HUONG DAN CHAM

PE THI CHON PQI TUYEN DU THI CHON HSG QUOC GIA NAM 2023-2024

Mobn: Toan THPT

NGAY THI THU NHAT: 14.9.2023

Cau 1 (5,0 diém). Cho hai sé thyc a, b thoaman: 0<a<1va 0<b Sg' Xét cac day sé thuc

XX=Y,>0,%=Yy,>0
4x.,, = ax,,, +bx,

,VneN"
4yn+2 = You +Eyn

n+1

(x,):(y,) xéac dinh boi:

Chung minh ring x, <y,, vneN" vaday (x,) co giéi han hitu han.

Huwéng dan cham piém
bPat x, <y.,VneN (*). Vi n=1, 2 thi (*) dung.
. 1,0

Gia sir (*) ding den n=k, k > 2. Viday (x,) duong nén 4x,,, < X, +gxkl.
Theo gia thiét quy nap thi 4x,, <y, +§ykl =4y, ., = X < V- Vay (¥) dang voi 10
n=k+1. Theo nguyén Ii quy nap thi (*) dang.
Xét phuong trinh dac trung cta day (y, ): 427 -2 —g =0 e {—%%} Suyra

3Y 1Y Lo
y, = Cl.[zj +C2.(—Ej ,VneN";C,,C, lahang so.
Vi —1,§<1 nén lim 3 =lim L =0. Suyra limy, =0. 1,0

2| 4 4 2

Theo trén thi 0<x, <y,,VneN". Kéthop véi limy, =0 suyra limx, =0. 1,0

Cau 2 (5,0 diém). Tim tat ca cac gia tri cia aeR" dé ton tai ham s6 f : R — R thoa mén

f(x+y+f(y))="f(f(x)+ay;vx,yeR.

Huwéng din cham piém
Gia str aeR" thoa man gia thiét: Ton tai ham sé f : R — R sao cho
f(x+y+f(y))=f(f(x)+ay;vx,yeR (1). 1,0
Khido f(y+x+f(x))="f(f(y))+ax;vx,yeR (2).
Néu f(x)= f(y) thitr (1) va(2)suyra ax=ay = x=Yy. Vay f la don anh. 1,0
Cho y=0 ta dugc f(x+f(0))=f(f(x)); ‘v’Xe]R‘ (3) Do f la don anh nén Lo
3) = f(xX)=x+f(0)= f(x)=x+c, VxeR,c lahang so. ’




Thay f(x)=x+c vao (1) taduoc 2y =ay,VyeR=a=2. 1,0

Vé6i a=2 thihamsé f(x)=x+c, vxeR thoa man (1).
Vay a =2 la tit ca cac gia tri can tim.
Cau 3 (5,0 diém). Cho da gidc déu AA,...A,,. Mdi dinh cia da gisc AA,...A,, duoc gin mot
trong cac s6 1,2,3,...,11. Ching minh rang ton tai mot hinh chir nhat AA/A A thoa man

1,0

m, +m; =m, +m,, trong d6 m,, m;, m,, m, lan luot 1a cac s6 gan véi cac dinh A, A, A, A.

Huwéng din cham piém
Gia sir da giac déu A A,...A,, ndi tiép duong tron (C). Khidoé (C) ¢ ding 12 duong
kinh AA;, AA,.... A,A,. Ta gan cho duong kinh A A, s6 |m,,-m/|. Do| 1,0
m,, M.y, €{1,2,..,11} nén 0 <|m,,,, —m,|<10.

Nhu vady mdi mot trong 12 dwuong kinh AA,, AA,,..., A,A, tuong (g véi mot
trong cac s6 0,1,...,10. Theo Nguyén Ii Dirichlet, cd it nhat hai duong kinh duoc dat | 1,0
tuong tng véi cing mot sd.

Khéng mét tong quat, gia sir d6 1a duong kinh A A,,, AA 1, (1< x <y <12). Khi

do A, A, A AL, 134 dinh ciia mot hinh chir nhat. 1.0
m.,+m =m_,+m, (a
Mat khac [m, ., —m,|=|m, ., —m | < oy ). 1,0
mx+12 + my+12 = mx + my (b)
Néu (a) xay ra thi chon A = A A=A A=A, A=A = (dpem).
. 1,0
Néu (b) xay rathi chon A=A, A=A, A=A, A=A, = (dpcm).
. 2 Y L (U, =0,u, =1
CAu 4 (5,0 diém). Cho day so (u, ) xac dinh béi: :
U,,=4u.,+u,vneN
a) Chiing minh rang u, chia hét cho 5 khi va chi khi n chia hét cho 5.
b) Tim tat ca cac gid tri caa n dé u_ chia hét cho 5%%,
Huwéng dan cham piém
a) Taco u,,=305u,,+72u..Suyrau, .:5<u :5 (1). 1,0
Vi u,u,, ug,u, 75 vau,:5néntr(1)suyrau, :5<n:5 (2). 1,0
. B B 1 n n
b) Mit khac u_ _m[(mﬁ) —(2—£) },Vn eN (3). 0.5
. n n ab =(—:|.)n
Data=(2+\/§) ,b=(2—\/§) . Suy ra ,VneN (4). 0,5
a-b= 2\/§un
Tu (1), (3), (4) suyra
1 5 5 4 3 2182 3 4 1 0
U, =—-==(a>=b’)=u_ (a" +a’b+ah”+ab’ +b '
=@ ) = )
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=u, ((a— b)* +5ab(a—b)’ + 5a2b2) =u, (400u;‘ +100.(-1)" uZ + 5).

Do d6 u,, =5U, (80u: +20.(-1)" 02 +1) = u,, =5u,.A,, véi gcd(A,,5) =1 (5).

Tur (2) suy ra: Néu u, :5°% thi ni5=n=5m, véi k,meN", gcd(m,5)=1. Khi
d6 u, =u, =5B,, véi gcd(B,,5)=1. Vay

un 352023 P 5k-Bn 352023 = 5k 252023 en 52023.

1,0
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NGAY THI THU HAI: 15.9.2023

Cau 5 (6,0 diém). Mot xau nhj phan do dai n (ne N") lamot ddy gdm n chit s6 0 hodc 1 xép

lién tiép nhau. Hai xau nhi phan a,a,...a, va bb,..b biang nhaunéu a, =b, vi=1n.
a) C6 bao nhiéu xau nhi phan c6 d6 dai 2024 va chtra dang 1000 chir s6 0 ?
b) C6 bao nhiéu x&u nhi phan c6 d6 dai 2024 va chira dting hai xau con 01 ?

Huwéng dan cham piém

a) SO xau nhi phan c6 d6 dai 2024 va chia dang 1000 chir s6 0 bang sé cach chon
1000 vi tri cho chir s6 0 trong 2024 vi tri ciia Xau a,a,...a,y,,- Suy ra s6 xau nhi phan 15

c6 d¢ dai 2024 va chira dang 1000 chir s6 0 bang Cloo.

b) MJi xau nhi phan c6 d¢ dai 2024 va chira dung hai xau con 01 chi ¢d thé thudc
mot trong cac truong hop sau:

TH1: Xau c6 dang AB A B,A,, trong d6 A 1a mot xau nhi phan chura toan s6 1 va 1,0
c6 x >0 chitsd 1; A, A, lacac xau nhi phan chira toan chit sé 1 vaco x, >1, x, >1
chit s6 1; By, B, la cac xau nhj phan chtra toan chit s6 0 vaco x, >1, x, >1 chit s6 0.

X, + X, + X+ X, + %, = 2024

Ta c6 phuong trinh < x, e N ().
X,y Xgy X,y X €N
— +V,+V.+VY,+ Y. =2020 1,0
Pat y, =X, Y, = X, —1(Vi =2, 5), ta dugc {yl Yo £ Ya T ¥t Vs (a).
yl’ y27 y3’ y47 y5 € N

S6 cac xau c6 dang AB,A,B,A, = s6 nghiém cua (1) = s6 nghiém cua (a) va bang
C:024'

TH2: Xau c6 dang AB,AB,AB, trong d6 A 1a mot xau nhi phan chira toan chit s6
1vach x>0 chit s 1; A, A, l1a cac xau nhi phan chta toan chit s6 1 va co

, N , ~ . a \ 4 Y z 11
X, =1 %21 chit s6 1; B, B,, B, la cac xau nhi phan chtra toan chir s6 0 va co 0
X, 21, % =1, X, >1 chit $6 0.
X, + X, + X + X, + X + X, = 2024
Ta c6 phuong trinh < x, e N (2).
X,y Xay X,y Xgy Xg € N
Vit Yo+ Yt Vat s tYe=2019 1,0

bat =x,.=x.—1Vi=2,_6,td_c b).
ERERSEA ( )aw {yl,yz,yg,yuys,yaeN ®)

S6 cac xau co dang AB,AB,A,B, = s6 nghiém ciia (2) = s6 nghiém caa (b) va bang

5
C2024 :

Vay s6 cac xau théa mén bai toan la Cj,, +C>,, = C . (Xau). 0,5
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Cau 6 (7,0 diém). Cho da thirc P(x) = x* — x* + ax+b e R[x]. Biét rang P(x) c6 4 nghiém

, Sy 1 .
thuc x, x,, X5, X,; chang minh rang _ES X, %o, X3, X, <1 va a > 2b.

Huwéng din cham piém

Theo binh li Viet, ta co

X, +X + X+ X, =1
X, X, + X Xg + X X, + X, X5 + X, X, + XX, =0
1,0
xooxx, | et il g )
1727374 Xl XZ X3 X4
X, X, XX, =b
Suyra xX +x;+x;+x; =1. 0,5
Ap dung bt dang thirc Bunyakovsky, ta co
2 2 2 2 2, 1 2 2, 1 2 1 1,0
1=X +(x2 + X2 +x4)2 X; +§(x2 +X X)) =X +§(1—x1) =-5<% <1
1 o1
Tuong tu cho _ES Xy, X5y X, <1. Vay _ES X;y Xy Xz, X, <1, 0,5
R | R A < i A £
Theo trén thi _ES X,y Xy, X5, X, <1. VI hé so cua luy thua bac cao nhat cua P(x) 10

duongnén P(1)>0=a+b>0 (1).
Néu b <0 thitr (1)suyra a>0=a=>2b. 0,5
Néu b >0 thi (*) suy ra x,x,x;x, > 0. Khi do, trong 4 nghiém x,, X,, X,, X, phai c6

R A A (2 o 1,
hai nghiém duong, hai nghiém am. Khong mat tong quat, gia st x;, X, > 0; x,, X, <0. 0
Tu —%s X, <lsuyral+2x,>0val-x,>0. Dodo

X5 (1= %) 2 02 XXX, (142X, ) = X5 (X + X, + X3 ) = XX, X3 = 2X X, X5X,
BEAULL 2N RPN LR R L 15
X1X2X3 X4 X1X2X3 X4
(2
R
Xl XZ X3 X4 Xi XZ X3 X4

Vay trong moi truong hop thi a > 2b.
Cau 7 (7,0 diém). Cho hinh thang ABCD c6 hai ddyla AB va CD (AB > CD). Trén doan CD
liy diém L khac C va D. Goi S la giao diém cua AD va BC; duong thang SL cit AB ftai
K. Trén tia KS liy diém P sao cho APB=BCD, trén tia LK liy diém Q sao cho
CQD = ABC. Goi Y la giao diém thtr hai ciia KL véi dudng tron ngoai tiép cac tam giac CDQ
(Y #Q). Chang minh rang:

a) Hai tam giac SCQ va SYC ddng dang;
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b) Bén diém P, Q, B, C cung thugc mot dudng tron.

Huwéng dian cham piém

a) Xét hai tam giac ASCQ, ASYC ¢6 goc CSY chung (1).

0,5
Tac6 SCD =180° — BCD = ABC = CQD =>CS Ia tiép tuyén cua (CDQ). 1,5
Do d6 SCY =%sdm =SQC (2). Tr (1) va (2) suy ra hai tam gidc ASCQ va|
ASYC ddng dang.
AB//CD _—
b) Goi (O) = (ABP), (O") = (CDQ). Tv suy ra O'CD = OBA. Do d4
) Goi (O) = (ABP), (O') = (CDQ) H{OB//O'Cy 0 do
15
AO'CD~AOBA:>£=E=S—B:>O,O',S.
0O'C CD SC
Goi X la giao diém thu hai cia KL véi duong tron ngoai tiép cac tam giac ABP
(X =P). Pat k =§—(B:. Vi SC latiép tuyén ctua duong tron (CQD), SB latiép tuyén
cia dudng tron (ABP) va S,0,0" nén phép vi tu V. (CQD) > (BXA). Suyra| P
Ve Q> X. Dodd SB - SX 3).
sC 5Q

Vi SB latiép tuyén cua duong tron (ABP) nén SP.SX =SB? (4). Tir (3) va (4) suy

SC.SX 1,0

ra SP.SQ = SP. =SC.SB= P, Q, B,C cung thugc mot duong tron.

Ghi chi: Néu thi sinh 1am bai theo cach khac (véi kién thire trong chirong trinh THPT chuyén)
thi vdn cho diém theo cac phan diing twong vng.



