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Bai L. (2,0 diém)

1) Giai phuong trinh x* —4x+2v2x-1+1=0
2) Cho cac s6 thuc a,hva cthda man ab+be+ca=1.Tinh gia tri cua biéu thirc
a b c 2

= + +
l+a®> 1+b*> 1+c¢* a+b+c—abe

Bai II. (2,0 diém)

1) Chimg minh néu »1a sb tu nhién 1¢ thi 3*"*' —7chia hét cho 20
2) Tim tat ca cip sd nguyén duong (x;y)sao cho y(x2 +x+1)= (x+1)(y2 —1)

Bai IIL. (2,0 diém)

3 3
1 - A A \ m \ n A \ I A A A
1) Tim hai s6 nguyén duong m va n sao cho va déu la cac s0 nguyén to
m+n m+n
2) V6i a,b,cla cac so thyc khong am thoa man dicu kién a+b+c =3,tim gia tri 1én nhat

cua biéu thirc P = ab+2bc+3ca—3abe

Bai IV. (3,0 diém) Cho tam gidc ABCnhon véi 4B < AC.Pudng tron (7)noi tiép tam gidc
ABC , tiép xtic vi ba canh BC,C4, 4B 1an luot tai ba diém D,Eva F

1) Goi M 1a giao diém cua hai dudng thing 47 va DF.Ching minh duong thing CM
vudng goc voi dudng thang A7

2) Goi N la giao diém cuia hai duong thang 47 va DE. Goi K 14 trung diém ctia doan
thing BC.Chung minh tam gidc KMN 14 tam giac cin

3) Céc tiép tuyén tai M va N cua dudng tron (K; KM )cét nhau tai diém S. Chtrng minh

duong thing A4S song song véi dudng thang D

Bai V. (1,0 diém) Cho tap hop 4 gdm 70 sé nguyén duong khong vuot qua 90.Goi B1a tap
hop gdm cac s6 c6 dang x+y v6i xe Ava y e B(X,y khong nhat thiét phan biét )

1) Chimg minh 68 € B
2) Chtng minh B chira 91 s6 nguyén lién tiép
DAP AN



Bai L. (2,0 diém)
3) Giii phwong trinh x* —4x+22x-1+1=0

Piéu kién : x> % . Phuong trinh da cho c6 thé duoc viét lai thanh :

(r-1) =(V2x-1-1)

Tu day, ta c6 x—1=+2x-1-1hodc x-1=1-+2x-1
Giai 2 phuong trinh va do6i chiéu ta c6 x=1
4) Cho cac so thuc a,bva cthéa man ab+bc+ca=1.Tinh gia tri cia bieu thirc
a b c 2

= + +
l+a> 1+4b° 1+¢* a+b+c—abe

a a

Do ab+bc+ca=1=——=

a
a*+1 a*+ab+bc+ca _(a+b)(a+c)

b c c
P +1 (b+c)(b+a)’c2 1 (c+a)(c+b)

Chung minh tuong tu, ta ¢6 :

Ngoai ra cling ¢6 ab+bc+ca=1nén :

2 2 2
a+b+c—abc (a+b+c)(ab+bc+ca)—abc B (a+b)(b+c)(c+a)

Tir két qua trén ta suy ra

P a N b N c B 2
(a +b)(a + c) (b + c)(b + a) (c+ a)(c +b) (a +b)(b +c)(c + a)
3 2(ab+bc+ca—1) B

- (a+b)(b+c)(c+a) -

Vay P=0

0

Bai II. (2,0 diém)

3) Chirng minh néu »1a s tw nhién 1é thi 3***' —7 chia hét cho 20
bat n=2k+1vdi1 k tu nhién, khi do6 ta co :
3 7 =3%" _7=81"27-7=27-7=0(mod 20) = dfcm
4) Tim tt ca c3p s nguyén dwong (x;y)sao cho y(x* +x+1)=(x+1)(»* -1)

Dé théy (x2 +x+l;x+1): (x(x+1)+l,x+l):1



Tir phuong trinh, ta suy ra y(x*+x+1)chia hét cho x+1.Ma (x* +x+1Lx+1)=1nén yi(x+1)
bidt y=k(x+1)véi knguyén duong. Khi do, tir phuong trinh da cho, ta suy ra :

k(¥ +x+1)=y" —1=k*(x+1) -1. Do do :

1=k (x+1) =k (x* +x+1)> k> (x+1) =k (x+1) =k(k-1)(x+1) 2 4k(k-1).Suy ra k<2

Ma k14 sd nguyén duong nén k =1= y =x+1. Thay tr¢ lai phuong trinh di cho, ta duoc :

x2+x+1:(x+1)2—1:x2+2x. Tordo x=1=y=2
Vay phuong trinh c¢6 nghiém (x;y)=(1;2)
Bai IIL. (2,0 diém)

3 3
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3) Tim hai s0 nguyén dwong m va n sao cho va déu la cac so0 nguyén to
m+n m+n

Khong mat tinh tong quat, gia sit m> n. Dit m* = p(m+n)véi pla sd nguyén t. Tir day, ta

suy ra mip. Két hop véi m>n, tacod:
3 3 2 2
p=—1>2 " 5P hay p<2mapnguyéntdnén p=2
m+n 2m 2 2

Nhu vay, ddu dang thirc trong diy danh gia trén phai xay ra, tirc 12 phai c6 m=n=p=2.
Thu lai, ta théy thoa man. Vay co duy nhat 1 nghiém (m,n)=(2,2)

4) V6i a,b,cla cac sb thue khong Am théa mén diéu Kién a+b+c =3, tim gia trj 16n
nhat cia biéu thirc P = ab+2bc+3ca-3abe

St dung bat dang thirc AM —GM ta o :

2 2
P< ab+2bc+3ca:a(b+c)+2c(a+b)£ (CH_;)JFCJ +2(a+§+6] :ﬂ

Viy MaxP=2j<:>a:c:§,b:O



Bai IV. (3,0 diém) Cho tam gidc ABC nhon v6i 4B < AC.Pwong tron (/)noi tiép tam
gidc ABC, tiép xuic v6i ba canh BC,C4, 4B 1an lwot tai ba diém D,Eva F

A
E

B H

S
M

4) Goi M 1a giao diém ciia hai dwong thing 47va DF.Ching minh dwong thing
CM vudng goc véi duwong thang 47
Do (7)la duong tron noi tiép tam gidc ABCnén ta cd AI, BI,CI1a cac duong phan gidc cta
tam gidc ABC;ID L BC,IE 1 CA,IF 1 AB
Do BD, BF la céc tiép tuyén cua (I) nén tam giac BDF can tai B. Suy ra :

/BDF = /BFD =M

180°—£4BC ZBAC _ ZACB
2 2 2

Suy ra ZIMD = ZICD . Do d6 , tt gidc CIDM ndi tiép. Suy ra ZIMC = ZIDC =90°
Vithé CM 1L a1

Xét tam giac AMF , cO : ZAMF = /BFD — /MAF =




5) Goi N 1a giao diém ciia hai duwdng thing 4/ va DE. Goi K 13 trung diém cia
doan thiang BC.Chirng minh tam gidc KMN1a tam gidc cAn

Goi N 1a giao diém cuia hai duong thang 47 va DE . Goi K 1a trung diém cta doan thing
BC . Chlirng minh tam gidc KMN 1a tam giac can.

Ching minh B,F,I1,N,D cung thugc mot duong tron, suy ra BN 1. AM = BN//CM.
Goi H 1a giao diém ctua BN va AC,J 1a giao diém ciia CM va 4B.

Ta co:

N 1a trung diém cta BH (AABH cAn) va M 1a trung diém cua CJ (AACJ cén).

Suy ra KN:;CH; KM:;BJ; CH =BJ.

Do vay KN = KM = AKMN can

6) Cac tiép tuyén tai M va N ciia dudng tron (K; KM )cz‘it nhau tai diém S. Chirng

minh dwong thang A4S song song v6i dwong thing D

Duyng duong cao AP thi ta co tir gidc APMC ndi tiép suy ra PMN = PCA.

D@ nhén thidy KN // AC nénta cb PCA= NKP = PMN = NKP.

Do d6 tir gidic PMKN noi tiép

Vi SM,SN 1a cac tiép tuyén cia (K,KM ) nén ta c6 S,M,K,N cung thugc duong tron
duong kinh SK . Suy ra P,S,M,K,N cung thugc mot duong tron duong kinh SK nén
SPK =90°, do d6 PS L BC, ma AP 1 BCsuy ra 4,P,Sthang hang.

Do A4S 1 BC, ID 1. BC = AS// ID (dpcm).



Bai V. (1,0 diém) Cho tap hop 4gdm 70 sé nguyén dwong khong vuot qua 90.Goi B1a
tap hop gdm cic s6 c6 dang x+y véi xe Ava y e B(x,y khong nhat thiét phan biét )

3) Ching minh 68 B
Xét 34 cip s6 (1;67); (2; 66); ...; (34;34) do tap A4 chua 70 s6 nguyén duong khong vuot qué 90 (

A chi khong chira 20 s6 nguyén dwong khong vuot qua 90) nén cé it nhat 1 cap sé thude 4. Tir d6
taco 68 e B.

4) Chirng minh B chira 91 s6 nguyén lién tiép
Ta s& ching minh moi s6 nguyén duong n véi 42 < n< 90, déu thudc tap B.
o V61 42<n<90: Gid st n¢ B.

£ A 1e e K -1 1 \ N X o
. Néu n laso1é,caccapso (n Ll)(n 22);...; (nz ;n; j Vi n ¢ Bnén moi cap so

déu co it nhat mot s6 khong thudc tdp 4. Suy ra co it nhat nT_l > 21 s6 nguyén duong

khong 16n hon 90 khéng thudc tdp 4, mau thudn vi tdp 4 gém 70 s nguyén duong khong
vuot qua 90.

£ Y ORR re s e K -1 1 A \
- Neéu » 1a so chan, xét cac cap so (n L1);(n 2;2);...;5 (nT %) va so % VingB

A Xe A FA sy A A A A A A N e n s A
nén moi c¢dp s6 déu co it nhat mot s6 khong thudc tdp 4, ngoai ra 5 ¢ A. Suy ra c6 it nhat

gz 21 s6 nguyén duong khong 16n hon 90 khong thudc tap A, mau thudn vi 4 gom 70 s6

nguyén duong khong vuot qué 90.
Nhu vay, tat ca cac s6 nguyén duong n voi 42< n< 90, déu thude tap B.
o V61 91<n<140:Gid st n ¢ B.

- Néu n lasé1é: xét cac cap sd (90,1 90),(8%n 89);...; (”T_l ”T“J Vi n¢ Bnén mdi

cap sd déu c6 it nhat mot sb khong thude tdp 4. Suy ra co it nhat 91— nT_l > 21 s6 nguyén

duong khong 16n hon 90 khong thudc tdp 4, mau thudn vi tdp 4 gém 70 s nguyén duong
khong vuot qua 90.
n+2 n-2

- Néu n 1a s6 chén, xét cac cip sd (90;n 90);(8%n 89);...; ( SRS j va sb % Vi

ne B nén mdi cip sb déu co it nhat mot sd khong thude tip 4, ngoai ra %e A. Suy ra cé it



nhat 91 —g > 21 s6 nguyén duong khong 16n hon 90 khong thudc tdp 4, mau thuin vi 4

gom 70 s nguyén duong khong vuot qua 90.
Nhu vay, tat ca cac s6 nguyén duong n voi 91< n<140, déu thudc tap B.
- Tir hai két qua trén, ta suy ra diéu phai chimg minh.



