- gggmo DUCVAPAOTAO ~ CONG HOA XA HOI CHU NGHIA VIET NAM
DATHOC SU PHAM HA NOI Djc 1ap- Ty do - Hanh phic

DE CHINH THUC
PE CHON QI TUYEN TOAN THI HQC SINH GIOI QUOC GIA
Ném hoc 2023-2024
Ngay thi thir nhét. Thoi gian 180 phiit (khéong ké thoi gian phat dé).
Bai 1. a) Cho ham s6 g(x) ¢4 dao ham cép hai dwong trén khoang (a;b).Chox;,x, € (a;b), X, < X, 530
cho g(x,)=g(x,)=0. Chimg minh g(x) <0,Vx e (x;x,) va g(x)>0,Vxe(a;x) U (x,;b) -

ntl =

diy {3,},., théamén y, =Y x,, Vnel'.
k=1

+
n

Tim a>1 dé véi moi b e (0;1) thi day {,} - ¢ giéi han hitu han.

Bai 2. Mot s6 nguyén duong a dugc goi 12 “dep” néu ton tai mot ham s6 f:Z* — R théa mén:

f(a)=f(2019), f(a+1)= £(2020), f(a+2)= f(2021), f(n+a)=%, Vnel'.

2) Chimg minh néu a 13 s6 nguyén duong dep vi f 1 ham sb thoa man diéu kién trong dinh nghfa trén
thi f 12 ham tudn hoan.

—

b) Tim s6 nguyén duong a “dep” nho nhét.

Bii 3. Cho tam gidc ABC nhon ndi tiép dudmg tron (O). Goi tdm dudng tron bang tiép dinh B, C cla
tam gidc ABC 1in lugt1a P,Q. Puong thing qua O vudng géc véi PQ cét (O) tai hai diém M, N. Hai
dudmg thing MP,MQ cit dudng tron (O) 1an lugt tai cac giao diém tht hai E,F. Hai duong théng
NP,NQ cét duomg tron (O) 1n luot tai céc giao diém thir hai K, L.

a) Chirng minh céc dudng thing KE,LF vi MN ddng quy.

b) Tiép tuyén tai E cua (O) cit BC tai X , tiép tuyén tai F ctia (O) cit BC tai Y. Chimg minh duong
tron ngoai tiép tam gidc AXY tiép xtc véi duomg tron (0).

Bai 4. Ki higu ¢(n) 12 phi ham Euler. Cho tap hop 7 xdc dinh bdi: T = {p(n):n=1,2,}.
Gia sit a, d 14 hai s6 nguyén duong tiy y. Xét tap hop S ={a;a+d;a+2d;a+3d;}.
Chimg minh s phin tir ctia tap hop T N S hoic bang 0, hodc bang 1, hogc 1a v han.

-HET-
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BO GIAO DYC VA PAO TAO CONG HOA XA HOI CHU NGHIA VIET NAM
TRUONG DAI HQC SU PHAM HA NQI Péc lip- Tu do - Hanh phiic

[DE CHINH THUQ

PE CHON POI TUYEN TOAN THI HQC SINH GIOI QUOC GIA
Ndim hoc 2023-2024
Ngay thi thie hai. Thoi gian 180 phit (khéng ké thoi gian phat dé).

Bai 5. Tén tai hay khong cac da thicc P(x), Q(x) véi hé sb thuc, khéc hang s6, sao cho

(P(x))IOIl xh (P(x))wlo o (Q(x))ZOZJ + (Ql(x))zozz,vx € R 9

Bai 6. Cho tam gidc nhon ABC khdng cén, ni tiép duong tron (0) Goi 4,B,,C, lan luot 14 tam cita céc
duémg tron (BOC),(COA),(A0B). D

a) Ching minh cic dudmg thing A4, BB,,CC, déng quy.
b) Goi X¥,Z la céc diém ddi ximg cia diém O lin luot qua cic dudng thing BC,CA4,AB. Céc tia
AX BY,CZ cit dudng tron (0) 1an luot tai cic giao diém thir hai 4,,B,,C,. Ching minh céc duong

tron (44,4,),(BBB,),(CG,C; ) cb hai diém chung.

Bai 7. Trén mat phang toa do Oxy, nguorl ta danh d4u mot tp hop 4 gom 2023 diém c6 toa do nguyen
khéng am. Ta goi hai diém 13 k& nhau néu khoang cach gifra chiing bang 1. Goi N(A) 1a tép hop tit ca

cac didm c6 toa d6 nguyén khong dm ma k& véi it nhit mot diém thudc 4. Tim gia tri nho nhit c6 thé

ciia s6 phan tir cta tip hop N(4). :
o - HET-
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TRUONG pAI HQC SU PHAM HA NOI

BQ GIAO DUC VA PAO TAO CONG HOA XA HOI CHU NGHIA VIET NAM

Doc Jap- Tu do - Hanh phiic

BAP AN VA THANG PIEM DE THI CHON PQI TUYEN THI HSG QUOCGIA

Mon: TOAN. Nam hoc 2023-2024. Ngay thi thir nht.

| Cau Ndi dung

Y4
Diem

Vi g"(x) > 0,Vx € (a;b) nén g'(x) dong bicn trén (a;b).
Theo dinh li Lagrange, ton tai c e (x,,x,) sao cho g'(c)=0.Do g'(x)

mh g(x)=£(x) =0 nén g(x) <0, Yre (i) v
g(x)>0,Vx e (a;x,) U (x,;0).

4d

1b)

Tro lai ba1 toan chmh ta XCt ham so f (x) a —l tacé

= f(x,),Vne Z+ Pé xét tinh don diéu clia day { } ,ta dat
g(x)=f(x)—x=a —x-12> g"(x)=a*(lna)’ > O,Vx € R.
Vi x, =be(0;1) va b con 14 ty ¥ nén ta quan tam
g(0)=a’-0-1=0,g()=a-2.
Ta xét hai trudng hop:
Trudng hep 1: a>2.Do g"(x)=a*(lna)’ >0,VxeR,
£(0)=0,g(1) =a—2>0 nén theo nhin xét & trén (két hop phan chimg)
thi ta cé @ € (0;1) dé g(x)> 0,Vx & (a;+%). Do f(x)> x,Vx & (a;+0)
| nén néu ldy x, =b e (a;1) thi
X, <fg)=x<f(x)=x%<.<x< f(x,,,)hay diy {xn}:’:l ting, din
dén ddy { y:}:] c6 gi6i han v6 han. Vdy a > 2khong thoa man.

ddng bién trén (a;b) néntacé g'(x)>0,Vx e (c;b),g'(x)<0,Vx € (a;c),

1,0

2,0d

Truong hep 2: 1<a<2.Do g"(x) = a*(Ina)’ >0,VxeR,

g(0)=0,g(1)=a—2<0 nén theo nhn xét & trén ta c6

| g(x)<0,vxe(0;)hay f(x)<x,Vxe(0;1).

Tidotaco b=x> f(x)=x> f(x)>...>x, > f(x;)>...>0 hay ddy

th=f(xk).f)§t qu(xl)
X Xk

,tacd 0<g<1.Xéthamsd h(x)= f(x)—gx, taco

h"(x)=a*(Ina)* > 0,Vxe R, h(0) =h(x,) =0 nén theo nhén xét trén thi

{x }:1 < (0;b) va la ddy giam, vi vy ta xé

n

X

h(x)<0,Vx e (0;x,]. Do d6 2AC)) <q<1,Vx€(0;x], din dén
‘ X

0<%=-j%3q<1,‘v’k62+ hay x, <¢"'x,. Tirdo
k k

y"=Zxk x(+g+. +q* ')<—q Viéy day y, Zxk 12 don diéu
k=1 k=l

ting, bi chin trén nén cd gidi han hiru han.

2,0d
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Vay dapsd lal<a<2.

2a)
1,5d

a) Gia st a “dep” va ham f thoa man dinh nghia. Tir gid thiét ta c6
VneZ':

a=L0=2 @

fra)= oy

S(m)-1

-1
=1 _fm)+1 1
f(n+2a)=f((n+a)+a)="grmmves IR YNTOY i

f(n)+1

__Jm+1 3
f(n+a) f(n)-1 @
f(n+4a)=f((n+2a)+2a)=—f( )—f( n). (4)

Chon k=4a (keZ"), khidé f(n+k)=f(n) VneZ".
Vay ta c6 diéu phai chimg minh.

f(n+3a)=f((n+a)+2a)=

2b)
35d

1,5d

a) Giasit @ “dep” viham f thoa man dé bai.
Néu a=1, tir (2),(3) tacé:

£(1) = f(a)= £(2019) = f(3+504-4a) = £(3) = £(1+24) --ﬁ.
Pitu d6 din dén £(1)? =1 (vo ).

Néu a =2, tir (1),(4) tacé:
f(2)=f(a)=f(2019)=f(3+252'4a)=f(3)=f(a+1)

F(a+1)= f(2020)= f(4+252-4a) = f(4) = f 2+ )_j{ 8 ;

Vay nén f(2)—; g)) ey @) =-1 (v 1)
Viy a>3. Néu ham f théa man dé bai, tir (1),(2),(3) ta phai c6
f(m)#0;-L1VneZ'.
Véi a =3, ta xdy dyng him £ thoa man dé bai. Chon

e ilpties oot i om i P R iy
1), £(2).10) #0;,-1vi VneZ*thi f(n+3) =

Tir (1),(2),(3) va (4)ta co:

_Sf(m-1 1o __JSm)+1
f(n+3 e 1,f( 6)= f(n),f(n+9) =T
f(n+12)=f(n)VneZ’.

Do f(1),f(2),f3) #0;1;~1 Vn € Z* nén d& kiém tra duoc
f(n)#0;-1;1VneZ". Ngoai ra, tir (1),(2),(3) va (4) ta hoan toan xac
dinh dugc f(n) voi moi n.

Cubi cling ta kiém tra gié trj ctia f(2019); £(2020); £ (2021).

Ta ¢6: £(2019)= f(3+168-12) = £(3),

3,5d
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3a) |

[ ——

£(2020) = f(4+168-12) = f(4),
f(2021) = f(5+168-12) = f(5).
Viy ham f nhu trén thoa man dé bai; Viya=31a s6 nguyén duong
“dep” nho nhit.

1,5d

Y “c 4
a) Viﬁ'{N 12 duong kinh cua (0) nén £MLN = £LMFN = 90°, tirc 1a
NF, ML 14 céc duong cao cia tam gidc QMN. Do d6 NF, ML va PQ ddng
quy tai J. Goi H 14 giao diém ctia PQ va MN, Z 12 giao diém cta FL va MN.
Kbhi dé:

- (HZMN) = —

Tuong tu, néu goi giao diém ciia EK va MN 13 Z’ thi (HZ'MN) = —1. Suy
ra Z tring Z' hay EK, FL va MN dbng quy.

3b)
3,5d

Truéc hét ta chi raring EF, BC va PQ ddng quy tai D. That vay , vi MO L
PQ nén
LMQP + £0OMQ = 90° = LOMF + LFEM
din t6i LMQP = £MEF hay tir gidc EFQP néi tiép. Miit khéc, d thy
. ¢PBQ = £PCQ =90°
nén tir gidc BPCQ noi tiép duong tron dudng kinh PQ. Do d6
BC, EF va PQ dong quy tai taim ding phuong D ctia (0), (BCPQ) va
(EFPQ).
Tiép theo, dé chi ra (AXY) tiép xtic véi (0), ta ching minh AX vi AY ding
gidc trong £BAC. Diéu ndy twong duong véi
YB-XB AB?

e YC-XC ACZ
Vi FY 1 tiép tuyén clia (0) nén AFYB ~ A CYF, din ti

3,5d
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YB YB YF FB2

= e— ——

Tuong tu, ta cé:

Ngoai ra, ta phat biéu bd d& quen thudc sau:

B6 dé: Cho tir gidc ABCD ndi tiép dwdng tron (0). Goi AB cht CD tai E.
Khi d6
EC AC BC

— T — —

ED AD BD
Ap dung bd dé trén vao bai toan, ta dugc
EB FB_DB AB
EC FC DC AC ac®
Tir (1); (2); 3) tasuy ra
XB YB AB?

— —

. XC YC  AC? ,
Hay AX, AY ding gi4c trong 2BAC. Viy nén (AXY) tiép xic véi (0).

50d

Gi sit tip hop A =T NS c6 nhicu hon hojc bang hai phén tir. Ta chimg
minh A4 ¢6 v6 han phan tir.
That véy, do 4 c6 nhiéu hon mot phan tir nén tdn tai £ € 4 ma
t>a+d>d. Do teT néntdntai m nguyén duong sao cho

k

t=g(m)=[p"(pi-D)

- p véi py,e+, P, 12 cdc 56 nguyén t6 phan biét va

a+l |

Gid sit m = p;
a,,++,a, lacic s tu nhién.
Ta s& chimg minh tén tai v han pl{?m tir thude T ma dong du véi a theo
mod d . Vi t=a (mod d) nén ta can chi ra ton tai vé han x € T ma
=t (mod d).

Pit d=kph---ptvéi b e N va ged(k; p;) =1Vi. Do t >d nén tn tai chi
sb r @ b <a (neu khong thi

d>p pb‘ >pa,+| et
Xét x, = p™@ véi n nguyén duong. D& thdy x, €T Vn. Tiép theo ta
chimg minh x, =¢ (mod d).

a,+l

> t: miu thuin).

Do a,>b.nén p” |t, t|x, Vn. Dit k'=—%, khi d6 @(d) chia hét cho
p’

¢(k") nén theo dinh ly Euler ta c6:

x, =t-p"? =t (modk")
Mi ged(k';p,)=1 nén x, =t (mod d) VneZ'. Vay x, €S véi moi n.
Két hop véi x, € T suyra {x,}" c 4 hay ta c6 diéu phéi chimg minh.

5,0d
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DAP AN VA THANG DIEM DE THI CHON DOI TUYEN
THI HSG QUOC GIA
Mén: TOAN. Nam hoc 2023-2024. Ngdy thi thit hai.

Ciau

Noi dung

Caus
7,04a

1= gcd(1011P+1010;Q) =1

Gia st 3P(x),0(x) e R[x], degP= p 21, degQ =g 21 théa man dicu kién
di cho.
Tacé PP°(P+1)=0"2(0+1) (%)
=1011p=2023g=> p=2023n va g=1011n (neZ’).
Léy dao ham hai vé cla (%), ta cb:
P P™(1011P+1010) = 0" 0®(2023Q +2022) (%)
_ {gcd(lOl 1P+1010;P+1) =1
Dé thay . .
7 1 ged(10HP+1010;R) =1 —
= gcd(1011P+1010;P°(P+1)) =1

Tir (+%) suy ra (Q'(2023Q +2022)): (1011P+1010).

Ta lai co )
0 < deg(Q'-(2023Q +2022)) = 2022n — 1 < 2023n = deg(1011P +1010). V8
Ii.

Viy khong tn tai hai da thirc P(x), O(x) thoa man dé bai.

7,0

6a)
3,04

Goi I 12 diém chinh giita cung 16n BC va J 14 diém chinh giita cung nhé

BC ciia (0) Khi d6 L,0.X.4, thing hang; O 14 trung diém I/ va
OI'*=0B*=OM.OT: =—02£.20Al =0X.04,

Trong d6 M 14 trung diém BC, T 1a giao hai tiép tuyén ctia (0) tai B va

C.

3,0d
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Vay A(IJXA,)=(IJX4,)=-1. Do 86 ALAJ 1a phan giic ngodi va phin giic
trong clla géc 4, AX. Do viy A4, va AX ding gidc trong goc BAC. Tuong
ty BB, vd BY dfmg gidc trong goc ABC; CC, va CZ ding gi4c trong géc
BCA. Vi AX,BY,CZ dbng quy tai tdm Euler O' cua tam gidc DEF nén
AA,BB,CC, ddng quy tai diém lién hop ding gidc voi 0.

6b)
3,0d

Goi H 12 tryc thm tam gidc 4BC. Ta chimg minh ring A04,4, dong vién.
That vay, ta ¢

OA 4= FiA4, = X40 = 4,40 = OA4,A.
Vay A04,4, ddng vién. Do d6 ba dudng tron (44,4,).(BB5,).(CCC,) €6
mdt diém chung 1a 0. Mt khéc AA4,,BB,,CC, d6ng quy tai 0", nén O' cung
phwong tich véi ca bén dudmg trén (44,4,),(BB,B,).(CCC,) v (0) Vay
(44,4,).(BB,B,),(CC,C,) déng truc OO' nén ching con cé mot diém chung
khac O nim trén dudng thing Euler cia tam gidc 4BC.

3,0d

Cau 7
74

AN AN N
Thay 2023 bang s6 nguyen duong a bt ki. Goi mot diém 14 diém 1&
(trong Umg 1a chan) néu tong toa d9 cia nd 14 1¢ (twong Ung 1a chén).

Nhin xét 1: Céc diém ma c6 tong toa do bang nhau cing nam trén mot

dudng thing.
Nhin xét 2: Diém chin chi ké véi dlem 1é va nguoc lai.
Gia su c4c diém thudc A chi toan 13 diém chin. Khi 6 mdi diém thudc A4

s& nim trén mét trong cic dudng thang Lybyyees,1, voi
Liy=2(x,-1)-xVie{;2;;

-1 \

k} va x, <x, <---<x, nguyén duong.

7,0d
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Goi a, 14 s6 cac diém thudc 4 nim trén [, khid6 a +a,++a, =a.
Nhin xét 3: S6 cac diém 18 nim giira hai dwong thing I,L,, vakeé véiit
nhat mt diém thudc A thi 16n hon hogc bing max{a, +1;a,, ~1}.

That viy, goi 4 14 tap cic diém I¢ nim giira I;1,,va ké véi it nhit mot
diém thugc 4. Do c6 a, diém thudc /, nén | 4 | 2a, +1. Tuong ty, nhu
vay, | 4 |2 a,, —1, khi d6 nhan xét 3 dugc ching minh

Nhin xét 4: S diém 1é nm trén mit phing bé 13 duong thing / chira gbe
toa 85 O ma k& véi it nhit mot diém thugc A 16n hon hodc bing a, -1 va
s diém 1é n3m trén mit phing bd 14 dudng thing J, khong chira gdc toa
d6 Oma k& véi it nhit mot diém thude 4 16n hon hodic bing 4, +1.

Tr nhan xét 3 va 4 suy ra

| N|>a =1+ max{a +1,a,=1}+-- +max{a,+La =l}+a +1
Véimbi je{l, -k}, taco:

[V ay=T+a;—1+a;=1+a;+ l4eta+I+a+1
=(a2+a,+---+a,,)+aj+k—2j+1
=a+aj+k—2j+1

Tuong ty, ta suy ra:

k|N|2ka+(a,++8)+k =2 +--+k)+k=(k+Da

Vay |N|2a+%.

Lai cé: | N| 2 +1+a, +1+..+a, +1=a+ksuyrak <[ N|-a.

Néu | N|<a++a thi k<va,dindén | N|2a+a (mau thuin).

Vay | N|2a++a.

Tuong tu véi trudng hep trong A chi toan diém I&.
Xét trudmg hop trong A ¢6 a, di€m chdn va g, diém Ié. Khi d6 s6 diem

chin ma ké véi it nhit mot diém 1é trong A 16n hon hoic bing a, +./a,,sb
didm 16 ma k& véi it nhit mdt diém chin trong A 16n hon hodc bang

o 85

Suyra|N|2 a,+ac+\/;17+\/c_z:2 a+a,+.a+a, =a+a.

Tré lai vé6i trudmg hop a = 2023, khi d6 [«/Z:, +1=45 nén | N|>2068.
Dyng truéng hop ddu bing xdy ra: Dénh’déu tat ca 44{2 diém chin trén cic
dudng thang di qua hai diém. Va dénh dau 87 diém dau tién trén dudng
thing di qua hai diém (0;2n),(2n;0) véin e {1;2;---;43}. Va dénh déu 87
diém trén dwong thang di qua (0;88), (88;0) trir hai diém (0;88) va (88;0).

Hét
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