SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

AN GIANG DU THI HQC SINH GIOI CAP QUOC GIA
) Khoa ngay 17/10/2020
PE THI CHINH THUC Mbén : TOAN
BAI THI THU NHAT
(Dé thi gom 01 trang) Thoi gian lam bai 180 phit, khong ké thoi gian phat dé

Cau 1 (4,0 diém).
Tim tat ca cac gia tri nguyén ctia x d& M nhan gia tri 1a mot s6 nguyén t6.
M = |x3 — 2x? — 10x + 8|
Cau 2 (4,0 diém).
Cho ba sb A4; B; C thdoa man
|sinA + sinB + sinC| = V5
Chtrng minh rang |cos A + cos B + cos C| < 2
Cau 3 (4,0 diém).
Tim tat ca cac ham sb f: R — R lién tuc va thoa man
fR2FG)+f)]=2x+y voimoix; y €ER
Cau 4 (4,0 diém).
Cho diy s6 (uy,) biétu, = 2;u,.1 = 4u, + \/m (n € N).
a. Chirng minh rang day sb (u,,) 1a ddy s tang.
b. Chtrng minh rang diy s6 (u,,) c6 cac s hang déu 1a sd nguyén.
c. Tim sb hang tong quat cua diy (u,).
Cau 5 (4,0 diém).

Céc diém P; Q;R nam trén ba canh BC, CA, AB cua tam giac ABC sao cho
AP, BQ, CR cit nhau tai S ddng thoi thoa man

S =S A SARC — (CA)4

Chung minh rang tir giac ABPQ ndi tiép trong mot dudng tron.

Hét

Thi sinh khéng dwoc si dung tai liéu va mdy tinh cam tay.

Hovaténthisinh........................... -Sdbaodanh. ......... .



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

AN GIANG DU THI HQC SINH GIOI CAP QUOC GIA
) ] ] Khoa ngay17/10/2020
PE THI CHINH THUC Mén : TOAN
BAI THI THU HAI ‘
(Dé thi gom 01 trang) Thoi gian lam bdi 180 phiit, khéng ké thoi gian phat dé
Cau 6 (5,0 diém).
Cho hé phuong trinh

ax’+bx+c=y
ay?+by+c=z (ab;c €R,a+0)
az’?+bz+c=x
Chung minh rang néu (b — 1)? = 4ac thi hé phuong trinh ¢6 nghiém.
Cau 7 (5,0 diém).

Cho phuong trinh x* + ax® + bx? + cx + 1 = 0 (a, b, ¢ € R) c6 nghi¢m.
Chiing minh rang:

a’?+b%+c?>

wl s

Cau 8 (5,0 diém).

Mot bang 6 vuong hinh chir nhat ¢6 2020 hang va 2021 cot. Ky hi€u (m, n)
(1<m <2020; 1 <n<2021) 1a 6 vuéng nam & hang tht m va cot thir n.
Thuc hién t6 mau cac 6 vudng cta bang theo quy tic sau:

+ Lan thtr nhat t6 mau hai 6 vuong (r,5); (r + 1;s + 1) v6il1l < r < 2019
1 <5< 2020.

+ Lan th{r hai tré di, t6 mau hai 6 vudng chua ¢6 mau nam canh nhau trong
cung mot hang hay cung mot cot.

Chung minh khong thé t6 mau tat ca cac 6 cta bang da cho.

Cau 9 (5,0 diém).

Cho ABC 1a tam giac c6 ba goc nhon. Goi A’, B’ va C’ 1a cac diém d6i xtmg
v6i A, B va C lan lugt qua BC, CA va AB. Puong tron ngoai tiép cac tam giac
ABB’ va ACC’ ¢6 A4 1a diém chung thir hai. Tuwong tu B; va C; 1a diém chung thi
hai ctia cac dudng tron ngoai tiép cac tam giac BAA'; BCC' va CAA’; CBB'. Chiing
minh rang cac duong thang AA,, BB; va CC; dong quy.

Het

Thi sinh khéng dwoc siv dung tai liéu va mdy tinh cam tay

Hovaténthisinh........................... -Sdbaodanh. ......... .



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

AN GIANG DU THI HQC SINH GIOI CAP QUOC GIA
Khoéa ngay 17/10/2020
Mén : TOAN
DAP AN
Cau Luwgc gidi Pi¢m
Tim céc gia tri nguyén cua x dé biéu thirc M = |x3 — 2x2% — 10x + 8| 12 mot
sd nguyén tb. 1,0d

TacOM=|x—4||x*+2x—2|

Do x 1a sb  nguyén nén |x — 4[; |x2 + 2x — 2| déu 12 s6 nguyén
Pé M 1a s6 nguyén to thi mot trong hai sb |x — 4| hay|x? + 2x — 2| phai bang | 1,0 d

Caul |
d‘i'g?n | Truonghop: [x —4|=1=x=3;x=5=M=13;M =33(loai) | 1.0d_

Truong hop: |x2 +2x — 2| =1=x*+2x -2 =+1
X’ +2x—-2=1=x*?+2x-3=0=>x=1;x = -3
SM=3M=7 1,0d
x2+2x—2=—1=>x2+2x—1=0=>x=—1i\/§(loai)
Vay véi x = 1;3; —3 thoa dé

|sin A + sin B + sin C| = +/5 Chtng minh rang |cos A + cos B + cos C| < 2.

Pita = sind; b = sin B ; ¢ = sin C theo gia thiét ta co
la+b+c|=+5 15d

Maa? + b%? +c? > (a+b+c)2=a + b?% + c?

UJIU'I

Céu 2 Déubéngxéyrakh1a=b =c= i%

4,0 A 2 2 2 1 2

diém Talai c6 cos“ A + cos“ B + cos* C = g(cosA + cosB + cos ()
= 3[1-a®)+ (A -b%)+ (1 —-c?)] = (cosA + cos B + cos C)? 1,54
& 9—3(a%+ b%+ c?) = (cosA + cos B + cos C)?

= 9> (cosA+cosB+cosC)? +3@@+b2+c¢> |
& 9> (cosA+cosB+cosC)?+5
& 4 > (cosA + cos B + cos C)? Lod
Vay |cos A + cos B + cos C| < 2; dau bang xay ra khi va chi khi ’
.5
A=B=C-= iarcsm?+2kn (ke 2)

Ham s6 f lién tyc trén R thoa man

C:l:)3 ff)+f(y)=2x+y véimoix; y ER (1)

diém D& thay f(x) = 0 khong théa man 1,0d

+ Thay y boi x vao (1) ta duge f(3f(x)) = 3x (2)
+ Thay x boi 3f(x) vao (2) ta duge f[3f(3f(x)] = 9f(x)
& f(9x) = 9f (x) (3)




+ Cho x = 0 vao (3) ta duoc f(0) =9f(0) = f(0) =0
+Chox =0 vao (1) taduoc f(f(y)) =y (4)

+Cho y = 0 vao (1) ta duge f(2f (x)) = 2x 1,5d
Nhu vy (1) vietlai la f[2f (x) + fO)] = fI2f ()] + FIF O] (5)
| Tur (4) taching minh f:R — R lasonganh [
That vay gia st f(x;) = f(x2) = f(f(x1)) = f(f (x2)) = %1 = x; f don
anh 0.5 d
V6imoiy € R,xét x = f(y) € Rkhido f(x) = f(f(y)) =y vay f latoan |
anh
|Hay flasonganh.
Do vay v6i mdi u; v € R ludn ton tai x; y sao cho
2f(x) = u; f(y) = v Khid6 (5) viétlaila f(u + v) = f(u) + f(v)
Theo phuwong trinh ham Cauchy ta dugce f(x) = ax. 1,0d
Thay vao (2)tacd f(3ax) =3x © a(Bax) =3x = a’=1=a = +1
Thir lai ta thdy f(x) = x hay f(x) = —x thoa dé bai.
Cau a. U; = 2;Uyyq = 4u, ++/15u2 — 60.
‘;ao Taco uy = 2> 0;u, = 8> 0; pyy = 4ty +150F — 60 2 duy (0> 1) | |
d;ém . = Unt1 = Un ’
Day so u,, la day tang.
b. Chtrng minh rang diy s c6 cac s hang déu 13 sé nguyén.
Upeq = 4u, ++/15u2 — 60 & u,,, — 4u, = /15u2 — 60
o U, — 8uyu,,, + 16u2 = 15u2 — 60 1,0d
Cau = u721+1 - 8unun+1 + u721 +60=0 (*)
a4b |
2,0 | Thaynbsin —1 tadugc u2 — 8u,_qu, +ui_; + 60 =0 (xx)
diém | Lay (*) trir (**) ta duge ufyy — uf — 8up(Upyy — Up_g) + Ui —up 1 =0
U4 — 8Up (Unsq — Up—g) —UF_1 =0
(Uns1 — Un-D[Un1 + Upg —8up] =0 1,0d
Do day tang nén (U — Up_1) >0
= Uy — BUy Uy =0 (x%x)
Tir (***) ta nhan thiy diy u,,c6 cac s6 hang déu 13 s6 nguyén.
R c. Tim s0 hang tong quat cua day u,,.
Cau
4¢ Upt+1 — 8un tup = 0 (***)
1.0 Ta c¢6 phuong trinh dat trung A2 — 81 + 1 = 0 phuong trinh c6 hai nghiém
diém A=4++15 1,0d

Do u; = 2;u, = 8tadugcu, = (4 + \/1_5)11_1 + (4 - \/1_5)71_1

. : -1 -1
Vay s0 hang tong quat cua day la u, = (4 + 15)n + (4 — \/15)n




Céc diém P; Q;R nam trén ba canh

BC,CA, AB cua tam giac ABC sao cho A
AP, BQ, CR cit nhau tai S dong thoi thoa
man R Q0
S CcA*
Saps = Sgspc Véﬁ = BCH §
Chung minh rang tir giac ABPQ ndi tiép 1,0d
trong mdt duong tron. B P C
Giai:
béta = BC; b = AC; hg; hy la hai dudng cao ké tir A va B cua tam giac ABC.
Tir gia thiét
Saps = Sospc = Saps + Spps = Sgspc + Spas
Caus | ] = SaBP = SoBC ol
490 hb a
dibe  BP.hy = CQ.hy < BP =320 = 1-CQ
Tuong tu ta duoc 1,0d
Saps = Sgspc = Sapg = Sapc = AQ = —-CP
Ta lai co
Sue CA* AR CA* AR b* 1.0d
- e = & — =
___________________________ Sprc.. BC* _BR _BC* BR a* |
. BP.CQ.AR 7CQ.CQ AR a?CQ% b* (b.CQ\2
°C CP.AQ.BR (pl cp BR DbCP? at (a. CP)
a
Theo dinh Iy Ceva cho tam giac ABC ta dugc AP, BQ, CR cit nhau tai S nén
BP.CQ.AR b.CQ 1,04
CPoARE " T acp- 1= bCQ=acP
Do a = BC; b = AC nén ta dugc AC.CQ = BC.CP < CQ.CA =CP.CB
hay tir gidac ABPQ ndi tiép dugc duong tron.
ax’+bx+c=y
ay’+by+c=z(@b;c €R,a+0)
az’+bz+c=x
Cau6 | 1,0d
5,0 | Giai: Viet hé phuong trinh tré thanh ’
diém ax*+(b-Dx+c=y—x
ay’+b—-1Dy+c=z-y
___________________________________ az’+ b-Vz+c=x—-z | .
DitX;=y—-x;X,=z-y;Xs3=x—2z2=>X+X; + X3 =0 (%)
ax’+b-Dx+c=X, Lod
ay?+ (b -1Dy+c=1X, ’
_____________________________________ az+(b-Dztec=Xs
Néu (b—1)2—-4ac<0=ax*+(b—1)x+c cing diu voi a= L0d




Néu(b—1)2—4ac=0= ax?+ (b—1)x+c =alx —xy)?
1-b
X0 =0

Hé tré thanh
alx —xy)% = X,
a(y —x0)* = X,
a(z — x9)? = X3
Khi do6 x =y=z=¥=>X1 = X, = X3 = 0 nén hé c6 nghiém .
(b—1)2—-4ac>0= ax*+(bh—-—Dx+c=alx—x)(x —x,)
Hé tré thanh
a(x —x1)(x —x3) =X,
aly —x)(y —x3) = X;
) a(z —x1)(z — x2) = X3
H¢ da cho co it nhat hai nghiém
1—b++/(b—1)2—4ac
2a

xX=y=2z=

Vay (b — 1)?> — 4ac = 0 thi hé c6 nghiém.

1,0d

1,04

Cau7
530
diém

Cho phuong trinh x* + ax® + bx? + cx + 1 = 0 ¢6 nghiém
Chung minh rang a? + b? + c? > %
Goi x, la nghi€ém cua phuong trinh, ta dugc
Xk bX g = (A kxg)
Ap dung BDT Bunhiacopski ta co
(@®+ b2+ (xS + x5 +x2) = (axd + bx? + cyxg)? = (1 + x5)?
X (1 + x3)?
S a?+ b2+t > <7 3
Xg + x5 + X5
Dau bang xay ra khi a: x5 = b: x¢ = c: x,
Ta ching minh
4N\2

% = i (*)

Xg+xy+x5 3
That vay (*) & 3 + 6x§ + 3x§ > 4x§ + 4x§ + 4x?

& 3x8 —4x§ +2x; —4x2+3=0
& X2 -1)BxE—xt+x2-3)=0
& (x—1)?2@xg+2x2+3)=0
Dau bang xay ra khi x, = +1
| Bat dang thirc cudi cing dung nén (*)dong.

Vay a? + b% + ¢? = %déu bang xay ra khi

+ R
(o)
+ =1
Il
o

@ _b_ ¢ a

{ -1 1 -1 hoéc{ 1
l-a+b—-c+1=0 1+%+b

h

> a=—-hH=C=—
a bc30_ 3

2,0d




Cau 8
530
diém

Chia céac 6 vuong cua bang thanh hai loai

+ Loai 1 gdbm cac 6 (m;n) véim +n = 0 mod(2)

+ Loai II gdm cac 6 (m; n) voéim +n = 1 mod(2)

Vi 2020 chia hét cho 2 nén s6 6 cta hai loai déu bang nhau.

Lan thir nhat t6 hai 6 cing loai vir + 1 + s + 1 = r + s mod(2)

Lan thir hai tro di t6 hai 6 khac loai vi cing mot hang hay cting mét cot
Nhu vay tong cac 6 sau mdi 1an t6 déu chénh 1éch sé loai.

Vay khong thé to hét tat ca cac 6 clia bang

504

Cau 9
530
diém

Cho tam giac ABC c6 ba goc nhon.

A’, B’ va C’ 1a cac cac diém ddi xang véi
A, B va C 1an luot qua BC, CA va AB.
Pudng tron ngoai tiép cc tam giac
ABB’ va ACC’ ¢6 A, 1a diém chung thir
hai. Twong ty B; va C; 1a diém chung
thir hai ctia cac dudng tron ngoai tiép
cac tam giac BAA"; BCC' va

CAA'; CBB'. Ching minh rang cac
duong thang AA,, BB; va CC; dong
un' N I4

Goi 04, 0, va O lan lugt 1a tam dudng tron ngoai ti€p cac tam giac
ABB’, ACC’ va ABC.

Ta c6 AB 1a trung truc cia doan thang CC’ va 0,C = 0,C' = 0, € AB

0, 1a giao diém cta AB va dudng trung truc cta doan AC.
Tuong tu 0, 1a giao diém cua AC duong trung truc cua AB.

| Vi 0 la tm duong tron ngoai tiép tam gidc ABC nén 0 1a giao diém cua hai
duong trung tryc cua hai canh AB va AC.
= 0,0; 0,0 la hai duong cao cua tam giac A0,0,. Hay O la tryc tam cua

| Mt khac, doan AA, 1 diém chung cua hai duong tron, nén AA;vudng goc
voi 040,.
= AA; la duong cao cua tam giac A0, 0,

| Tuong tu BB, va CC, diquaO
Vay ba duong thang AA,, BB; va CC; dong quy tai O.

1,04

Luu y: Thi sinh 1am cach khac dting van cho diém tdi da.




