I. Ngay thit nhat
Cau 1. Da thitc * + az? + bx + ¢ (a,b, ¢ € R) ¢6 3 nghiém thye thod man nghiém 16n nhét

biing tong 2 nghié¢m con lai. Chitng minh ring ¢ > ab.

1
E;?”' Vn,—1,2,....

Chitng minh ring (a,,) ¢6 gidi han hitu han vi tim gidi han do.

Cau 2. Cho diy s6 (a,) : a; = 88, an41 = |an —

Cau 3. Cho bang 6 vuong 2022 x 2022. Ban dau, ¢6 mot 6 vuéng trong bang chra 20222 vién
s6i. Chon mot 6 vuéng ¢6 16n hon hoiic biing 2 vién s6i roi chuyén cho 2 6 vuong déi xitng qua
6 vudng dé va ¢6 chung it nhit 1 dinh méi 6 1 vién s6i. Hoi san mét s6 hitu han bude thire
hién nht vay, ta ¢6 thé thu duge bang 2022 x 2022 ma mdi 6 vuéng ¢é chnta 1 vién s6i duge
hay khong ?

Cau 4. Cho tam gidac ABC nhon, khong can, néi tiép dusng tron (0). Dudng tron (J) tiép
xiic véi AB, AC lan higt tai E, I va cit duong tron (0) tai P, Q. Tiép tuyén cta (J) tai P,Q
cit nhau tai 7, AT cit dudng tron (O) tai K. BE,CF cit nhau tai X, AX cit BC tai D. H
12 chan dugng cao ha tit D xudng EF. Chitng minh ring

a) ABH = ACH

b) KD di qua diém chinh giita cung BC chita A ctia (0).




Bai 5: (6,0 diém) Ton tai hay khong m¢t ham s6 f:R—R théa min: Véi moi s6 thuc x,y ta
¢6 bat dang thuc
| Sa=F(N<x-y f()?

Bai 6: (7,0 diém) Mot viing no c6 88 thanh phé va giira hai thanh phd bat ky dugc két ndi bai
mot tuyén bay truc tiép (hai chiéu). Uy ban Hang khong du kién cip phép cho 88 hiang hang
khong Kkhai thac cac tuyén bay d6, mot tuyén bay bat ky sé dugc khai thac boi dang mot trong
cac hang d6 va mdi hang khai thac it nhat mét tuyén bay. Hon nira, ngudi ta mudn ring véi 3
hang hang khong bt ky, ludn tim dugc 3 thz‘mhiph(") sao cho 3 tuyén bay truc tiép két ndi
cl‘x'l]ng dugc khai théc boi 3 hang do. Hoi Uy ban Hang khong c6 thé thuc hién dugc didu do
hay khong?

Bai 7: (7.0 diém) Cho cac sé nguyén m,n 16n hon 1 théa man m | n® — 1 van | m — 1. Chimg

minh ring m=n' + 1 hoicm=n?+n+ 1.
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1. Goi xy < 1, < xy 1 cde nghiém cta da thie x* + ax? + bx + c. Theo gia thiét, x,

Xy + X,. Chi y rdng x, = xy — x, > 0. () ¥/ ct i
Ta co, theo cong thue Viete,
(‘ ( Ly ) A
== (Ib - _'.\.].qu\._" + (A-l + .\'_,4 + x?)(xlxl " Jl’z.«'l‘:i + X:,X])
= —xX,(x; + ;) + 2(x) + x5) (0 x, + (x) + X?.)z) (i AL ,._yfl

= (% X ), X0+ 00y + 2,)8) > 0.

2. Trude hét, d€ y ring a, = 0 vdi moi n. Biy gid, ta nhéc lai két qua quen biét sau:
lim (1424 +1) =400 3
n—-+o0o 2 n - ) (*\Jr __'____'-_\_

Bdy gid, ta sé ch1 ra rang vdi moi s6 nguyén duong N, ludn ton tai s6 nguyen ducng
n>N dé a, < & That vdy, gia st ngudc lai, ton tai s6 nguyén duong N sao cho vai

moi n > N thi an__g8 Nhu vay a,,, = a, — BB" véimoin>N.Tudésuyra - [ oMY
3 L
a =1 —i(1+ Lot ) \
N TN 88N T N +1 N+k) |

\

J
Theo (), ve pha1 tién ra —oo, khi k tién ra + 00, ndi riéng ay,;., 1a mot sé 4m ké tir' \
mot chi s6 nao dé, mau thuan

Cb dinh mét sé thuc e > 0. Tiép theo, chon mét sb nguyén duong N, sao cho m— <e.

Theo két qua trén day, ton tai chi 50 N > N, sao cho ay € €[0, gz - Bang quy nap, ta deé;

dang chi ra dudc ring a, € [0, SSN)/vdl m01 n>N (néu, vdin>N,tacd 0 < a, < 8;\;
Y Lo L XY ?

thia,,, = |a, — 88nl < max{a,, g7} < gy do @, < gaN V4 gan = < g@y)- Diéu nay ching

to a, ec[0,€) vai moi n > N. Theo dinh nghia, diéu nay c6 nghia la a, tién t6i 0 khi(* e

n tlen ra +oo. -
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3. Dénh s6 cdc cot ciia bang, theo thi ty tir trai qua phai, 1,2,...,2022.

' V6i mdi vién sdi, ta gm trong so cua no la s6 thit tu cla cdt chifa 6 ma nd dang ¢
trong. Goi S 1a téng cac trong s6 clia tt ca cic vién soi.

r *

x Déy rang, theo quy tc chuyén sdi thi trong s6 clia 2 vién sdi dude chuyén di 13 khong
déi. Vi thé, S 1a bt bién. L N

- Ban dau néu & chita s6i nam & cot thu k thi S = 20 ’221\ Mat khac, trong ciu hinh
ma méi 6 chita diing 1 vién soi thi téng cc trong s6 1a

2022%.2023

2022(14 2 + -+ +2022) = >
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Nhu vay, nougo thé dwa duge vé cau hmh nhu yéu cau thi 2022°k = ”’”' 202 d4n
dén k = 22 {51y vi day khong phai 1a s6 nguyén.

a) Goi R 1a giao diém cta EF va BC. Khi do, bing viéc xét tam gidc ABC va diém X,
ta co (R,D,B ,C)=—1. Tt d6 suy ra (HD,HF,HB,HC) = —1 ma ZFHD = 90° nén HD
1a phéan gidc cia ZBHC. Suy ra ZFHB = ZEHC. Mét khac, ZBFE = ZCEF. Tu do,
ABFH ~ ACEH va /ABH = ZACH.

b) Goi S 1a giao diém khac A cla dudng tron dudng kinh AJ (cling chinh la duong

tron (AEF)) véi (0). Ta c6 ASFB ~ ASEC nen, két hop véi ABFH ~ ACEH, ta ¢
FH FB SE

el = Suy ra SH la phan giac cia ZFSE.

Xét cac truc ding phuong clia cac cap dLIdng tron ti ba duong tron (AEF),(J),(0)
ta suy ra AS,EF,PQ dong quy; goi giao dlem chung la L. Ta c6 ZLSH = 90° nén
(L,H,E,F)=-1. Suy ra cac difm A H, T déu nim trén duong déi cuc cta L {ing véi
(J) hay H € AT.

. . SB _BF _BH _DB e o o : i
Le_u’ R0 = e e S e nén SD 1a phan gidc cia ZBSC. Tu d6 SD diqua N la
diém chinh gita cung BC khéng chita A. cua dudng tron (0).

SB_HB DB _

SC HC —DC

nen (SIB’D) la dudng tron Apollonius ctia doan thang BC tng véi ti so k. Suy ra
B

— = —. Do d6 KD la phan giac cia ZBKC, hay KD di qua diém chinh gitta cung
BAC cua (O)

Ta ¢6 ZKHD = ZKAN = /KSD, suy ra S,H,D,K dbng vién. Ma —

v



5. Khéng tén tai mét ham ) nhu vay. Ta lap luén bang phan chLIng Gia st f thoa

man yéu ciu cda bai todn. The y=0 vao bat ding thic cta bai toan, ta dugc
f(x—=£(0)) < x véi moi x. Bat ding thitc nay tuong duong v4i (bing céch thay x
bang x — £(0)):

f(x)<x+f(0) (*)

v4i moi x.
Tiép theo, thay x bing f(y), ta dugc
HOESIE7161¢2) <y+fO)—yfF)

trong d6 bt ding thitc cudi dén it (x). T d6 suy ra y? > yf(f(y)) véi moi y. Nhu’
vay, v6i moi y < 0 thi s

1<fUF)
Thé nhung, bing cach ap dung (*) lién tiép, ta co

FUEON S F)+F0) <y +F(0)+f(0)=y+2f(0).
Vi thé, bit déng thic & trén cho thay
1< y+2f(0)

v6i moi y < 0. Hién nhién, véi y <—2f(0) (vay <0) thi bat dang thitc nay khong
dung. Day la didu mau thuan can tim.

. Ta sé chi ra ring diéu d6 la khong thé. Ta sé dua ra l&p ludn tong quat khi tha.y thé

88 bing 2n. Cu thé hon, ta sé l4p luan bang phan ching dé chi ra ring khong thé t0
c4c canh cia mot do thi ddy da trén 2n dinh bang 2n mau (mdi mau dugc dung dé
t6 cho it nh4t mét canh) sao cho véi 3 mau bét ky, uén tdn tai mot tam giac co cac
canh dudgc t6 bdi 3 mau do.

Gia st nguge lai. Xét mot mau bat ky, chang han la mau do va goi k 1a sb céc canh
dudc t6 miu dd. C6 C2_, cach chon mét bd 2 mau khac mau dé. M&i bd 2 mau do,
Cllng v6i mau do, cho ta mot bd ba mau, trong dé cé mot mau la dé. Theo gia thiét,
moi bo nhu vay cho ta mét tam gidc c6 3 canh dugc to bdi cac mau trong b do. N6
riéng, cd it nhat C2 | tam gidc c6 mdt canh 12 mau do trong do6 thi da cho.

Mat khac, do ¢6 k canh mau dd, va méi canh mau do cho ta 2n—2 tam gice :Jch ig
canh d6 1a mét trong cac canh ctia nd. Vi thé, cb khong qua k1(2n . talin>gr11
mot canh 1a d6. T d6 suy ra k(2n 2) > 2, dan dén k > 25 vavi the

au dugc dung dé t°

) t [he ma CO 2”‘

nén sb canh clia db th1 khéng nhé hon 2n?. Nhurlg diéu nay 1a VO
do thi ddy dd trén 2n dinh 13 2"(2" 2n(2n-1) < o2,

i



7. batn®—1 = mk, trong do k 1a mot sé nguyén dudng. Ta cé m =1 (mod n) nén k = —1
(mod n), hay k = (n — 1, trong do I 1a mét s6 nguyén duong. Nhu vay, m = }‘::}’ Tu
do, gia thiet m > 1 (van> 1) dan dén

4
| <n? (1)
Tacodln—1| n3—} nénln—1 | n(n®*~1)+In—1=n(n*—1), din dén In—1| n®—1 (do
n, In—1 nguyén to cing nhau)/ Tiép theo, In— 1| n®—1 = n(n —é2)+ [(In—1) nén
/4 . R
In—1|n-12 / | (2) L&+

<7 2 3 1 WA A 2 -~ k]
Giastm#n**+1 (dom= = nén diéu nay trong duong voi l # /n); ta sé chi ra
rangm=n’+n+1.

Trudc hét, xét truong hopl<l<n Dol# ynnéntacd0<|n—1I? <ln—1, miu ?{ :
thudn vdi (2): thatvay, néeul <l <n< (? thi [n—1?| = 1*~n < In—1 tuong duong véi
P+1<n(l+1), dingdon>1>1:con néul? < nthird rang [n—1*|=n—-12<In-1
tudng duong v6i [(n+ 1)+ 12— 1> 0 ciing hién nhién dung.
Tiép theo, xét trudng hdp n < | < n*. Trong trudng hop niy ta hién nhién cé 0 <
n—l<in—1(don(n—1)—1<—l <-1). i\‘ .
Cac lap luan trén cho thay ta phai ¢6 [ = 1, hay m = n® + n + 1. Bai toan dugc giai | -
quyet. !
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