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THPT CHUYEN PHAN BOI CHAU NGHE AN NAM 2024
Cau 1:
a) Giai phuong trinh x* —6x* —20x—24=0
YV =(p+2)x’+y-2=0

b) Giai hé phuong trinh
) ¢ P 8 \(2—x)(3y—4x+4) = 2(2)’4‘1)\/%

Cau 2:

a) Cho x, v, z la cac s6 nguyén thoa mén dé’ng thirc Xy — yz — zx = 3. Chirng minh
A=(x*=2xz=3)(y" =2yz=3)(—z"=3) 1a mdt so chinh phuong.

b) Tim tat ca cac nghiém nguyén ctia phuong trinh 3x* + 73xy+2025 =3y’

Cau 3: Cho a, b, ¢ 1a d0 da1 ba canh cua mdt tam giac c6 chu vi bé"mg 8 thoa man
1 ] 1 5

+ +
a+b—-c a+c-b b+c—a 4
Tim gi tri 16n nhat ctia biéu thirc
_ (4-a) . (4-b)’ . (4-c)
C(4=-b)4-c) (4-a)4-c) (4—a)4-b)

Cau 4: Cho tam giac nhon ABC ¢c0 AB < BC < CA, n01 tiép duong tron (0O). Cac
duong cao AD, BE, CF cua tam giac ABC cat nhau tai H. Tia AD cat dudng tron (O)

tai dlerp G, tia GE cat duong tron (O) tai diém I (G khac A va I khac G). Goi J 1a
g1ao diem cua BI va EF, K 1a giao diém cua OA va EF.

a) Ching minh HP.CE.BC = HC.BR.EP

b) Chirng minh JE = JF va HJ // DK

¢) Goi P 1a diém doi xtmg voi O qua duong thang CF, Q la diém doi xtmg voi O qua
duong thang BE va N 1a trung diém cta doan thang PQ. Ching minh NJ L EF .

Cau 3: Cho luc giac deq co canh bang 6em. Hot ¢o thé dit vao trong luc giac d6 7
hinh tron c6 ban kinh bang 2cm, sao cho bat ki hai hinh tron nao trong 7 hinh tron
do khong c6 diém trong chung?



DAP AN
Cau 1:
a) Ta bién doi phuong trinh nhu sau
x'—6x’ —20x-24=0

& (X =2x-6)(x> +2x+4)=0

& x =2x—6=0 (Vi ¥’ +2x+4=(x+1’+3>3>0)
_x=1+\/7
_x=1—\/7

Vay tap nghiém cta phuong trinh 13 x e {1 +7;1-7 }

<

b) Ta ky hi¢u

V=42 +y=2=0()
(2-x)(3y—4x+4)=2Q2y+1\2y+1(2)
Ta bién d6i phuong trinh (1) nhu sau

Y =(y+2)x’ +y-2=0
& (+2)(y-1-x)=0

<:>ye{—2;1+x2}
o
= y=1+x" (vi yZ—E)

Thay y=x*+1 vao (2) ta dugc
(2) & (2= x)(3x% —4x+7) = 22x2 + 3 2x* +3
Dit x — 2 =a, V2x* +3=b(b>3). Ta bién ddi (3) nhu sau
(3) & (2= x)((x=2)" +2x* +3) = 22> + 322> +3
& —a(a’ +b) =20
&Sa+ab’+2b’ =0
& (a+b)a” —ab+2b*)=0

a+b=0 (Vi a’—ab+2b>>b">0)

S x=2+4+2x"+3=0



= (x—2)° =2x +3

&S xi+4x-1=0

-x=—2—\/§
_x=\/§—2

x==2-5,y=10+45

_x=\/§—2,y=10—4\/§

Thr lai cac nghiém trén déu thoa man

y =

<~

Vay tat ca cac cip (x, y) thoa mén 13 {(-2— J5.10+ 4\6);(\5—2,10—46)}
Cau 2:
a) Theo gia thiét, thay 3 = Xy — yz — zx vao biéu thtrc, ta c¢6 bién doi nhu sau
A=(x"-2xz=-3)(y* -2yz=3)(—2z" =3)
A=(x"=xz=xy+ y2)(y* = yz =39+ 2X)(=2° = 3 + Y2 + 2X)
A=(x=2)(x=y)y—-2)x=2)(z=y)Ny=X)
A=((x=»)y=2)z=x))
Vix,y, z 1a cac s0 nguyeén nén (x—y)(y—z)(z—x) la sO nguyén
Do d6 A 1a s6 chinh phuong. Bai toan dugc ching minh.
b) Gia sir ton tai X, y nguyén thoa man bai toan.
Piat y =x + d ta bién doi phwong trinh nhu sau
3%’ +73xp +2025 =3y
& 3Bd x+3dx” +d°) =T3x(x+d)+2025
& x*(9d =73)+ x(9d* = 73d)+3d° —=2025=0
Xem nhu phuong trinh bac 2 an x, ta xét biét thirc A
A= (9d> —73d)* —4(9d — 73)(3d’ - 2025)
=(9d —73)(d*(9d = 73) - 4(3d’ — 2025))
= (9d = 73)(=3d" = 73d> +2025.4)
= (9d = 73)(9—d)(3d> +100d +900)



2
Vi 3d2+100d+900=3(d+%) +2TOO>O ma A >0 ta duoc §3d39:d=9
Thay vao phuong trinh ta dugc

8x2+72x+162=0<:>x=—%,€2

Vay phuong trinh vo nghi€ém nguyeén.
Cau 3:

Vi a, b, ¢ 1a d0 dai ba canh cua mot tam giac nén a<b+c,b<a+c,c<a+b va
a+b+c=8 nén ta duogc a, b, ¢ <4.

(x=4-a
y=4—b:>{

z=4-c

x+y+z=4

A

Pat viét lai gia thiét thanh

4> x,y,z>0

] ] ]
+ +
a+b—-c a+c-b b+c-a

_2
4

1 1 1 + )z + S
1 1 1 _wyz+am S

X y z Xyz )

Bién do1 biéu thuc ta duoc

Gt M C o) S C o)
(4-b)4-c) (4-a)d4-c) (4-a)4-D)

2 2 2
X z
== 4
Yz zX Xy

_ (x+y+2z) =3(x+y+2)(xy+ yz+ zx)+ 3%z
Xyz

=2 _z

xXyz

Ap dung BPT Cauchy — Schwart
5 1 1 1 4 4
il

2z x ;_x+y=4—z
< (z-2)(5z-4)<0

&
5

& —<LzL2



4
Tuong tu ta dugc 5 <x,y,z52

2-x)(2-y)2-2)20
(2-x)2-y)2-2)2 )5

Khi do + (5x—4)(5y—4)(52—4)20:>ZSxyzSE
5

xy+yz+zx=§xyz

1y |
Kh1dotaduch7SPss

Gia tri 16n nhat cia P=5
Dauy “=" Xay ra chéng han khi (x,y,z)=(1,1,2) hay (a,b,¢)=(3,3,2)
Cau 4:

C'

c

a) Ta c6: BFC=BEC=90"= T giac CEFB noi tiép
= HEF =HCB,FBH = ECH
Tu day suy ra AHEF ~ AHBC(g—-g)




EF HF
— —
BC HB

Ta ¢6 bién doi sau:
EF .HB = BC.HF
—> HF.BC.CE =EF .HB.CE
Do d6 dé hoan tat chirmg minh, ta can chi ra
HF .BC.CE = EF.HB.CE < HB.CE= HC.BF
Ta cung ¢cO AFHB~AEHC(g-g)

= 1B = HC = HC.BF = CE.HB
BF CE

Bai todn dugc chirng minh
b) Go1 R 1a trung diém cua AH, J’ 1a trung diém EF.
Vi AFH = AEH nén ti giac AEHF ndi tiép

— BAH = BEF

= ABAH ~ABEF(g-g)

BH BF BH BF
= = —_ —= —
HA FE HR FJ'

Ma BFJ'= BHR nén ABFJ'~ABHR(c—g—c)

= RBH = ABJ'
Ta c0: HAHD = HB.HE
= 2HR.HD = HB.HE
= HRHG=HB.HE (vi H, G d6i ximg nhau qua BC)
Tur day ta c6 RBGE noi tiép
= RBH = HGE = AGI = FBJ
Do d6 J=J' hay J 1a trung diém cta EF.
Goi1 T la truc tam tam giac AEF.
Ta ¢c6 HELF la hinh binh hanh, T thudéc AO
Ta cling cO AAEF ~AABC(c—g—c)

AH AT
= =
AD AK




Theo dinh 1y Thales dao, ta dwgc HT // DK hay HJ // DK
Bai toan duoc chirng minh

¢) Goi giao diém ciia HB, HC véi (O) lan luot 1a B,C
OP cat CF tai M, OQ cat BE tai L

Goi X, Y lan luot 1a trung diém cua AC, AB

Luc nay ta ¢o

OY=FM=C7H:>CM=CF—FM=CF—CTH
= Frp
2
C'H CH
= -
2 2
_C
2

Vi vay M 1a trung diém CC’, twong tu L 13 trung diém BB’
Lai ¢co NL la duong trung binh tmg vo1 dinh Q cua tam giac QPO

:>NL=%=M0

LEXO la hinh chtr nhat = LE = OX, LE // OX, LN // OM
= NLE=MOX
= ANLE = AMOX

Mat khéc, ABE = ACF = AB'= AC'=> NE=NF = NJ 1 EF
Cau 5:



E D
Ta ching minh két qua ctia bai toan 1a phu dinh, that vy
Xét hinh luc gidc déu ABCDEF, tim O c6 canh bang 6.
Gia st c6 the dit vao trong hinh luc giac d6 7 hinh tron ¢6 ban kinh bang 2
Lay cac diém 4,B,C,D,E, F trén OA, OB, OC, OD, OE, OF thoa min
04 =O0B, =0C,=0D, = OE =OF, =3,9
Go1 O, 1a tam duong trong thir 1

Ky hi¢u S la vung dién tich dugc tao boi cac diém 4, A,B,B,C,C,,D,D,E E F,F
(duoc to bo1 mau xanh lam)

Nhan xet: 0, khong thuoc S voimoir1=1,2, ..., 7
Chimg minh: Gia st ¢6 0, € S,0, thudc mién 4BB A
Luc nay ta ¢o
d(O,,AB)=d(AB,,AB) < AA,.sin 60" < 2
Dén dén (0,,2) khong nam tron ven trong luc giac ABCDEF (v 1Y)
Taivi (0,,2),(0,,2) khong co diém trong chung véi moi i, j nén ta co 00,24V,
Ta chia hinh luc gidc 4BC DEF thanh 6 hinh tam gidc déu c6 canh bang 3,9
OAB,,...,OF A



Theo nguyén ly Dirichle, ton tai 0,,0, cung thudc 1 hinh tam giac, gia su la 04,8,
Luc nay ap dung dinh ly cosin cho tam giac 00,0, ta co
00} =00} +00, -2¢c0s 00,0,.00,00, <00} +00,* -00,00, (1)
Dé chi ra diéu vo 1y, ta dit 00, = x,00, = y(x,y <3,9)
Luc nay:
X+ =x<3,9x4+3,9y-x=3,9"—(x=3,9)(y-3,9)<3,9°
Tir day két hop véi (1) va 0,0, 2 4= 4 <3,9* (vO Iy)

Ta c6 dpcm.



