)
a, m n
_b3:(1—m)(m—n) Il _m-n b,=a,—b, = (1 m)(m ”)_m "
s m 1-m m m
b, by=a,— 4=m—(m—n):n:b1
as=—=(m—n) =m=aq
a, m




Nhu vay tor mot diém mau xanh hodc d6 bat kf thi sau 4 diém gia tri cua no s€ 1ap lai. Ta
m-n_,

. n
coia, +a,+a,+a,=m+—+1-m+
m m

Tong céc gid trj trén cac diém mau xanh 1a : (1012:4).2=506
Vi gié tri trén mdi diém mau xanh bang tong cac gia tri trén 2 diém mau do ké né nén tong

7 . A ’ s A \ M 1 A Sy . A I : A \ 5
gia tri trén cac di€ém mau xanh bang Etong gia tri trén cac di€ém mau do.

Tong tat ca cac s6 =06 1a : 506 + %.506 =759



