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Huéng din chdm gbm 08 trang

A) Huéng din chung:

1) Hoc sinh lam ding dén dau thi chdm dén d6. Hoc sinh trinh bay theo cach khac ma ding

thi gidm khdo chdm tuong ting biéu diém cta HDC.

2) Viéc chi tiét hod thang di€ém phai ddm bio khéng lam sai 1éch biéu diém ctia HDC va

phai dudc thbng nhét trong toan hoi dong chim thi.

3) Diém cda bai thi khong lam tron.

B) Hudng din cu thé:

Bai 5 (5,0 diém). Cho n 13 mét s6 nguyén 16n hon 4 va p 13 mét s6 nguyén t6. Chting minh ring
da thitc f(z) = (z +1)" — pa? — px + p* khong thé phan tich dudc thanh tich ctia hai da thiic véi

hé s6 nguyén c6 bac 16n hon hoic bing 1.
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No6i dung Diém

B dé: Da thitc f(z) bit kha quy trén Z[z] khi va chi khi f(z + «) bt kha
quy trén Z[z] trong dé a 1a mét sb nguyén.

Ta sé chitng minh da thitc f(z —1) = 2" — pa? + pz + p? bat kha quy trén Z[z].
Gid su trai lai f(z — 1) = g(z) - h(x) trong do

1,0

g(LU) = CLmSUm + Cmell’mil +...+a1x+ ap,

h(z) = bt + b,y 4 ..+ biw + by,

V0i a;, b; 1a cac s nguyén vam,t > 1,m+t = n. Ta ¢6 an,b, = 1.

Khéng mét tinh téng quat gia st a,, = b, = 1.

Ta ¢6 agby = p?. Xay ra hai trudng hop sau:

Trudng hdp 1. Chi c6 duy nhat mét trong hai sb aq, by chia hét cho p. Gia st
ao:p, bo /- b0
Goi k 13 chi s6 bé nhat ma a; /p tic1d ag'p, ai’p, ..., ap_1'p va ay ip.

Tacék§m§n—1.GQiciléhésécﬁaf(:c—1).Véicign—ltacécl-fp.

Véy Cp = Clkbo + ak_lbl + ...+ aobkfp, mau thufln.




Trudng hop 2. Ca hai s a, by chia hét cho p.
Goi r la chi s6 bé nhit md a khong chia hét cho p va
s 1a chi s6 bé nhit ma b, khéng chia hét cho p, tlc Ia 1.0
agip, aip, ..., ar_1:p Va a, fp va byip,biip, ..., bs_1:pva b, [p.
batv=s+r.Tacod ¢, = a,b, + Z a;b;, trong do (i, j) # (r, s).

it+j=v
Ta c6 v6i ¢; < n — 1 thi ¢ip.
Tong Z a;b; trong do (i, j) # (r, s) chia hét cho p nén suy ra v = n.
Vay rzf;v: n.Suyrar=m,s =t.

Nhu vay: ao:p, aiip, . .., Gm_1:p, boip, biip, . .., bi_1:p.

Gid sttm,t > 2.Tacd p = ¢; = aghy + a1by'p?, mAu thuln.
VAy phai ¢6 m = 1 hodc t = 1. 1,0
Gia st m = 1. Khi d6 g(x) c6 nghiém nguyén h € Z. Suy ra f(x — 1) c6

nghiém nguyén h € Z.

Ta c6 h™ = ph?> — ph —p* = h # 0,hip = |h| > p. Vin > 4,|h| > p suy ra
p*h? < |n|" < |h[" = [ph® — ph — p*| < ph® + p|h| + p?
1 1 1 2 A X
=p < 1+—+i2 <1+ -+ -=1+ - <2, (mau thuan).
Al |nf p P p
Vay diéu gia st la sai, do d6 ta c6 diéu phai chitng minh.

1,0

Bai 6 (5,0 diém). Tim tAt ca cic ham sb f: R — R thod man diéu kién

F@f(y) + ™) =yf@) + (f ()", Vz,y € R. 1)

Y Noi dung Diém

Ki hiéu P(z, ) d€ chi viéc thay = bdi z, y bdi y, trong (1).
Trudng hop 1. f(z) 1a ham hang, gid st f(z) = ¢, V2 € R.
. 4 1,0
Khi do:
(1) = flae+y™) = ye+ (¢)* Yo,y € R
=c=yc+ (), vy e R
= c=0.

Vay f(z) = 0,Vz € R. Thi lai, thiy f(z) = 0,Vz € R thod man.

Trudng hop 2. f(z) khong 1a ham hang.
Ta c6 P(z,0) = f(zf(0)) = (f(0))*%, vz € R.
Néu f(0) # 0 thi f(z) 1a ham hang, mau thuin. VAy f(0) = 0.




P(0,y) = f(y*"*) = (f(y))"™, ¥y €R.
Ta sé ching minh: f(zy) =0 < x5 = 0.
That vay, gi st ton tai sb thuc a # 0 sao cho f(a) = 0.
Ta co:
P(z,a) = f(zf(a) + a®®) = af(x) + /()™ Vo € R
= af(r) = f(a**),Vz € R.

Suy ra f 12 ham hing, mau thudn. VAy f(z,) = 0 < 20 = 0.

)

1,0

7(1)=0

P(0,1) = f(1) = (f(1))** <
f1) =41

% Xét f(1) = 0: Diéu nay khong thod man do f(zo) = 0 < z0 = 0.
* Xét f(1) = —1:
P(z,1) = f(af(1) + 1) = f(z) + (f(1))*** Vo € R

= f(l—2z)=f(z)— 1,V eR
= f(z)=f(1—2)+1,Vx e R.

bat 1 — z =t, khi d6 theo (2) taco f(1 —t) = f(t) + 1,Vt € R hay
flx)=f(1—2)—1,VzeR

Tu (2), (3) suy ra vo ly.

(2)

(3)

1,0

% Xét f(1) = 1:
P(z,1) = f(zf(1) +1) = f(z) + (f(1)** Vo € R

= f(zr+1) = f(zx) +1,Vz € R.

P(x+1,y) = f((x+1)f(y) +y) =yf(z + 1) + (f(y)***

4)

=y(f(z) + 1) + (f(y))* (theo (4))

=yf(x)+ ()" +y

= f(xf(y) +v**) +y,Va,y € R.

Voiy # 0, dét 2 = 2 f(y) + y*°%. Suy ra: f(z+ f(y)) = f(2) +v.
Chon z =0, suyra f(f(y)) = y,Vy € R.
Thay y béi f(y) vao (5) ta co

(5)
(6)

fE+ (W) =f2) + f),Va,y eR= flz+y) = f(2) + f(y).Vz,y €R.

Suy ra f cong tinh.

1,0




Do f cong tinh, két hop véi (%) ta suy ra:

Faf) +y2%) = fafy) + @) = flaf(y) + (f(y)*"* Vo,y e R.

Két hop véi (1), suy ra f(xf(y)) = yf(z),¥z,y € R.
Thay y béi f(y) vao két qua trén, két hop véi (6) ta cb

fxf(f(y) = f(x)f(y),Vr,y € R = f(xy) = f(x)f(y),Vz,y € R.

Suy ra f la ham nhan tinh.

Viy f 1a ham cong tinh, nhan tinh va khac hang nén f(z) = z,Vz € R.

Thit lai, ta thdy f(z) = z,V2 € R thod mén.

Vidy c6 hai ham thod méin yéu cAu bai toan 1a f(z) = z,Vz € R,

f(z) =0,Vz € R.

1,0

Bai 7 (6,0 diém). B6 ba s6 nguyén duong (a, b, p), v6i p 12 sb nguyén tb, dudc goi 1a tbt néu:

(a+Db)(a? +b°) =27 + 2.

a) Chting minh rang khéng cé bd (a, b, p) tét nao trong trusng hop a # b va p 1é.

b) Tim tAt ca cac bd (a, b, p) tht.

Suy ra b chin, vo ly.

% Néu a,b cling chdn thi2® + 20 =1+ 1 =2 (mod 3).

Do a? —a=a(a’"' —1) =0 (mod 3) v6i moi a va p > 3 nén
(a+b)(a” + ) = (a +b)* (mod 3).

Do (a + b)? = 0 (mod3) hodc (a + b)*> = 1 (mod 3)

(a+b)(a? +b") =0 (mod 3) hoac (a + b)(a? +b”) =1 (mod 3)
Tu (1) va (2) suy ra vo ly.
Vay khong c6 bo (a, b, p) tbt ndo trong trudng hop a # b va p 1é.

nén

(2)

Y No6i dung Diém
Do vai tro a, b nhu nhau, khéng mét tinh téng quat, ta gia st a > b.
Néu a + b 18 thi a? + b7 18, suy ra 2¢ + 2" 1&, vo Iy Lo
Do d6 a + b chan. ’
% Néu a, b cting 18 thi theo b8 dé LTE ta c6:

7.a = 15(2° 4+ 2°) = vy(a + b) + va(a® + b°) = 2uy(a + b) Lo




7.b

Truong hgp 1. Xét a = b, khi d6 phuong trinh da cho trd thanh: 0,5
2:2°=2-a-2-aF = 27" =g’ (3)
Néu a > 1: a = 2* trong d6 k 1a mot sb nguyén duong.
Tl (3) suy ra 221 = 20+ = 2k _ 1 = k(p + 1).
s A JP=2
Do 2F — 1 1é nén 0,5
k 1é

Suyra0=k(p+1)=3k=2"-1=(-1)*—1= -2 (mod 3), vo ly. 0,5
Suyraa =b=1vapbitki.
Truong hgp 2. Xét a > b. 0,5
Theo trudng hop a) thi p khong 1a sé nguyén t6 18, suy ra p = 2.

2" <2+ 2" = (a+b)(a®+V*)<2-a-2 a

=20<22.*=2"?<d’=1<a<13
% Néu a, b cling 18 thi 0,5

b=15(2"+2") =wp(a+b)+1=2""a+b

= 1< 4+bhp<20<26=b<5

Laicob—1=w(a+b)>1=b>2.

Do blénénb € {3;5}.
Xéth=5,2"a+5=16la+5=a=11.

Th lai trong trudng hop nay ko thoa man.
Xétb=3,2%|a+3=4|la+3=ac {5913}
Khidow(a+b)=b—1=2—a=09.

Thtt lai trong truéng hop nay khong thod man.

% Néu a, b cling chén thi 2% + 2° = 2 (mod 3). Do d6 3t a + bva 31 a2 + b
e Néu 3 1 ab thi ta ¢6 hai tinh hubng:

Tinh hubéng 1.« = 3k + 1,b = 31 + 1:

Khi d6 (a + b)(a® + b*) =1 (mod 3) (v6 ly)

Tinh hubng 2. a = 3k + 2,b = 31 + 2:
Doa=3k+2chdnval<a<13néna € {2;8}.

+ Xéta=2val<b< a,bchan, khi @6 khong cé gia tri b.

+ Xéta=8val<b<a,bchin, suy ra b= 2. Thit lai khéng thoad mén.

e Néu 3 | ab = 2:Z:>a2+b251 (mod 3) = a+b =2 (mod 3).

Ma a,b € {2;4;6;8;10; 12}, suy ra mot trong hai s6 a,b phai 1a 6 hodc 12.




+ Néu a = 6 thi b = 2. Thit lai khéng thod man.
+ Néu b = 6 thi @ = 8. Thit lai khéng thod man.
+ Néu ¢ = 12 thi b = 8,b = 2. Thtt lai khéng thod man.

+ Néu b = 12 thi khéng c6 gia tri ndo cla a.

VAy (a,b) = (1,1) va p 1a s6 nguyén tb bat ki thod méan yéu ciu bai toan.

0,5

Bai 8 (5,0 diém). Cho tam gidc ABC ndi tiép dudng tron (O), dudng kinh AS. Pudng tron (K)
tiép xtic v6i C'A, AB 14n ludt tai E, F va tiép xic trong véi dusng tron (O) tai D. Tiép tuyén tai

S clia duong tron (O) cat dudng trung truc clia doan thang AD tai T'. Goi P 1 diém d6i xiing

clia D qua dudng thang TK.

a) Chitng minh ring dudng tron ngoai tiép tam giac PBC tiép xtic véi dudng tron (K).

b) Goi I 1a tAm dudng tron néi tiép tam gidc ABC, A 1a dudng thing vudng goc véi AD tai

D, A’ 13 tiép tuyén song song v6i BC clia dudng tron (K) (A’ ndm cung phia véi D so

v6i BC). Trong trudng hop A cit A/, goi M 1a giao diém ctia hai dudng thang dé. Ching

minh rang ba dudng thang AM, BC, O dong quy.

nén Y thudc truc dang phuong ctia (AEF) va (O).
Ma ARK = 90° nén R thudce (AEF) nén A, R, Y thang hang.

Y No6i dung Piém
Xét thé hinh trén day.
Tiép tuyén tai D ctia (K) cit BC tai X. SK cit (O) tai R. AD cit (K) tai
diém tha hai Z. Do DZ, EA, F A dbng quy nén tit gidc DFZE diéu hoa, suy
ra cac tiép tuyén tai Z, D clia (K) cat nhau tai Y trén EF.
Do dé 1,0
o do
8.1 Py0) = YD*=YF -YE = Py jaEF)




Tit d6 A(RD, FE) = —1 nén tit gidc RBDC diéu hoa, suy ra cac tiép tuyén
tai R, D clia (O) cat nhau trén BC hay X R tiép xtic (O).

Goi L 1a giao diém khac D ctia DO véi (O) thi T'L tiép xtic véi (O). Theo
dinh li Newton, DL, RS, XT d6ng quy hay X7 di qua K. Do d6 P dbi xting
v6i D qua XK hay (PBC) tiép xtic v6i (K).

1,0

8.2

Xét thé hinh trén day.

BG dé: Cho tam gidc ABC ndi tiép dudng tron (0), va ngoai tiép dudng tron
(I). budng tron (K) tiép xtic véi CA, AB va tiép xiic trong véi (O) tai D. Q
1a diém chinh giita cung BAC ctia (O). Khi d6 D, I, Q thang hang.

BS dé trén 1a mét tinh chit quen thudc clia dudng tron Mixtilinear.

Goi H 1a tiép diém ctia dudng tron (K) va dudng thang qua M song song véi
BC. I/ 12 hinh chiéu ctia I 1én BC. N 1a diém déi xiing ctia H qua K, P’ 1a
giao diém thtt hai ctia AI v6i (O). Q 14 giao diém tht hai ctia P'O vé6i (O). J
1a diém dbi xting ctia H qua M K. Y 1a giao diém tht hai ctia D.J vé6i (0). Z’
13 giao diém thit hai ctia M D véi (K). U 1a giao di€m cta OI véi BC.

1,0

Dé thay OP 00 KH. Tit dé, cha ¥ rang D 1a tAm ctia phép vi tu ngoai bién
(K) thanh (0), suy ra D, H, P’ thang hang.

Dé thay ADS = ADM = 90°, do dé M, D, S thing hang. Két hop véi 2’ €
DM, suyra D, Z', S thang hang.




Dé thiy M J 14 tiép tuyén ctia (K), do d6 tt giac HDJZ' diéu hoa.
Dé thay /L || P'Q va OP' = 0Q, do &6 I(L'OP'Q) = —1.

VAy Q(P'Y'SD) = D(P'Y'SD) = D(HJZ'D) = —1 = I(L'OP'Q). 1,0
Dé thiy QP || IL';QS || AP’ = IP'.

Theo b6 dé trén, ba diém D, I, Q thang hang, do d6 QY” || OI. (1)

Dé thiy ()_Cj 00 KN. Tit d6, cht y ring D 1 tAm cda phép vi tu ngoai bién

(K) thanh (0), suy ra D, N, Q thing hang. Viy qua phép vi tu tim D bién

(O) thanh (K), Q, Y’ theo thit tu bién thanh N, J.

Do d6 QY || NJ. (2)

Tu (1) va (2) suyra IO || NJ.

Két hop v6i MK L HJ,HJ L NJ,suyra Ul = IO || MK. 1,0

Két hop v6i MH || UL',KH | IL', suy ra tam giac MHK va UL'I c6 cac
canh tuong Ung song song. Vay MU, HL', K1 dbng quy. (3)
Dé thiy o M K H. Tit d6, cht ¥ rang A 1a tAm ctia phép vi tu ngoai bién (1)
thanh (K), suy ra A, L', H thang hang.

Do dé A = HL' N KI. Suy ra diéu phai chitng minh
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