SO GIAO DUC VA PAO TAO KY THI CHON HOQC SINH GIOI LOP 9 CAP THANH PHO
HA NOQI Nim hgc 2021 — 2022

M6n: TOAN
Ngay thi: 24 thang 3 nam 2022
Thoi gian lam bai: 150 phat

PE CHINH THUC

Bai I. (5,0 diém)
1) Giai phuong trinh VX+3 ++/3x+1=x+3.
2) Cho a,b,c 1a c4c sé thuc khac 0, thoa man a® +ab=c?+bc va a?+ac=b?+bc.

Tinh gia tri cua bidu thue K :(1+%)(1+9j(1+3] .
C a

Bai II. (5,0 diém)

1) Tim tat ca cac s6 tu nhién m,n thoa man 3" +2022 =n?.

2) Tim tat ca sé nguyén té p dé phuong trinh x* +y® —3xy+1= p c6 nghiém nguyén duong.
Bai IIL. (2,0 diém)

Véi céc sé thuc a,b,cthoa mdn 0<a,b,c<1 va a+b+c=2, tim gia tri Ion nhat va gia tri nho
ab bc ca

nhat cua biéu thirc P = + + .
1+ab 1+bc 1l+ca

Bai IV. (6,0 diém)

Cho tam giac ABC nhon (AB < AC), néi tiép duong tron (O) . Cac duong cao AD, BE, CF cuia tam
giac ABC dong quy tai truc tim H . Goi K, Q lan luot 1a giao diém cua duong thang EF véi hai duong
thang AH, AO.

1) Ching minh AQE = 90°.

2) Goi | 1a trung diém cua AH. Chimg minh IE? = IK.ID.
3) Goi R, J lan luot 14 trung diém cia BE, CF. Chirng minh JR vudng géc véi QD.
Bai V. (2,0 diém)
1) Tim tat ca cac s6 nguyén a,bsao cho sé (a*+b)(b° +a) Ia lap phuong cira mot s6 nguyén to.
2) Trén bang ta viét s6 tu nhién 222...2 gdbm 2022 chit s6 2. Mdi budc ta chon 22 chit s6 lién tiép nao

d6 c6 chir sb ngodi cling bén trai bang 2, rdi bién d6i cac chir sb dugc chon theo qui téc: chit sé 2 ddi thanh
chir s6 0 con chir s6 0 doi thanh chir so 2.

a) Chang minh moi cach thuc hién déu phai dirng lai sau mét sé hitu han budc.

b) Gia st sau khi thuc hién dugc n budc thi khong thé thuc hién duoc thém budc nao nita. Ching
minh n 1asé Ié.

Giam th; khéng giai thich gi thém.
Ho t8N thi SiNN 1w e e SODA0 AANN & w.vee e



HA NOI

Nam hoc 2021 — 2022

PE CHINH THUC

Mén thi: TOAN
Ngay thi: 24 thang 3 nam 2022

SO GIAODUC VA PAOTAO KY THI CHON HQC SINH GIOI LOP 9 CAP THANH PHO

CAU HUONG DAN CHAM PIEM
I Giadi phwong trinh \/:z: +3 + \/3:z +1=2+3. (2,5 diém)
Piéu kién xéac dinh: z > 1 0,5
Phuong trinh d cho dua vé (a: I SN 3) " (33: +5—43z+ 1) =0 0.5
2 2
<:>(\/x 3—2) +(\/3x+1—2) ~0 0,5
. . INz+3=2
Lap luan dé dan toi 0,5
3r+1=2
& = 1.Két hop diéu kién xac dinh: phwong trinh c6 nghiém 13 2 = 1. 0,5
Tinh gid tri ciia bidu thirc P = (1 + %) (1 + 9}[1 + EJ. (2,5 diém)
C a
. b+c c+a a+b
Tu giathiét suyra a(a+b)=clb+c);ala+c)=blb+c)= = = . 0,5
g yraa(a+b)=cb+e)afore)=blb+e)=——=—"=—
TH1: a+b+c=0suyraa+b=-cb+c=-a;c+a=-b. 0.5
Dodo1+2=0tb €, 0 =0y ¢ 2 gyrp-t20_ 0.5
b b b c c a a b ¢ a
TH2: a+b+6¢0:b+c+1:c+a+1:a+b+1:>a+b+c:a+b+c:a+b+c:>a:b:c 0.5
a b c a b c
suyraP={1+3J£1+Q][1+Ej=8. 0,5
b c a
I Tim tit cd cdc sé tw nhién m,n sao cho 3" + 2022 = n’. (3,0 diém)
Gia sit m,n 13 hai s6 tu nhién thoa man 3™ + 2022 = n’. 0.5
THI1: m =0: LOAIvi n’ = 3" + 2022 = 2023 khong phai la mot sd chinh phuong. ’
TH2: m =1: n° =3' +2022 = 2025 = 45° = n = 45. 0,5
TH3: m > 2. Khi d6 n® = 3" +2022:3 = n’:3. 0,5
dan t6i n’ :9hay 3" +2022:9. 0,5
Diéu nay vo li vi 3" 19, con 2022 khong chia hét cho 9. 0,5
Két luan, m = 1,n = 45. 0,5




Tim s6 nguyén té dé phuong trinh ... (2,0 diém)

Bién doi duoc p=a:3+y3—3:vy+1=(:v+y+1)(x2+y2+1—a:y—x—y). 0,5
Nhan xét p 1a s6 nguyén t6, con z + y + 1 > 1 nén dan t6i
x2+y2+1—xy—1:—y:1<:>(:r—y)2+(1:—1)2+(y—1)2:2. 0,5
Cha y z,y 1a cac s6 nguyén duong.
N . 2 y=20
THI: 7 =1,ddnt6i 2(1-y) =2 < .
v=2 0.5
Két hop diéu kién ta dugc z =1,y = 2. T dé p = 4 (LOAI). ’
TH2: y =1.Lam tuong tu ta dugc z =2,y = 1.Tu dé p =4 (LOAI).
s (71 (o=
TH3: z > 1;y > 1dan téi ) Sr=y=2 Tudd p=>5.
(z-vy) =0 0,5
Vay sd nguyén té p cantimla p = 5.
11 Tim gid tri I6n nhit, gid tri nhé nhit ciia P = ab + be 4 . (2,0 diém)
1+ab 1+4+bc 1+ca
Tim gia tri lon nhat.
Tacd: 3—P = L + L + L > ) > ) :ﬁ 0.5
ab+1 bec+1 ca+1 ab+bc+ca+3 (a+b+c)2 13 ’
—+3
3
Suyra:PS%.
12 2 0
Vay gia tri 1on nhat ciia P 1a E;P dat gia tri 16n nhat khi a=b=c=§.
Tim gid tri nho nhdt. Khong mat tinh tong quat, gia st 1>a > b > ¢ > 0.
ViO<a,b c<1nén (a—l)(b—l)ZOsuyra ab+1>a+0b,dan d&én ath <1.
ab+1 0,5
Ching minh tuong tu: ath + bte L Lre <3
ab+1 bc+1 ca+1l
T&dé,2‘(3_P):a+b+c+a+b+c+a+b+c
ab +1 be +1 ca+1
<1+1+1+ 2 5 b 33+Lb+cs3+a+b+c:5.
ab+1 bc+1 ca+1 be+1 0.5

Nén ta co 3—P£§:>P2%

Vay gia tri nho nhat cua P 1a %;P dat gi4 tri nho nhat chang hankhi a =b =1, ¢ = 0.

2




v

1) Chitng minh AQE = 90°.(2,5 diém)

Dé ching minh AAEF ~ AABC (c.g.c), suy ra
AFF = ABC.

0,5

K¢ duong kinh AP cuia (O) .Dé chimg minh tr
giac BHCP 1a hinh binh hanh, nén BH = CP.

0,5

Tacdé: ABHD ~ AACD (g.g) suy ra
BD BH CP
AD AC AC

= AABD ~ AAPC (c.g.c).

0,5

Diéu nay ching t6 BAD = CAP.

0,5

—_—

AEF +CAP = ABC+ BAD =90’ = AQE 90°.

0,5

2) Chirng minh IE® = IK.ID. (2,0 diém)

Xét tam giac AEH vuong tai E co
IE = TA = IH néntam gidc AIF cantai [,

—

suy ra I/Ejél = 174?? Tuong ty MEC = MCE

e~ o~ -

= [FA+ MEC = IAE + MCE =90° = IE/\/[ 9.

0,5

Tu IE = IF,ME = MF = MI la duong trung
tryc ciia EF, dan dén MI L EF .

0,5

N la giao diém cua EF va MI= IE* = IN.IM.

0,5

Mit khac: AINK ~ AIDM (g.g) nén IV _IK

ID IM
suyra IN.IM = IK.ID. Tu d6 IE* = IK.ID .

0,5

3) Chirng minh JR 1. OD. (1,5 diém)

Goi S 1a diém dbi xtmg v6i F qua Q; Goi T
la dlem dbi xu’ng v6i C' qua D.Ching minh

duoc TAF C’AS dan t6i ATAF = ACAS
(c.g.c),nén FT =CS.

0,5

Mat khéc, theo tinh chat dudng trung binh:

7O :%SC va JD = %FT suyra JD = JO.

0,5

Chirng minh tuong ty ta c6 RD = R(Q), suy ra
JR 1a duong trung truc cua D@, dan téi JR
vuodng goc voi QD.

0,5




Tim tit cd cdc so nguyén dwong a,b sao cho sé (a3 +b)(b3 + a) la lap phwong ciia mot

s6 nguyén to. (1,0 diém)

Gia st a,b 14 hai s6 nguyén duong thoa man (a3+b)(b3+a)=p3véri p 14 s6 nguyén td.
. 2 . .

Rorang a #bvincu a =b thi p* = (a3 + a) vo li do p 1a sO nguyén to.
Khong mat tong quét, gia st a > b = a® +b > b* +a.

a’ +b=7p’
Véi chl'l}'/U(p3) = {1;p;p2;p3} =’ +a=p

p > ab

2\3 . .
Via=p-b° :>(p—b3) +h=p = b —bip=> b(b—1)(b+1)(b2 +1)(b4 +1):p.
b=1

Taco p>b° +12b"+1>b+1>b>0. Dodd con 2 truong hop: b1
P

0,5

THI: l):1:>(13+1:(a+1)2 =>a=2p=3.
TH2: b* +1:p. RO rang b(b3+a)—(b4+1)§p:>ab—1§p (Vo livi0<ab—1< p).

a=2b=1Lp=3

KET LUAN: .
a=1b=2p=3

0,5

2a

Chirng minh moi cdach thwce hién déu phdi dung lai sau hitu han buwoc. (0,25 diém)

Sau mdi budc, s6 thu duge giam di mat ) nguyén duong don vi. Mat khac sb thu duogc

ludn 1a s6 khong am. Vi vy qué trinh phai dimg lai sau hitu han budc.

0,25

2b

Chirng minh n la sé lé. (0,75 diém)

Pém tir phai sang trai, ta ddnh dau cac chir s6 ¢6 thir tu 12 boi cta 22. Nhu vay ¢ 91 chir
s6 dugce déanh du & cc vi tri 22, 44, 66, ..., 2002 tinh tir phai sang trai. Goi S 1a s6 chir

s6 2 trong céc chir s6 dugce danh dau. Ban dau S = 91, 1a s6 18.

0,25

Trong 22 chif so lién tiép ludn c6 diing mot chir s6 dugce danh dau, do d6 mdi bude S
tang 1 hodc giam 1, tic 1a mdi budc S thay doi tinh chan 1¢é. Cy thé 13, sau sd 1é budc thay

thi S chuyén tir 1¢ thanh chin; sau s6 chin budc thay thi S chuyén tir chin thanh lé.

0,25

Néu S > 0, ton tai it nhat mot diy 22 chir s6 lién tiép c6 chit s6 ngoai cting bén trai 14 2,
ttrc 1a ta con co thé thyuc hién dugc it nhat mot bude nira. Do d6 dé ta khong thé thuc hién
duogc budc nao nira thi S = 0.

Tir d6 s6 budc da thuc hién dén lic ding lai phai 1é, hay n 1é.

0,25




Bai L.1.
bKXDb: z > —%.
Céch 2: Ap dung bét dang thirc Cauchy :

4+(z+3 4+(3z+1
VT:l.Q. x+3+1.2. 3x+1£l. ( )+ ( ) =zx+3=VP.
2 2 2 2 2
T+3 =2
Vay phuong trinh tuong duong < ¢ =1. (TMDBKXD)
3r+1=2
Céch 3: Phuong trinh twong duong
:z—l—(\/:r 3—2)—(\/3$+1—2):Oc>(x—1)[1— L 3 JZO(*)
Nz +3+2 3r+1+2
. 1 3 1 3 1 3 )
V61 z > 1 thi + <—+—=1dod61- - > 0 voi
Nz +3+2 3z+1+2 4 4 Nz +3+2 N3z+1+2
x>1. Vi _—1£x<1 thi 1 + 3 >l+§:1, do do
3 Nz +3+2 3z+1+2 4 4

1 3

\/x+3+2_\/3x+1+2

Bai 1.2. Cach 2:
Cho a,b,c 1a cac sb thyc khac 0, thoa man a’ + ab = ¢* + be va a* + ac = b* + be. Tinh gia tri cua

biéu thiec K = (1+2j(1+éj[1+£}.
b c a

Tir gia thiét suy ra (a — c)(a +b+ c) =0.

1- <OV6i_—1Sx<1.

TH1: a+b+c=0suyraa+b=-cb+c=—-a;c+a=-b.

ath =_—c;1+é=_—a;1+£=_—b. SuyraP=_—c._—a._—b=—1.
b b c c a a b ¢ a

Do d6 1+%=

TH2: o = c¢. Thay vao dang thirc con lai ta co 2a* = ab +b* < (a - b)(?a + b) =0.

Néuag=b=c thi P=(1+EJ(1+QJ[1+EJ=8.
b c a

Néu b = —2q = —2¢thi P = (1 + %j[l + 9](1 + Ej — —1. Két luan.

Cc a



Bai II1.1. Cach 2: Ta co
1 1 1
+ +
ab+1 be+1 ca+1
1 81

1 81 1 81 81
B ab+1 +E.(ab+1)J+(bc+l +E'(bc+1)]+(ca+1 +@-(Ca+1)j—@.[(ab+bc+ac)+3]

2
22\/ 1 ﬂ(od)+1)+2\/ 1 2(bc+1)+2\/ 1 ﬂ(ca+1)—81.(a+b+c) +3

ab+1 169 be+1 169 ca+1 169 169 3
_39 2 8L 4 4 27
13 169\ 3 13

Suyra: P < %.Véy gid tri 16n nhét cia P 1a %;P dat gia tri 16n nhatkhi a = b = ¢ :%

BaiII1.2. Cach2: Vi 0 <qa,b,c<1vaa+b+c=2nén a+0bb+cc+a=1.

Mat khéac: vi 0 < a, b, ¢ <1 nén (a—l)(b—l)zo suyra ab+12>a+b. T do:

1 1 1 1 1 1 1+e¢ 1+a 1+9b 5

+ + < + + < + + =—.

ab+1 be+1 ac+1 a+b b+c c¢c+a a+b+c a+b+c a+b+c 2
Suyra P = ab + be L4 3 1 + 1 + 1 23_§:l'
1+ab 1+bec 1+ca ab+1 be+1 ac+1 2 2

Bai I1I. Cach 3: )
Dat z =bc;y = ac;z = ab. Déthay 0 < z,y,2z < 1.

e Viz=bc>2b+c—1nén x+y+222(a+b+c)—3:1.

2
(a+b+c) 4
o z+y+z=< =,
3 3
Tim GTLN.
3—P=1+1+1Z ) 2922‘
z+1 y+1 2z+41 zxz+y+2z+3 4 13

—+3
3

Suyra: P < %.Véy gi4 tri 16n nhét cia P 1a %;P dat gi tri Ion nhatkhi a = b = ¢ = %
Tim GTNN.

1 1 1 T+y+2 1 T+y+2 1 1 1
3-P = + + = + < + =1+ +
z+1 y+1 241 ay+z+y+1 241 z+y+1 241 z+y+1 z+1
+y+24+2 +y+24+2 +y+2+2 1
14— TYTE =1+ rryTe <1+27Y72 =14+1+—
($+y+1)(z+1) w+yz+r+y+z+1 r+y+z+1 r+y+z+1
£2+L=§.
1+1 2

Suyra P = ab + be + ca =3- 1 + 1 + 1 23—é:1.
1+ab 1+bc 1+ca ab+1 be+1 ac+1 2 2

6



Bai V.1 Cach 2:
. 2 . .
RO rang a # bvinéu a = b thi psz(a3+a) vo li do p 13 so nguyén to.
a’+b=yp’
Giasfxa>b.VdichﬁyU(p3)={1;p;p2;p3}:> b +a=p
p > ab
a3+b—(b3+a)=(a—b)(a2+ab+b2—1)§p
= 3 3 2 2 o
a +b+(b +a)=(a+b)(a —ab+0b +1):p
THI: a—b:p. Pibunayvolivi0<a—-b<a+b’ = p.
TH2: a +b:p. Mitkhic 0 <a+b<a+b’=p Turdddintsia+b=p=a+b*=b=1.

b=1:>a3+1:(a+1)2:>a:2;p:3.

(a2+ab+bZ—1):p . o 2<p
TH3: =1} | . A :>2(ab—1):p. Diéu nay vo li vi rd rang = .
(a —ab+b +1):p O<ab-1<p
. . a=2b=Lp=3
KET LUAN: .
a=1b=2p=3



