SO GIAO DUC VA PAO TAO KY THI TUYEN SINH LOP 10 THPT

HA NOI NAM 2021 - 2022
Mon thi: TOAN (chuyén Toan)
PE THI CHINH THUC Ngay thi: 14/6/2021

Thoi gian lam bai: 150 phi

BaiI (2,0 diém)
1) Gidi phuong trinh x* + x+2-2yx+1=0.
2) Cho ba s6 thuc a,b va ¢ théa man ab+bc +ca =1. Chiing minh

a-b b-c c—a

+ + =0
1+c> 1+a> 1+0°

Bai II (2,0 di€m)
1) Tim tat ca cdp s6 nguyén (x,y) thoa man x* +5xy +6y° + x+2y—2=0.
2) Chting minh v6i mdi s8 nguyén 71, s6 n° + 1+ 16 khong chia hét cho 49 .

Bai III (2,0 di€m)

2 . 1 e : C N
1) Cho s8 thue x khac 0 thoa man x+= va x° déu la s§ hitu ti. Chiing minh x 1a s6 hitu

x
ti.
2) Cho cac s6 thuye khong am a,b va ¢ théaman a+b+c =5. Ching minh
2a+2ab+abc <18
Bai IV (3,0 di€m)

Cho tam giac nhon ABC noi ti€p duong tron (O), véi goc BAC = 60° va AB < AC. Céc
duwong théng BO,CO TIan luot cét cac doan théng AC,AB tai M,N.Goi F la diém chinh
gitta cua cung BC 1on.

1) Chting minh nam diém A,N,O,M va F cung thudc mot duwong tron.

2) Goi P,Q lan luot l1a cac giao diém tht hai cua hai tia FN,FM véi duong tron (O). Goi
] 1a giao diém ctia duong thang BC va duong thing PQ. Chiing minh tia A] 1a tia phan
giac ctia goc BAC.

3) Goi K 1a giao diém ctia duong thang O] va duong thang CF . Chtiing minh AB vudng
gocvoi AK.

Bai V (1,0 diém)

Cho A la mét tap hgp con c6 100 phan tir caa tap hop {1,2,3,...,178}

1) Chttng minh A chtta hai s6 tw nhién lién ti€p.

2) Chting minh véi moi sd tw nhién n thudc tap hop {2,3,4,...,22}, ton tai hai phan tw

cua A c6 hiéu bang 7.
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PAP AN THAM KHAO

Bai I (2,0 diém)
1) Giai phuong trinh x> +x+2-2vx+1=0.
2) Cho ba s6 thuc a,b va ¢ théa man ab +bc + ca =1. Chiing minh

a-b b-c c-a

1+¢? 1+a2+1+b220
Loi giai
DDKXD: x+1>20< x>-1.
Cach 1:
Pt t =/x+1,t>0.
Ta co:

(t2—1)2+t2—1+2—2t=0

St -t =2t+2=0
&£ (F-1)-2(t-1)=0

SEE-1)(t+1)-2(t-1)=0

& (t-1)(FPE+1)-2)=0

e (t-1)(F++-2)=0

& (E-1)(F -+ +2£-2)=0

& (t=1)(FE-1)+2(t-1)(t+1))=0
& (t-1)(E-1)(# +2t+2)=0

& (-1 (£ +2t+2)=0

{t =1(TM)
=

(t+1y+1=0(L) <!

Véit=1,suyravx+l=1x+1=1<x=0 (TM).

Vay phuong trinh c6 nghiém x =0.
Cach 2:

Tacd: x> +x+2-2Jx+1=0 x> +x+1-2Jx+1+1=0 x> +(vx+1-1)> =0

x=0 x=0 x=0 x=0
= = & RS < x=0(TM)
x+1-1=0 Vx+1=1 x+1=1 x=0

Vay phuong trinh c6 nghiém x =0.
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y

| 4

~ 2)Taco:

a-b b-c c-a a->b b-c c—a
VT = 2+ 2+ 2 2+ 2+ 2
1+¢® 1+a° 1+b> ab+bc+ca+c” ab+bc+ca+a” ab+bc+ca+b
_a-b N b—c L c-a _(a=b)(a+b)+(b—-c)(b+c)+(c—a)(c+a)
(a+c)b+c) (a+b)(c+a) (a+Db)(b+c) (a+Db)(a+c)b+c)
(dpem).
Bai II (2,0 diém)

1) Tim tat ca cdp s6 nguyén (x,y) thoa man x* +5xy +6y° + x+2y—2=0.
2) Chttng minh véi mdi s6 nguyén 7, s6 n° +n1+16 khong chia hét cho 49 .
Loi giai
D)
x> +5xy+6y° +x+2y—2=0< (x+2y)(x+3y) +(x +2y) =2 < (x + 2y)(x + 3y +1) =2
(1)
Do x;yeZ suyra x+2y;x+3y+1eZ

Vay ttz (1) ta suy ra cac treong hop sau

{x+2y:2 {x:6
THI: = .

x+3y+1=1 y=-2
x+2y=1 x=1
TH2: &
x+3y+1=2 y=0
x+2y=-2 x=-2
TH3: =
x+3y+1=-1 y=0
x+2y=-1 x=3
TH4: =
x+3y+1=-2 y=-2

Vay cac cap s6 nguyén (x;y) théa man la (6;-2);(1;0);(-2;0);(3;-2).
2)Tacd P=n"+n+16 suyra 4P =4n’ +4n+64 =(2n+1)* +63.

TH1: 2n+1/7 suyra (2n+1)*:49 ma 63/49 suy ra 4P}49 suyra P[49.
TH2: 2n+1/7 suy ra (2n+1)* /7 ma 63:7 suy ra 4P/49 suyra P/49.
Vay PZ 49 v6imoi n (dpcm)

Bai I1I (2,0 dié€m)

2 . ey : C o
1) Cho s8 thiee x khac 0 théa man x += va x° déu 1a s6 hiru ti. Chttng minh x la s6 hitu
X

ti.
2) Cho cac s6 thye khong am a,b va ¢ théaman a+b+c¢ =5. Chting minh
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Loi giai
1)
Cach 1:

2
2 4 2 4
Tacd x+—€Q suyra x2+—2+4=(x+—j eQ=>x"+—¢€Q.
X X X X

Cung ¢ x° € Q suy ra %EQ suy ra xS—%z(x_gJ(x2+2+i2]eQ
x x x x

4 4 2
Do x2+?eQ:>x2+?+2€Q nén suy ra x—;e@.

Vay 2x = (x + E) + (x —Ej € Q suyra x € Q (diéu phai chttng minh)
X X
Cach 2:
. 2
Ta cé: x +— la s6 hitu ti
X
x* +2x°
—<Q
X
Ma: x’eQ=x"+2x"eQ (1)

= (¢ +1) eQ@

x*+2
X

Ta lai co:

e(@;x2(3c2+2)e(@:>x(x2+2)2 eQ

x*+2

- x(x+2) €Q= (¥ +2) €Q @)
Te @ va@) = (¥ +2) -3(¥ +1) €Q

= (x*+1) +3(x* +1)+1€Q

= (¢ +1) +3(x*+1)eQ

= (x+1) (¢ +1) +3]eQ
>x+1eQ=x"+2€Q

2
X +2
Ma:

eQ:>(x2+2)- zx =xeQ

X X +2

2) 2a+2ab+abc=2a+ab(c+2)£2a+a[

HOCMAI
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2
:>2a+2ab+abc£2a+a(%}

Ta sé chtirng minh:

2
1" —14a+49 <

2a+a 18

< a’-14a" +57a-72<0

< (a—3)*(a—8) <0 luon ding véimoi 0<a<5

Bai IV (3,0 diém)

Cho tam giac nhon ABC noi ti€p duong tron (O), véi goc BAC =60° va AB< AC. Cac
duong thang BO,CO Tan luot cat cac doan thang AC, AB tai M,N.Goi F la diém chinh
gitta cua cung BC lon.

Loi giai
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1) Chting minh nam diém A,N,O,M va F cung thudc mot dwong tron.
BOC = BAC (g6c noi tiép va gdc o tam)

Ma BAC =60" = BOC =120°

= Tt gidc AMON ndi tiép (1)

NAO = NMO (cing chan ON )

]\ZZX\O = m (cing chan 6]\\/[ )

Ma NAO = NBO (do OA = OB = AOAB can)

MAO = MCO (do OA = OC = AOAC can)

Nén NBM = NMB = AMBN can tai N = NM = NB

MNC = MCN => AMCN cén tai M = MN = MC
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S NB=MC
Xét AFNB va AFMC co:
NB = MC (chung minh trén) Z\/TB\F = ]\YC\F (cing chan AF )
FB=FC (F 1a diém chinh gitta BC )
= AFNB = AFMC(c.§.c)

FN =FM
= S

NFB = MFC

Ma MFEC + MEB = BEC = BAC = 60°
— NEB+ MFB = 60°

NEM = 60"
=S
NAM = 60°

Tk gidc NAFM néi tiép (2)

Tt (1) va(2) suy ra5 diém A,N,O,M ,F cung thuéc mot duwong tron

2) Goi P,Q lan luot 1a cac giao diém tht hai cua hai tia FN,FM véi duong tron (O). Goi
.J . 1a giao diém cua duwong thang BC va duong thang PQ. Chiing minh tia AJ 1a tia
phan gidc ciia goc BAC.

Ta c6 CQ = AF = BP, do d6 QJMC va BJNP la céc tir gidc ndi tiép

F la diém chinh gitta cung BC nén BFC = BAC = 60° suy ra ABFC déu

Suy ra ]\YQ\CzATQ\Czla\C=60°

Lai ¢ MOC = 60° suy ra MCQO la t& giac noi tiép

Suy ra 5 diem M,C,Q,],O cung thudéc mot duong tron

Chang minh twong tw B,N,O, ], P ciing thudc mot duong tron

Suy ra C/]]\\/I=COM=60°=1§‘XTZ
o o BAC

Suy ra AMJB la t& giac noi tiép = MAJ = MB] =30° = ——

Suy ra AJ la tia phan gidc cua goc BAC

3) Goi K 1a giao diém ctia duong thang O] va duong thang CF . Chiing minh AB vuéng

goc voi AK.

Theo trén ta c6 PBQC la hinh thang can, O] 1a duong trung truec ctia CP

—

Mgt khac JAP = CAP—===CAP-30° = JOP~OCF = JOP—OPK = JKP
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Suy ra tit gidc AKJP ndi ti€p
Suy ra KAJ = JPK = KCJ = 60° = BAK = BAJ + KAJ = 30°+ 60° = 90°
Hay AK L AB
Bai V (1,0 diém)
Cho A 1la mét tap hgp con c6 100 phan tir caa tap hop {1,2,3,...,178}
1) Chting minh A chtra hai s6 tw nhién lién ti€p.
2) Chting minh v6i moi s tu nhién n thudc tap hop {2,3,4,...,22}, ton tai hai phan tw
ctia A c6 hiéu bang n.

Loi giai
1) Goi cacphantecuatap A la A= {al,az,aB .. .,awo} . Khéng mat tinh tong quat gia st
a,<a,<da, <...<d,
Gia stz tap A khong 6 hai s tu nhién nao lién ti€p thi ta co
a,—a,22;a,—a,22...;a,, —a, =2
Suyraa, =a,—a,+...+a,—a,+a,—a, +a, 299.2+a, >178 vay a,, khong thudc tap
hop
{1,2,3...,178} (trai véi gia thiét) suy ra diéu gia st la sai tir d6 ta c6 diéu phai chiing
minh.
2) Véi nef2,3,4...,22} gia stt khong ton tai hai phan tit nao ctia A c6 hiéu bang n (*).
Taco a,#a,+kn (keN)Vi,je{l,2,3...,100}
Véi cac phan ttt a,,a,,4a,,4a,,

Tacd a, <79 khi d6 tap A khong thé c6 céc phan tir ¢ dang a, +k,n(keN’)

178 —a, 2£>4
n 22

Vay it nhat c6 4 s6 thudc tap {1,2,3....178} khoéng thude A.

Xét bat phuong trinh a, + kn <178 = k>

Twong tw nhw vay véi a,,4,...a,, mdi treong hop cling cé it nhét c6 4 s8 thudc tap
{1,2,3...,178} khéng thudoc A (cac s6 bod di trong cac treong hop la khac nhau).

Véicacphantwe a,,a,,a,...a

1377147 34

Ta cé a,, <91 khi d6 tap A khong thé c6 cac phan tir c6 dang a,, + k.n(k eN )

13 —

178 —
Xét bat phuwong trinh a,, +kn <178 = k > s S 2—2 >3
n

Vay it nhat c6 3 s6 thudc tap {1,2,3...,178} khong thudc A.
a...a, moi treong hop ciing c6 it nhat cé 3 s thudc tap

Twong tu nhw vay voi a,,,

{1,2,3...,178} khoéng thudc A ( cac s6 bo di trong cac truong hop la khac nhau).
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Suy ra tap A khong nhiéu hon 178 =114 = 64 phan tk ( trai vdi gia thiét) vay diéu gia sw

(*) la sai tix d6 ta cd diéu phai chitng minh.
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