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Huéng din chdm gdm 05 trang

A) Hudng din chung:

1) Hoc sinh lam ding dén dau thi chAm dén d6. Hoc sinh trinh bay theo cach khac ma ding

2) Viéc chi tiét hoa thang diém phai ddm bao khéng lam sai 1éch biéu diém ctia HDC va

thi gidm khdo chdm tuong ting biéu diém ctia HDC.

phai dudc thdng nhét trong toan hoi dong chim thi.

3) Diém ctia bai thi khéng lam tron.

B) Hudng din cu thé:

Bai 1 (5,0 diém). Cho day sb (a,)nen xac dinh bdi ag = 2, a1 = 4 V3 ap_1an41 — a? = 12, v6i moi

n nguyén duong.

1. Xéac dinh cong thtic téng quat clia day (a,).

2. Tinh gi6i han (néu c6) ctia diy s6 (b,),>1 cho bdib, = S

n 1

k=1 QpQk+1

A =2—+/3, Ay = 2+ /3. Tt d6, ta tinh dudc

a, = (2—\/§)n+<2+x/§>n,vneN.

Y Noi dung Piém
Bang quy nap, ta dé dang chira a, > 0. 1,0
V6i mbi n nguyén duong, ta déu cé
2 _ 2 _
1.1 Un—10pt1 — U = Qplniy — Qg S Qi1 (Qpo1 + Gpy1) = A (an + Gpga)
an + An4-2 _ ap—1 + An+1
An41 Qp,
Tir gia thiét, ta tinh dugc a, = 14. Suy ra 1,0
an—1+an+1:an—2+an:.“:a0+a2:4 D
Qp, Ap—1 a1
Do d6 a, ;1 = 4a,, — a,_; v6i moi n nguyén duong.
Day sb trén ¢6 phuong trinh dic trung A2 — 4\ + 1 = 0 véi hai nghiém | 1,0




Ta co 0,5
b = 1 = a1 — a3 1 = (akl aj ) 1 (ao a, )

1.2 12 p g Ak4+1 1254\ ax (g1 12\a1  api1)

Cach 1. Taco 1,0

AL " +1
. ay , AT+ A _ E 1
lim = lim m: lim —_—h = .
nIEe Apgy notee AT+ A etV (j\\_;> TPV
A . 1 /1 1 2v/3—3
Vay lim b= — (- — —— _2V3-3 0,5
n—+o0 12\2 924 \/§ 24
Cach 2. Vi ddy (a,) chi gdm toan cac sb duong nén 0,5
Ap—1 _ Qp, _ 12 > 0.
Qp, Ap41 ApGp41
Suy ra day ( n ) gidm va bi chin dudi béi 0 nén ton tai giéi han hitu han
Qp+1
(= lim <20
n—+00 Up4q aq 2
Két hop véi (1), chuyén qua giéi han, ta dugc 0,5
1
5+Z=4:>5=2—¢§.
2V3 -3
S lim b, = —. 0,5
A= 24
Bai 2 (5,0 diém). Cho ham s6 f : R — R thda mén
faf@+y) =fyf(z)+2° Yo,y R

1. Chitng minh rang phuong trinh f(z) = 0 c6 nghiém duy nht.
2. Chitng minh f(z) 12 don 4nh va 12 ham s6 18.
3. Tim tht ca cac ham s6 théa mén diéu kién d4 cho.

Y No6i dung Diém
Thay = 0, ta ¢é f(yf(0)) = f(0), ¥y € R. Néu f(0) # 0 thi thay y bi ﬁ 0,75
v6i 2 € R bat ki, ta dude f(z) = f(0), v6i moi z. Suy ra f 1a ham hang. Thi

9.1/ lai khong théa mén.




zf(y) = yf(x). Tu do6 /) (z # 0) 1a ham hang, tit 46 f(x) = cx, v6i moi
x

x € R.
Thay vao gia thiét, ta tim dudc ¢ € {+1}. Ay f(z) = £z.

Thay y = 0, ta dudc f(zf(z)) = 22, Vz € R. (1) | 0,75
Gia st zp théa man f(xg) = 0 thi 22 = f(xf(z0)) = f(0) = 0 hay zy = 0. VAy
phuong trinh f(z) = 0 ¢6 nghiém duy nhét z = 0.
Gia st zg, yo thda man f(zy) = f(yo). Trong (1), thay z bdi z, ta cd 1,0
x5 = [(xof(x0)) = f(xof (¥0)) = f(xof (o + yo — o))
= f((yo — o) f(x0)) + 5.
2.2
Do d6 f((yo — xo)f(z0)) = 0, suy ra (yo — o) f(z9) = 0, kéo theo z, = y, hay | 0,5
f(x) 13 don anh.
Thay y bdi —z, ta dude f(—af(z))+22 = f(zf(0)) = 0 hay f(—af(z)) = —22. | 0,5
Thay = bdi —z, ta dugde f(zf(—x)) = —2%, suy ra f(—zf(z)) = f(xf(—2x)),
ma f don anh nén —xzf(z) = zf(—x), din dén f(z) = — f(—=) hay f 1a ham
1€.
Tit gia thiét, ta cé f(yf(z)) = —a® + f(af(z +y)), Vz,y € R. 2 ] 1,0
Ap dung (2) va két hop f 13 ham 18, ta c6
fyf(@) = -2+ flaf(z +y)) = =2 = f(~zf(z +y))  (do flaham1§)
=2+ (@+y)’—f((z+y)flz+y—2x)) (do (2))
03 =y* + 22y — f((x +y)f(y))
=y’ +2zy+ f((—v —y)f(y))  (do flaham1é)
=y + 2y —y' + fyf(-x—y+y)  do(2)
=2zy + f(yf(—x)) = 22y — f(yf(x))  (do flaham 1)
Kéo theo f(yf(z)) = xy.
Tuong tu, ta ¢ f(zf(y)) = vy = f(yf(z)), Vo,y € R, ma f don anh nén | 0,5

1. Hai tiép tuyén tai B va C cta dudng tron (O) cat nhau tai P. Chttng minh T, N, P thang

hang.

ra D la truc tam giac OSP.

Bai 3 (5,0 diém). Cho tam gidc ABC khéng can, ndi tiép dudng tron (O). Mot dudng tron qua
B, C cét cac canh AC, AB tai E, F tuong ing. Pudng tron ngoai tiép tam gidc AEF cit dudng
tron (O) tai diém tht hai T. Goi M 1a giao diém ctia BE va C'F; S 1a giao diém ctia BC va EF;
D va N 1an lugt 12 giao diém ctia AM v6i BC va (O) (N # A).

2. Goi K 14 giao diém clia AB va C'N. Chiing minh K ndm trén dudng thang SP, tit d6 chi




. I\?
biem

N

L

Cac cip duong tron (AEF) va (BCE), (BCE) va (0), (0) va (AEF) 1an lugt
c6 truc dang phuong 13 EF, BC, AT nén ba dudng thang nay dong quy tai | 1,0
S hay 4, T, S thang hang.

3.1
Theo tinh chét ctia hang diéu hoa co ban thi (SD, BC) = —1 1,0

Chiéu xuyén tdm A 1én dudng tron (0), ta dudc ti gidc TBNC diéu hoa, ddn
dén TN di qua giao difém P cla cac tiép tuyén tai B va C clia dudng tron | 1,0
(0).

A B N

C T B
hang. Goi L 1a giao diém ctia BN va AC, chiing minh tuong tu, ta dugc bén
diém S, K, P, L thang hang.

Ap dung dinh 1i Pascal cho bd 6 diém ( ) ,taduoc S, K, P théng

1,0

Ap dung dinh 1i Brocard cho t& gidc ABNC, ta ¢6 D 1a truc tAm tam gidc

0,5
3.9| OKL, kéo theo OD L SL.

Ma ta cling ¢c6 SD 1 OP nén D la truc tdm tam giac OSP. 0,5

Bai 4 (5,0 diém).

1. Cho p 1a sb6 nguyén tb khac 3 va sb nguyén a sao cho p | (a2 + a + 1). Chitng minh rang
p=1 (mod 3).



2. Cho s6 nguyén duong m 16n hon 1 sao cho m khéng c6 wéc nguyén tb dang 3t + 1, ¢ € N.
Tim tAt ci cac sb nguyén duong a sao cho 1 + am3 13 14p phuong cia mot sb nguyén va
1 + an® khong 13 1ap phuong ctia mét sb nguyén v6i moi sé nguyén duong n < m.

Y No6i dung Diém
Cach 1. Dé thiy a4+ a+1 = a(a+1)+11asb1énénp # 2. Dodd p | a2 +a+1 | 1,0
khivachikhi (2¢a+1)>+3=4(a*+a+1)=0 (mod p).

Ap dung luat thuan nghich binh phuong, ta c6 1,0
-3 —1 3 p=1 (P 3-1 p—1 D
1 — — == b — = —1 2 (—) —]_ 2 2 = (—) .
(p) <p><p) =0 (5) Y 3

4.1
Tt dép=1 (mod 3).

Cach2.Dop|a*+a+1néna® =1 (mod p) 0,5
Theo dinh li Fermat thi ' =1 (mod p). 0,5
Tacop | ged (@~ — 1,63 — 1) = a#4P~13) —1 (hodc ord,(a) | ged(p—1,3) | 3). | 0,5
Néu ged(p — 1,3) = 1 (hay ord,(a) = 1) thi @ = 1 (mod p), suy ra | 0,5
0=da’>+a+1=3 (mod p), vo li.

Do d6 ged(p —1,3) =3 hay p =1 (mod 3).

Gia stt 1 + am® = b®. Goi p 1a u6c nguyén t6 bt ki ctia m. Néup = 2 thibla | 0,5
s6 18, suyra2{b®+b+ 1. (D
V6ip > 3, thiam?® = (b—1) (b2 +b+1). Néup | b*+b+1thitheoy4.1,p=1| 0,5
(mod 3), mau thudn. Do dé p | b—1. 2

4.9 T (1) va (2), suy ra m® | b — 1, do d6 ton tai ¢ nguyén duong sao cho | 1,0
b =1+ tm?. Diéu nay ddn dén a = ¢ (£2mS + 3tm3 + 3).

V6i n < m nguyén duong, ta co 1,0
(tm2n)3 <1+an® =14+ 3tn® +32m>n® + t*mn?®
< 1+ 3tm?n + 3t*>m*n? + t*m®n?
= (1+tm?n)>.
Do d6 1 + an? khong 13 14p phuong clia mdt sb nguyén véi moi n < m. VAy
a=t(t>m®+ 3tm3 + 3), t € N*.




