SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN HQC SINH GIOI
DU THI CAP QUOC GIA (Vong 2)
PE CHINH THUC| Nim hoc: 2024-2025
Moén thi: TOAN
Ngay thi: 19/9/2024
Thoi gian lam bai: 180 phut (Khéng ké thoi gian phdt dé)
Ngay thi thir nhat

Céu 1: (5 diém). Tim tit ca cac ham s§ f: R — R thoa man:

f(ny)+2f(y2) = (w2 +f(y))f(y), Vr,ye R.

Céu 2: (5 diém). Cho diy s6 (z ) dugc xéac dinh boi:

n

2024
<2xw + 3)
r,=a€R, ¢z =-—-—">"—+z,Vn>1.
A 2024 "
2023
3 - (22, +3) O
a) Cho a > 5 dat u = Zﬁ, Vn > 1. Tinh gidi han cta day so (u ).
i=1 2T

i+1
b) Chirng minh rang ton tai vo han s thuc o dé (z ) la day s6 khac hang va hoi tu.

Céu 3: (5 diém). Cho tam giac ABC khéng can, ndi tiép duong tron (O) Hai duong cao
BE, CF cétnhau tai tryc tim H . Puong thing EF cat BC tai K . Qua K ké duong thang
vudng goc véi BC cit CH,BH lan luot tai P, Q. Bbuong thrfmg AH cat (O) tai T khac A.
Puong thang qua H vudng goc v6i EF cit BC tai L.

a) Ching minh L7 tiép xuc véi duong tron (HPQ).

b) Dung duong kinh AA" cua (O) Puong thang qua L vudng goc voi BC cit A'B, A'C

lan luot tai ¥, Z . Ching minh rang duong tron (A’ YZ ) tiép xtic voi duong tron (HPQ).

Cau 4: (5 diém).

Cho a,,a,,a,,0,,a,,a,1a 6 s6 tu nhién khong vuot qua 20. Goi m 1a trung binh cOng cua

6 s6 da cho. Hai s6 duoc goi 13 mot “cdp sé dep” néu nhu trung binh cong ching 16n hon m .
a) Ching minh rang khong thé chia 6 sb da cho thanh 3 cip déu 1a cac “cdp sé dep”.
b) Trong 6 sb da cho, co thé c6 nhiéu nhét bao nhiéu “cdp so dep™?

HET

Thi sinh khong dwoc s dung tai ligu va may tinh. Can b coi thi khong giai thich gi thém.
Hoténthisinh: ..., Sobaodanh: ........coiiiiii



SO GIAO DUC VA PAO TAO PE THI CHON POQI TUYEN HOQC SINH GIOI

BINH DUONG CAP TINH DU THI CAP QUOC GIA
Nam hoc: 2024-2025
IPE CHINH THUC| Moén thi: TOAN (Buéi thi thir nhit)

Thoi gian 1am bai: 180 phut (Khéng ké thoi gian phdt dé)

HUONG DAN CHAM THI
( Hudng din chim thi gdm 05 trang)
I. Hwéng din chung

1. Thi sinh lam bai khong theo cach néu trong dap an nhung dung thi van cho di diém sd
ting phan nhu Huwdéng dan chdm thi quy dinh T6 chim thao luan va thong nhét thang
diém chdm cho nhirng bai c¢6 cach giai khac voi dap an trong Hudng dan chdam thi va ghi
thanh bién ban chém thi.

2. Viéc chi tiét hoa diém sd trong ting cau (néu co) trong Hurdng dan cham thi thi phai bao
dam khong lam sai 1éch Hurdng dan chdm thi va phai dugc thong nhit théng qua bién ban
ctia T6 cham.

3. Piém ting cdu va toan bai khong lam tron (tinh dén 0,25 diém).

IL. Pap an va thang diém

Ciu Noi dung Piém

CAul | Timtitcacachamsd f: R — R thoa min:
(5 diém) f(='y)+2f(v*) = (2" + £ (9)) £ (v), Yoy e R (1),

Gia su ton tai ham f théa man yé€u cau bai toan.

Goi P(u,v) 1a phép thé x boi u va y bdi v vao phuong trinh (1),

0,5
Taco P(0;0)= 3/(0) = f*(0) = ;Eg;ig
Néu £(0) = 3 thi P(x;O):>3+6:(3;2+3)3,VxeR 0.5

hay #* =0,V € R (v0 1y). Do d6 ta co f(0)=0.

Tiép theo :
Po)=25(7)-F ) wver ()
P(n=s)=21(r)= £ (o) vuek ()
0= 1) =i varer ()
1)
Plan)=1(+) =501 )
Trong (2), thay y = 1: 2f(1) = f? (1) = ;8; z 2 0,5




(%) @

TH1: Néu f(l):O:>f(x2)=O,Vxe]R:f(:L’):O,V:ceR. 0,5
Thir lai thdéa man (1).
TH2: Néu f(l) = 2:5>f(:n2) =22°,Vz e R (Ga) 0,5
Trong (4), thay y = —1: f(—:ﬁ) = fo(—l),Vx eR (7)
Trong (2), thay y = —1: f (—1) =2f (1) =4 = ;Ejg i 1 0,5
+ Néu f(—l) = 2:7>f(—:132) =22,V € R(6b)
Két hop (6a) va (6b) ta dugc f(x)=2z,Vz e R. Thur lai théa man (1). | 0,5
(7)
+ Néu f(—l) = —2:7>f(—x2) =-22°,Vz € R (6¢)
Két hop (6a) va (6¢) ta dugc f() = 2|a|, Ve € R. Thir lai thoa méan (1). 05

Vay f(as):O,‘v’xe]R;f(x)zQx,‘v’xe]R; f(x)zQ‘x‘,V:ce]R

Cau 2:
(5 diém)

Cho diy s (z ) duoc xac dinh boi:

n

2024
(2:1;” —|—3)
r,=a€R, ¢z =-—-—""—+z,Vn>1.
" 2024 "

2023

3 4 . (2xi+3> , T
a)Cho a > ——,dit u = Z—,Vn > 1. Tinh gi6i han cua day s6 (u ).

2 tE 2z, +3 !

b) Chirng minh rang ton tai vo han s thuc « dé (z ) 1a ddy sb khac hang va hoi

n

tu.

a) Gia thiét duoc viét lai thanh
2z, + 3"

— %
(231:n+1 + 3) = 012 + (21’” + 3),Vn >1 (%) 0,5
Do z, =a> —g nén bang quy nap, ta chi ra dugc diy (z ) tang.
Néu (z,) bichan trén thi n6 s€ hdi tu vé L >1, thay vao cong thtrc, ta co
2024
L= % + L. Giadira duoc L = —g, di€u nay vo ly. Suy ra day 0,5
(z_) khong bi chan trén hay limz = +oc.
T (*), ta con co:
2 + 3 2024
@%H+3}=£5L—l——+@%4amvnzl 1,0

1012
& 1012|(22,, +3)— (23, +3)| = (22, + 3], ¥n >1




2 3 2023
<1012 — 1 Z(x”+) ,Vn >1
23:71 +3 291;n+l +3 2$n+1 +3
Suy ra u =1012 LI 1 = 1012 1012 ,Vn>1.
2:101 +3 2:rn+1 +3 20 + 3 2xn+l +3 0,5
Suyra limu = 1012 .
" 2a+3

2024

bybaty =2z +3,thx(*)taco y , = 3612 +y ,Vn >1.(**)

Bai toén trd thanh tim y, = 2a + 3 =b d¢ (y ) hoi tu.

D& thay néu y, =b=0thi y tingva néu n6 c6 giéi han 1a L thita c6 1,0
2024
= L +L & L=0.
) . 1012
Do d6, trudce hét, ta can co b < 0.
2023
Mat khac, néu chon y, = b € (—1;0) thi > —1.
1012 0.5
2023 ’
Suyray =10 +1{e(—10).
Y, 1012 ( )
Dung quy nap, ta chirng minh duoc rang y €(=10),vn >1. 0,5

Suy ra diy (y )ting va bi chan trén nén n6 s& hoi tu vé 0.

n

Vi vay vé1 moi a €

-2 _g] thi ddy (z,) 12 ddy s6 khac hing va hoity. | 0»

Chting minh hoan tat.

Cau 3:
(5 diém)

Cho tam gidc ABC khong can, ndi tiép dudng tron (O) . Hai duong cao BE, CF

cit nhau tai truc tim H . Puong thang EF cit BC tai K. Qua K ké duong
thang vudng gbc voi BC cit CH,BH lan luot tai P, Q.DPuong thing AH cét
(O) tai T khac A. Puong thang qua H vudng goc v6i EF cat BC tai L.

a) Ching minh L7 tiép xuc véi duong tron (HPQ).

b) Dung duong kinh AA" cua (O) Puong thang qua L vudng goc vi BC
cit A'B, A’'C lan luot tai v, Z. Ching minh rang dudng tron (A’ YZ ) tiép

xuc voi duong tron (HPQ).




E
P G
F 0
H
L
L
A c
Y
AI
T
0

z

a). H va T d6i xing nhau qua BC nén BC 1a duong trung truc cia
HT.

. 1,0
Xét phép doi xung truc BC, ta thu dugc PQTH 1a hinh thang can, nén
tir gidc PQTH ndi tiép.
Ta c6 THL — FKB (cung phu voi HLB ) = FPB (th giac PFBK ndi
tiép) = LH 1a tiép tuyén cua (HPQ). 1,0
Tacd LH = LT nén LT ciing 14 tiép tuyén cua (HPQ).
b). Vi AA’ 1a dudng kinh ctia (O) nén A'C L AC = BE//A'C'. 1,0
Tuong ty AT // BC (cung vudng goc AH ) dan téi BCA'T 1a hinh
thang can. 1,0
Do do ﬁ:ﬁ:ﬁ:@:ﬁ,wyrat&giéc BLYT
ndi tiép.
Dan t6i LTY = LBY — YA'T nén LT 1a tiép tuyén coa (A' YZ).

1,0

Vay LT 1a tiép tuyén chung cua (A’ YZ ) va (HPQ) nén 2 dudng tron

nay tiép xuc nhau.

Cau 4:
(5 diém)

Cho a,a,,a,,a,,a ,a,1a 6 sd ty nhién khong vuot qua 20. Goi m 13 trung binh

177277737 747 50
cong cuia 6 sb da cho. Hai sb duoc goi 1a méot “cdp sé dep” néu nhu trung binh
cong chung 16n hon m .
a) Chung minh rang khong thé chia 6 s6 da cho thanh 3 cip déu 1a cac “cdp so
dep”.
b) Trong 6 s6 di cho, c6 thé c6 nhiéu nhit bao nhibu “cdp s6 dep”?




Khong mét tinh tong quat ta gia sir a, <a, <...<a,
a) Gia sir ton tai cach chia ma ca ba cip déu 1a cip sb dep va goi trung
binh cdng cua ba capdola S ,S,, 5,

Taco S.,5,,S,>m nén S, + 5, + S, > 3m 1,0
Suy ra a, +a, +....+a, -3 a, +a, +....+a; (V6 i)
Vay a) da dugc chirng minh.
b) Ta c6 cac nhan xét sau:
+) Cip sb (al;aQ)khéng phai cip sb dep. That vay:
0,5
3a1<a1+a2+a3:>a1+a2<a1+a2+a3+a4+a5+at}: ,
3a, <a, +a, +aq 2 6
+) Tuong tu cac cip so: (al;a3>ve‘1 (al;a4)cﬁng khong phai cip s6 dep. 05
; 9

Suy ra c6 khong qué 12 cdp so dep.
+ Mat khdc tir cau a) ta ¢6 cac két luan duoi day:

Trong 3 cap (al;a6> ;(aQ;as)Vé (ag;a4> phai c6 it nhat mot cap 1,0
khong 1a cap sb dep.

Trong 3 cép (a13a5) ; (az;a3),ve‘1 (a4;a6) phai co it nhat mot cap
khong 12 cip sb dep. 1,0
Suy ra c6 khong qua 10 cdp so dep.
+) Ngoaira xéttap A = {0,16,17,18,19,20}. Taco m =15 vaco 10 cap
sd dep la:
(16,17),(16,18),(16,19),(16,20), (17,18),(17,19),(17,20), (18,19),(18,20) 1,0

va (19,20),
Vay 6 nhiéu nhat 10 cip sb dep.

HET




