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Nguyén Dirc Toan - Soan Nguyén - Khang Nguyén - H3 Huy Khéi

1 Caul

e : xvx—-8 10x+3/x-7 x-2 x+2 . :
1. Cho biéu thie P = + - ; voi x =0 va
x—4 x+3y/x+2 vVi+2) JVx+2 *

x # 4. Rut gon biéu thitc P va chitng minh rang
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2. Chitng minh rang véi cac s6 thuc duong x, y bat ki thoa man xy > 2021x+
2022y, ta ludon co

(V2022 - vV2021)\ /x5y > 1.
Loi giai:

1. Véi diéu kién x = 0,x # 4, ta co:
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Suyra P =4.

<=0 (Dox=0nén x+2>0).

Dau "=" xay ra khi x = g

2. Theo gia thiét, ta cé x,y >0 va
xy>2021x + 2022y

Tu do suy ra
2021 2022
> -
Y X
Tit diéu trén, két hop véi bat dang thitc Bunyakovsky, ta cé:

Vi+y=yx+y-1
}W¢2022 2021

- |I'2D2 2ol .1'2{]2

= v2022 + v2021

Do +v2022 - v/2021 > 0 nén

(V2022 - v2021)/x + v > (V2022 — v/2021)(v2022 + v2021) = 1

T d6 ta cé diéu phai chiing minh.

2 Cau?2

L 5 on s :
Trén cung mot hé truc toa dé Oxy, cho parabol (P):y = E;:-:"I va duong thang

(d): y = kx + 2, Khi k thay déi, chiing minh rang (d) luén 1di qula diénf A b

AB AC OA

dinh va cat (P) tai hai diém phén biét B va C théa man , V01
O 1a goc toa do.

Loi giai:

Trudc hét, ta chitng minh (d) luén di qua diém A c6 dinh. That vay, ta cé:

y=kx+2 & kx+(2-y)1=0



=) =
Phudng trinh nay c6 nghiém Yk nén suy ra {2 ) 5 = {I
B

Vay d ludn di qua A(0;2) co dinh.
Xét phuong trinh hoanh do6 giao caa (d) va (P):

éx2=kx+2 o x°—8kx—-16=0

Phuong trinh nay c¢6 A’ = (4k)* + 16 = 16(k* + 1) > 0. suy ra phudng trinh luén
¢6 2 nghiém phan biét hay (d) luén cat (P) tai 2 diém phan biét.
Ta ¢6 B(xy;ys) va Clx.;y.) 1a giao diém cua (d) va (P) nén xp,x. 1a 2 nghiém
cliia phuong trinh x® —8kx — 16 = 0. Theo hé thiic Viéte, ta suy ra:

xp+x, =8k

Xp-x.=-16

Ta co:
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Tuong tu, ta suy ra:
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Ta hoan thanh chitng minh.

OA 2 AB AC

3 Cau3l

1. Giai phuodng trinh

2x% + 5% — 22 + 21/ 1045 — 4x* = 32x(3 — x)°. (1)

2. Giai hé phuong trinh

(f:c+l+l]2+2x+2=[ﬁ_y—l+1]2+2‘,/:1::.r+:.r—.::—1
8

x2—-y

+ —
V2xy—5x—y+2
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Loi giai:

1. Bai nay chu yéu danh lira hoe sinh.

Néu x =0 thi r-:'iz rang do la mot nghiém phuong trinh. Xét x # 0.
Diéu kién. x= =

Chu ¥ rang 2v10x5 — 4x* = 2x2/2(5x — 2), ta viét phuong trinh lai thanh

x| (324" - 286.2% + 869 — 866) + 2x1/2(5x — 2)| = 0

= [32:.:3 —286x% +869x -EEE] +2xv/2(5x-2)=0
(vix#0)

& (32x° - 28647 + 869.x — 866 + 16) +2{x/2(5x — 2)- 8} =0,

hay la
4(5x%+8x+16)

xv2(6x—-2)+8
R6 rang biéu thite trong ngodc vuéng vo nghiém, tit d6 x = 2, théa man
Vay S ={0,2}.

(x—2)|32x% -222x + 425 +




2. Hé phudng trinh:

(Vati+1) +2x+2=(/y—1+1)+2/xy +y-x-1(1)
I
D184 g —4(2)

V2xy-5x-y+2

- . x=z-1l,y=1
bieu kién: (%)

Pata =vx+120,b=/y-120.
2xy—-5x—-y+2>0

Thay a,b vao (1), ta dudc:
(@a+1)°+2a®=(b+1)*+2ab

@ (@+1)°-(b+1)*+2a°-2ab=0
& (a-b)3a+b+2a)=0
< a-b=0(Do3a+b+2=2>0)
< a=5b
< vx+l=yvy-1
< x+2=y(x=-1,y=1)

Thay y = x + 2 vao phudng trinh (2), ta dudc:
8
2

x°—x+ =6
2x2 —2x
16
& (2x% -2x) - =12 (3)
V2x2 - 2x
DPat ¢ = v2x2 - 2x > 0 (242 — 2x > 0 (**)). Thay ¢ vao (3), ta dudc:
24+38 19
¢
= t°+16 = 12¢
& t2-12t+16=0
o (-2 (t+4)=0
& t-2=0Dot>0nént+4=0)
& t=2
& Vaxt-2x=2
& x2—x-2=0
< (x-2)x+1)=0
& x =2 hodc x = -1 (Ca hai nghiém déu théa diéu kién (*) va (¥¥))



Tu do, hé (I) c6 hai nghiém la
va
Vay hé phuong trinh (I) ¢6 duy nhét hai nghiém (x,y) 1a (-1,1) va (2,4)

4 Cau4

Cho ham sb6 f(x) = 5x%. Tim tat ca cdc gia tri cia tham s6 m dé phudng trinh
f(5x% + m) =x—m c6 bon nghiém phan biét x,,xs,x3,x4. Khi d6, chitng minh
rang

2, 2 2 2 9

Lai giai:
Dat ¢ = 5x* + m. Suy ra 5¢% = f(¢) = f(5x° + m) = x—m. Tt d6 suy ra

t=5x2+m . 5
=5t°+t=0x+x=>(t-2)5(t+x)—-1)=0
x=5t2+m

Suy ra t—x =0 hodc ¢t +x =3 hay

1
522 —x+m=01(1) hoac 5:::2+:r+m+g =0(2")

Gia st hai phuong trinh (1) va (2’) ¢6 chung véi nhau nghiém x,. Thay x,
vao (1’) va (2’), ta dudc:

5x:—xp+m=0 1 1
j] = 2xp+=-=0=>xp=——
5xﬁ+xg+m+%=ﬂ 10

Thay x, vao lai (1°), ta dudc: m = —%

Phuong trinh f(5x*+m) = x —m ¢6 bon nghiém phén biét, viy ca hai phuong

trinh (1'),(2") déu c6 hai nghiém phan biét va khong cé nghiém trung nhau.

SuyraA;=1-20m>0vaA;=1-20(m+3)>0m# ~30° Diéu dé tuong duong
1 3

mc:Evam::— Vay, m < 3;.



Khi do, goi x,,x: 1a hai nghiém cuaa (1'), x3,x4 1a hai nghiém cua (2').
Theo dinh ly Vi-ét, ta co:
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Suy ra

X2 + 22 +x2 + 22 = (207 + 22)% — 21205 + (3 + 24)% — 234
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Ta c6 diéu phai chitng minh.

5 Caub

Cho tam giac ABC (B > 90°) ndi tiep duong tron (0). Trén cung nhé AB lay
diém F (F khéc A va B), tia AF cat duong thang BC tai D. Trén cung 16n AC
lay diém G (G khéc A va C) sao cho tia AG cat tia BC tai E. Tiép tuyén tai
B cua dudng tron ngoai tiép tam gidc BDF cat tiép tuyén tai C cua dudng
tron ngoai tiép tam giac CEG tai diém H. Ching minh ring ti giac AHCB
la hinh thang can.

Ladi giai:



Pubng thang qua A song song véi BC cat dutng tron (0) tai diém thi hai 1a
H'. Tu do ta co0 AH'CB la hinh thang can.
Ngoai ra, do AH' | BC va ti giac AH'BF noi tiép nén
BDF =180°-FAH' =FBH'
Suy ra BH' tiép xuc (FDB) tai B. (1)

Tuong tu ta ciing c6 CH' tiép xic (CGE) tai C. (2)
Tu (1) va (2) suy ra: H = H'. Suy ra AHCB la hinh thang can.

6 Cauéb

Cho dutng tron (0) noi tiép tam gidac ABC(AB < AC). Cac tiép diém trén
BA,BC theo thit tu la D,E. Goi M la trung diém ctia doan BC,F 1a giao diém
cua DE va tia AO.

1. Chitng minh rang MF | AB.

2. Puong tron ngoai tiép tam gidc OBC cit tia AO tai G. Goi H la hinh
chiéu ctia G trén BC. Chiing minh rang HC = BE.



1. Goi N la trung diém AC. Khi d6 MN la duong trung binh tam giac
ABC,nén MN | AB. MN cit AO tai F'. Ta c6: AF'N = BAO = CAO. Suy
ra tam gidc NAF' can tai N. Suy ra NF' =NA = NC. Suy ra CF'A =90°
hay CF' 1 AO tai F'. (1)

Mat khac, ta co:

EFQ=BDE-BAOQO =90°- = - =0CB

Tu d6 suy ra ti giac FEOC nai tiép.
Suy ra OFC=0EC =90° hay CF L AOQ tai F. (2)
Tu (1) va(2) suyra F=F'. Suy ra MF | AB.



2. Goi L 1a tiép diém cta (0) véi canh AC. Goi G' 1a tam dudng tron bang
tiép goc A ctia tam gidac ABC. Goi I,K lan ludt 1a tiép diém cta (G') véi

AB,AC. Ta co:
_— ABC 1IBC 18{]”
OBG' = > + 2 5 = 90°
Tuong tu ta ciing ¢c6 OBG' = OCG' = 90°. Suy ra ti giac OBG'C nop tiép
hay G' € (OBC).
Suy ra G = G'. Suy ra G la tam dudng tron bang tiép géc A ciua tam giac
ABC. Suy ra H la tiép diém caa G vdi BC.

Ta cé BH=BI,CH=CK. Suy ra

AI+AK=AB+BI+AC+CK=AB+BH+AC+CH=AB+BC+CA

Suy ra
AE+BH=AI:AK=AC+AH=AB+EEC+CA
o AB+BC+CA
CH = "'2"' _AC (1)

Mat khac, ta ¢c6 BD =BE,AD =AL,CL =CE. Suy ra
2BE +2AC=BE+BD+CE+DA+AL+LC=AB+AC+BC

Hay
BE=AB+BEG+CA _AC (2)

Tu (1') va (2') suy ra BE =HC.

7 Cau7

Tim tat ca cac cap so nguyén (x;y) thoa man
[::u:2 —yE}E =1+20y (1)
Loi giai:
Do nhén thay rang néu (x, y) 1a nghiém ctia (1) thi (-, y) cting 1a nghiém cua
(1) nén khong mat tinh tong quat, gia st x = 0. Tt gia thiét, ta co:

(x — y)*(x+ y)* = 1+ 20y



1
Tu do ta co: 1+Eﬂy3ﬂ-¢b.}f£—ﬁ.
Ma y la s6 nguyén nén ye N. Suy ra (x — y)%(x + y)? = 1.

* Giasit(x—y)*=1. Suyra
(x+y)* =1+20y

= 1+2ﬂ_}’=}'2+2:¢_}’+x22}'2
= 0=y=10

Néu y 1a s6 1é thi (x+ y)* = 1+ 20y chia 8 du 5 diéu nay vé ly do khéng ¢6
so chinh phuong nao chia 8 du 5. Vi vay, y la so chan.

Xét cac truong hop y € {0,2,4,6,8, 10}, ta thay cac bo (x,y) € {(1,0),(5,4),(5,6))
thoa man (x+y)>=1+20y va (x—-y)? = 1.

» Gia st (x—y)2 > 1. Do (x - y)? 1a s6 chinh phuong nén (x - y)? = 4. Suy ra
1+20y=4(x+y)° =4y =>0<y<5

Véi y € 0,4 thi 1+20y mdi la s6 chinh phuong. Ca hai trusng hop nay
déu khéng thoa.

Vay phuong trinh (1) ¢o cac nghiém (x,y) € {(1,0),(-1,0),(5,4),(-5,4),(5,6),(—5,6)}



