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I. Hwéng din chung

1. Néu hoc sinh 1am bai khong theo cch néu trong dap 4n nhung dung, chinh xéac, chat
ché thi cho du sb diém cua cau do.

2. Néu hoc sinh c6 st dung cac dinh ly, hé qua, cac két qua phu tro ... phé bién trong
cac chuyén dé bdi dudng HSG va néu dugc tén thi giam khao van cham dang.

3. Viéc chi tiét hoa (néu c6) thang diém trong huéng dan chim phai bao dam khong 1am
sai léch hudng dan cham va phai duoc thdng nhat thuc hién trong t6 cham.
IL. Pap 4n va thang diém
Cau 5: (7.0 diém) Gia st ton tai ham s6 /:R —> R théa min

f(2xf(x)—2f(y))=2x2—y—f(y), véimoi x,yeR (1)

a) Chung minh rang f 1a ham 1¢.

b) Tim tit ca ham s6 f thoa man (1) .

Cau | y Noi dung Biéu
diém

Dé thay / 1a ham don anh. Thay x boi —x, ta duoc

(=25 (=x)=2f(»)=2x" =y~ f (). 1d

Tt tinh don anh, ta suy ra dugc f(-x)=—/f(x),Vx#0.

bat a= f(0), cho x=y=0 ta dugc f(-2a)=-a.

Cho x=0,y=-2a taduoc f(2a)=2a—(-a).Giastk a=0, khi do

1d
—f(-2a)=f(2a)=3a=a=0 (v6 ly). Do d6 a=0. Suy ra: f(0)=0.

Vay f 1a ham l&.

Thay y boi 2x* vado f la ham 1¢é nén ta dugc

fQ2x) =xf(x)+x",VxeR. (1)

1d
Cho y =0 ta dugc f(2xf(x))=2x*> nén f toan anh trén R*, ma f Ié

nén f toan anh trén R. Vay f song anh trén R.

Cho x=0 tadugc f2f(y)=y+ f(y),VyeR. Tur d6 cho y=2xf(x)
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ta dugc f(4x”) =2xf(x)+2x>.

Do d6 f(4x*)=2f(2x*)= f(2x)=2f(x),VxeR do ham f 1&. 1
Nhuvay tacod f(xf (x)=f(1))=x"~f(f(»),Vx,y R.
Do tinh toan anh nén ta c6 1d
fOf () +y)=x"+f(3),Vx,yeR : 2)

Cho x=1 vao (1), ta dugc f(I)=1 va cho x=1 vao (2) ta duoc
F(y+1)= f(y)+1, thay x bdi x+1 vao (2) ta dugc
4 f(f(x)+x+y)+l=(x+1)+ f(p). 1d
Do do f(f(x)+x+y)=2x+f(y).
Cho y=0 taduoc f(f(x)+x)=2x.Suyra
4f(x)=f(4x) = fQRF(f()+x)=f(x)+x+ f(f()+x) = f(x)+x+2x.

1d

Do dé f(x)=x,VxeR.

CAu 6 (7.0 diém) Cho cac sd nguyén duong a,b,c thoa man phuong trinh «® +1=c

a) Chung minh rang khong ton tai hai wéc u,v(u>v) clia ¢ sao cho 2|u—v va b chia

hét cho u—v.
b) Cho meZ* sao cho (c,m)=1. Gia sit b 1a lily thira ctia 2, dong thoi véi moi s6

nguyén duong n va véi moi p la udc nguyén duong cua ¢ thi m.p+a" 1a liy thura

ciia . Ching minh ring ¢ khéng c6 uwéc chinh phuong.

trong d6 s,reN va ¢ 1é. Taco

x* +1ip )

Cau | y Noi dung Bi§u
diém
6 a | Gia sir nguoc lai rang ton tai. Trude tién dé thdy ¢ khong 13 boi cia 4
vi sb chinh phuong chia 4 du 0 hodc 1 nén &” chia 4 du 1 hodc 2.
Do d6 u,v phai la s6 1& vi v,(c)<1 nén u,v khong thé dong thoi 1a s
chin. Ta goi p 1a wéc nguyén t6 1& ciia ¢ va dat =2+ va o' =x 1d

Ta sé€ chirng minh: p= l(mod 2“’)
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Tir (1) suyra x* =1(modp). Dat h=ord,(x) suy ra

2Mh=h=2"heNva h<s+1.

. . 1d
Neéu A <s tu dinh nghia cta cap ta co
x"=1(mod p) = = 1(mod p)= PP =y = 1(mod p)
Ma x* =-1(modp) nén p=2 (vd 1y). Suy ra & =s+1 két hop véi
dinh 1y Fermat nho ta duoc két qua trén.
Diéu d6 dan dén moi udc 1é clia ¢ khi chia cho 2**' déu du 1. Nén
u—v:2" =b=12"u—v2" 1d
Diéu nay 14 vo 1y nén ta c6 diéu phai chimg minh.
Bo dé: Cho p 1a sd nguyén to 1é va a>2 la s6 nguyén duong. Néu
t 1a s6 nguyén duong 16n nhét sao cho ord ,(a)=ord,(a)
Khi @ vé1 moi re {1,2,...,t} ta cO ord , (a) =ord, (a)Vél r>t thi
p
rt 1d
ordp, (a)z p .ordp (a)
Chirng minh. Ta chimg minh truong hgp <t con truong hop r>¢
hoan toan tuong tu. Dat ordp, (a)= ord, (a)=h va ordp, (a)=4k. Theo
dinh nghia cta cap, ta c6 p—1'h= p>h va do ¢ 1a s6 16n nhat dé
a" El(modp’): v, (ah —1):t
Lai ¢O r<t nén a"-1:p':p " =hik. Dat h=kllcZ", néu />1 thi
h>k &p dung bd d& LTE duoc
v, (a” —l):vp ((ak)l —1) =v, (ak —1)+vp (1)=t¢
Dé yrang v, (ak —1)<t vi néu vp(ak —1)=t thi
a -1 p' 3k50rdp, (a):h volyvi h>k.
Suy ra v, (/)21 hay lip=hip, diéu nay 1a vo Iy vi h< p—1 Vay
diéu gia st 1a sai hay /=1= h =k hay ta c6 diéu phai chirmg minh.
Quay lai bai toan. Dat b=2%k e Z*, ta viét lai phuong trinh thanh:
a +l=c 1d

Gia st nguoc lai ¢ ¢6 ude chinh phuong, khi d6 ton tai sé nguyén t6
1¢ ¢ sao cho ci¢®. Ap dung tinh chat cau a) ta c6
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g=1(mod2"")= g =12""+1=a" " -1=d"" -Lia"" -lia” +1i¢’
Suy ra o’ -1i¢g*. Dat ord,(a)=h va ord , (a)=i=q-1lii.

Goi ¢ 1a s6 16n nhat sao cho a" —1i¢". Khi d6

ordq, (a)
a

~lig"iq=ord, (a)iord,(a)
Ma theo tinh chat cap thi ord (a)=h fordq, (a) nén cé duoc

q
ordql (a) = ordq (a)

Néu ¢ =1 ap dung b6 dé voi r =2 ta duoc
pz'l.ordp (a)= ord ; (a)>=iiq
Diéu nay la vo 1y do i <g—1 nén ¢>2, lai theo bo dé duoc
oralq2 (a) zordq (a)

Mit khéac theo gia thiét ton tai jeN sao cho a’ =mg+a". Dan dén

™" —lig= j—niord, (a)zordq2 (a)

Suy ra mgqiq’(v6 1y). Nhu vay gia st sai hay ¢ khoéng c6 udc chinh
phuong. Vay bai toan dugc giai quyét hoan toan.

1d
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Cau 7. (6.0 diém) Cho bang 6 vudng n xn voi n 13 s6 nguyén dwong. Ta goi tip hop n 6
vudng trong cuing modt hang hoic mot cot 1a mot day 6. Véi k 1a sd nguyén duong cho
trude, s n duoc goila k — ot néu ton tai cach dit cac quan domino vao bang 6 vudng sao
cho moi day 6 c6 ding k& 6 dugc phu boi cac quan domino (cac quan domino dugc dat sao
cho mdi quan phul dung 2 6 cuia bang va khong c6 6 niao duoc phil bdi 2 quan domino khac
nhau, tic cac quan domino khong xép chdng 1én nhau).
a) Chimg minh ring n=4 1a 3—t6t va n=3 khong 1a 3— 16t
b) Gia sir ton tai s6 nguyén dwong k sao cho n 1a k—t6t va théa man ung véi mdi day
6 ¢o toi da 1 quan domino phu dong thoi 2 6, trong d6 co it nhat n diy 6 ma & ting
day, mdi quan domino chi phu ding 1 6. Ching minh riang sé quan domino ding dé
phii bang thoa méan bang » va chi ra cach dat quan domino théa mén.
Domino la mot hinh chir nhat g(;m hai 6 vuong don vi 2x1 hodc 1x2.

Viduvéi k=2,n=2 1a 2—1t.

Ciu | y Noi dung Biéu
diém

7 Ta danh s6 cac hang va céac cot tur trai qua phai va tr trén xudng dudi
la 1,2,...n.

Ki higu 6 (i, /) 1a 6 thuoc hang i va cot j,(i,je{1,2,...n}) .

Véi k =3, ta xét bang 6 vudng 4x4 va dat nhu sau:

1d

Ta thay ring mdi hang va mdi cdt c6 diing 3 6 bi domino phu nén ta
c6 diéu phai ching minh.

Véi bang 3x3, khong mét tinh tong quat ta gia st domino phu 26
(L1)va (L,2) Khi d6 do mdi hang phai c¢6 3 6 dugc phu nén o
(1,3)cling phai c6 quan domino phu 1én nén c6 quan domino phi hai
)

(1,3)va (2,3). Tuong tu nhu vay ta cd cAu hinh sau:
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Liic nay ta khong thé dit quan domino nao phi 1én 6 (2,2) nhung &

cot 2 s6 6 bi domino phu 13 2nén 3 khong 14 s6 tot.

1d

Gia sir c6 m quan domino. Ta goi a, 13 s6 quan domino phu 1én céc 6
cua day 6 vudng thi i,(i = I,Zn)( Vi moi diy 6 vudng twong ing voi
mdt hang hodc c)t, ma ta co téng ca hang va cot 1a 2n).

Ta dém s6 bd 7, =(4,B), trong d6 4 la quan domino phu 1én it nhét
1 6 cia day 6 vuong B.

+) Céach 1 (Bém theo quan domino):

Ta ¢6 m quin domino va c6 hai trudng hop c6 thé xay ra. Quan
domino phii 1én 2 6 cua 1 hang va 1 6 cta hai cot ké nhau hodc phu

2 60trén 1 cOt va 1 0 cua hai hang ké nhau. Tém lai ta ¢c6 3 cach
chon day 6 vuong B hay 7, =3m.

1d

+) Cach 2 (Pém theo diy 6 vudng ):

Vi mdi day 6 vudng i co a quan domino phu 1én (z’ =1,Tn) nén
T=a+a,+..+a,,

Nhu vay ta co a, +a, +...+a,, =3m. Mit khac tir gia thiét ta co:

a+ay+..+ay, 2nk+(k=1)n=2nk-n (1)

1d

Ta dém sb bo T, =(C,D)trong d6 C 1a mot 6 duoc phu boi quan
domino nao do trén day 6 vuong D.

+) Cach 1 (Pém theo 6 vudng): ta c6 m quan domino va mdi quan
chiém dang 2 6 vudng nén cd 2m cach chon C va chon D bang

cach chon hang chtta 6 C hodc ¢t chira 6 C nén c6 2 cach. Vay
T, =4m

+) Cach 2 (Pém theo diy 6 vudng): c6 2n cach chon 1 diy 6 vudng
va theo gia thiét mdi ddy 6 vudng c6 dung k 6 dugc phu bdi cac quan
domino. Do d6 ta ¢ T, =2nk . Suy ra 2nk = 4m < nk =2m. Két hop

voi (1) ta co:
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3m+nz2dm<<n=>m

Suy ra nk=2m<2n<k<2.Ma 1 domino phu it nhit 2 6 trong 1 1d
diy 6 vudng nao d6 nén k =2 hay m=n. Tir d6 d& thiy n phai la sb
chén.
Ta xdy dung cau hinh thoa nhu sau:
1d
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