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2X° +Tx+2y\2—y =3(2x* +1) +52—y
V2X2 —4x+3+X=4/y+3+5

Cau 2. (2,0 @iém) Cho sb thyc a=0 va day s6 (x,) xac dinh béi

Cau 1. (3,0 diém) Giai hé phuong trinh

X, =a va xml:%xn+M voin=12,..
nx,

Chting minh rang diy sd (x,) c6 gi6i han hitu han va tim gi¢i han do.
Céau 3. (5,0 diém) Cho dudng tron (O) va day BC ¢ dinh khac duong kinh. Diém A di chuyén
trén cung 16n BC cua (O) sao cho tam giac ABC nhon, khong can. Puong tron tam J bang tiép

g6c A cua tam giac ABC tiép xuc voi BC, CA, AB lan luot tai D, E, F. Goi M, N 1an luot 13 giao
diém cua EF véi JB, JC.

a) Ching minh rang dudng tron ngoai tiép tam giac DMN di qua trung diém ciia BC.

b) Goi P 1a giao diém thir hai cia dudng tron ngoai tiép tam giac AMN va (O). Goi Q la
giao diém thtr hai ctia AD va (O). Ching minh rang PQ luén di qua mét diém c6 dinh khi A di
chuyén trén cung 16n BC ciia (O).

Cau 4. (2,0 diém) Tim tit ca cac s6 nguyén té p sao cho 3°* -1 chia hét cho p va thuong la

mot s6 chinh phuong.

Cau 5. (3,0 diém) Tim tat ca cac ham sb f: R — R thoa man diéu kién
f(x).f(y)+f(xy—1)=2xy—1 vo&i moi s6 thuc X, Y.

Cau 6. (2,0 diém) Goi S 1a tap hop gém 2021 sb nguyén duong dau tién. Hoi c6 tit ca bao nhiéu

b0 s (a,b,c) théa man diu kién a,b,c thude S va a®+b’+c* chia hét cho 9 ?

Cau 7. (3,0 diém) Cho cac sb thuc khong am X, y, z thoa mén diéu kién x+y+z=1.

1 N 1 N 1
1+x* 1+y? 1+7°

Tim gi4 tri 16n nhat va gia tri nho nhit cta biéu thie P =

(Thi sinh khong dwoc su dung tai li¢u. Giam thi khong giai thich gi thém.)
Ho va tén thi Sinh: ..., So bao danh: ...
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Céau Noi dung yéu ciu Diém
Cau1l
22X +7x+2yJ2—y =3(2x* +1)+5 2y
(3,0d) | Giai he phuong trinh ( ) :
V2X2 —4X+3+X=4/y+3+5
Diéu kién: —3<y<2. 0,25
Phuong trinh (1) twong duong voi
2x°—6x" +7x-3=(5-2y),/2-y 0,25
& 2(x-1) +(x-1)=2(2-y)J2-y +2-y  (3) 0,5
Xétham so f(t)=2t+t, f(t) la ham s6 dong bién trén R 0,25
(3) vietlai f(x-1)=f («/Z—y) S x-1=42-y (& x=1+42-y) 0,25
Thay vao phwong trinh (2) ta dugc/5-2y +1+./2—y =,/y+3+5 0.25
& \5-2y+2-y-/y+3=4 0,25
Xétham sb g(y)=+5-2y ++/2—y —/y+3 trén [-3;2]. Khi d6
: -1 1 1 0,25
- - - <0 Vye(-3:2 '
9'(v) J5-2y 22—y 23+y ye(=52)
va g(y) lién tuc trén [-3;2] trén g(y) nghich bién trén [-3;2]. 0,25
Laico g(-2)=4 néntaco g(y)=9g(-2) < y=-2. Thay vao duoc x=3. 0,25
Vay nghiém cua hé 1a (3;-2). 0,25
Cau 2
(2,0d) | Cho a#0 va day sb (x,) dinhboi X =a; X, =%+ 2(;‘ D gin=12..
Xn
Chumng minh rang day sb (x,) co gioi han hiru han va tim giéi han d6.
Truong hop 1: a>0.
Nhan xét dugec x, >0,vn>1. 0,25
Theo BDT Cosi, X, = lxn + 2n+1) >2, |1 1 :
2 nx, n
suy ra x, > 2 /il >2,¥n>2. 0,25
n_
2 1
Mat khéc, ta lai c6: X, , — X, = [1 X, +Mj— X, = M 1 X,
2 nx, nx, 0,25
4n
_an+n-me _AOHDNT 0,25
- o2nx, 20X “n(n-1)x,
Vay (x,) la day giam, bi chan dudi boi 2 nén ¢6 gidi han hiru han la L > 2. 0,25




Trong phuong trinh x4c dinh day cho n dan t6i vo cung ta duoc

L=tii2 o=
2 L

Do @6 truong hop nay limx, =2. 0,25
Truong hop 2: a<O0. 7 ‘
Xét twong ty truong hop trén hoac dat day y, =—x, d¢ dua vé truong hop trén. 0,25
Két ludn limx, =-2. 0,25
ga;d:;’ Cho duong tron (O) va day BC ¢ dinh khac duong kinh. Diém A di chuyén trén
’ cung 16n BC cua (O) sao cho tam giac ABC nhon, khéng can. Puong tron tam J
bang tiép goc A clia tam giac ABC tiép xtic véi BC, CA, AB lan luot tai D, E, F.
Goi M, N 1an luot 13 giao diém cua EF véi JB, JC.
a) Chung minh rang dudng tron ngoai tiép tam giac DMN di qua trung
diém cua BC.
b) Goi P 1a giao diém thir hai ctia duong tron ngoai tiép tam giac AMN va
(0). Goi Q 1a giao di€m thir hai ciia AD va (O). Ching minh rang PQ luén di qua
mot diém co dinh khi A di chuyén trén cung 16n BC cua (O).
a 4
(2,5d)
(Hoc sinh khong vé hinh — khéng chim)
Ta c06 JB la phan giac ngoai cia ABC nén
BJC = 180° - JBC - JCB 0,25
=1800 - goo_A;'C -1 90° _ACB | _ 000 _%, (1) 0,25
2 2 2
Lai c6 tam giac AEF can ¢ A 0,25
A _ oo . BAC
nén AFE =90 — (2) 0.25
Tur (1) va (2) suy ra BIN = BFN nén tir giac BFIN noi tiép. 0,25
Do d6 BNJ =90° hay BN _£ CJ. 0,25
Tuong tu ta cling c6 CM £ BJ. 0,5
Ttr d6 suy ra duong tron qua 3 diém D,M N 1a duong tron Ole cua tam giac BCJ | 0,25
Vay duong tron qua 3 diém D,M,N di qua trung diém cua BC. 0,25




(2,5d)
Goi T Ia giao diém ctia EF v6i BC. | 0,25
Vi BN, CM, JD dong quy nén suy ra (BCDT)=-1. 0,25
Tu giac BMNC noi tiép suy ra hai trong ba duong tron (O), (BMNC), (AMN) c6
truc dang phuong lan luot la BC, MN, AP. 0,25
Do d6 BC, MN, AP dong quy tai T hay AP cling di qua T. 0,25
Phép chiéu xuyén tdm A tr duong thang BC [én (O) bién B,C,D,T lan lugt thanh
B,C,Q,P. 0,25
Vi (BCDT) = -1 suy ra (BCQP)= -1 0,25
tuc 1a tir giac BCQP diéu hoa. 0,25
Theo tinh chat tir giac diu hoa thi PQ, tiép tuyén tai B, tiép tuyen tai C cua (O)
dong qui tai 1 diem X. ’ 0,5
(hodac néu PQ la dwong doi trung cua tam gidc BPC )
Vi X 1a diém c6 dinh suy ra PQ ludn di qua diém co dinh. 0,25
Cau 4 | Tim tat ca cac s6 nguy@n to p sao cho 3" —1 chia hét cho p va thuong 1a mot sb
(2,0d) | chinh phuong.
Giasir p 1a mot s nguyén té thoa man diéu kién bai toan. ( p #3, Pli Phecma)
N r p_l —
Khi d6, ton tai so tw nhién A thoa man: =A =3 -1=pA°. 0,25
p
Tathay p=2 thoa man bai toan. 0,25
Xét truong hop p>2, khi do p 1é, dat p—1=2k véi k la s6 nguyén duong, ta c6
(3k —l)(3k +1) = p.A2 0.25
Vi (3“-1;3“+1)=2, ta suy ra ton tai cac sé ty nhién B,C sao cho
3 -1=2p.B*3 +1=2C?
3“-1=2.B%3+1=2p.C?
Trudng hop 1: 3 -1=2p.B%; 3 +1=2C?.
Tacs 3 +1=2.C% = 2.C% =1(mod3) = C? = 2(mod3), khdong thoa man. 0,25
Trudng hop 2: 3 -1=2B% 3“+1=2pC°.
Néu k lésuyra 4|3“+1=2p.C2, dod6 2|C (vip 1¢).
Vay 3%+1=2p.C? chia hét cho 8, v6 li vi 3 +1=4(mod8) (vik 18&). 0.95

Véi k chin, dat k=2m véi m 1a s6 nguyén duong, ta co
2B*=3*-1=(3"+1)(3" -1)




Vi (3"-13" +1) =2 ta suy ra ton tai cac sé ty nhién C,D sao cho
3"_1=2.D?% 3"+1=FE?
3"_1=D? 3"+1=2F?

0,25
Tuong tu 13p luan trén ta thdy 3" +1=2.E? khong xay ra. ’ 0.95
Vay 3" +1=E?, nghia la 3" = (E-1)(E +1) diéu nay dan dén ton tai hai so tu ’
nhién s>t sao cho E-1=3"va E+1=3".
Do d6 2=(E+1)—(E-1)=3'(3*" -1). R& rang diéu nay chi xay ra khi 3' =1 va
3*'-1=2 hay t=0;s =1, tir d6 ta tim duwoc p =5(théa man).
Vay p=2; p=>5 thoa min yéu cau bai toan. 0,25
Cau 5 Tim tit ca cac ham s& f: R—R thoéa mén diéu kién
3,0d)
f(x)f(y)+f(xy—1)=2xy—-1 voi moi s6 thuce X,y .
Gia sur ton tai ham s& f :R—R théa méan diéu kién
f(x)f(y)+f(xy-1)=2xy—-1 (1) véimoi x,y thuoc R.
Ta thay néu f(x)=C thi khong thda man. 0,25
Trong (1) choy =0 ta duoc f(0)f (x)+ f(-1)=—-1 vdi moiX,
suy ra f(0)=0 0,25
Trong (1) cho x=y=1tac6é f>(1)=1 nén f(1)=1 hode f(1)=-1. 0,25
Truong hop 1: Véi f(1)=1.
Trong (1) choy =1 ta dugc f(x)+ f(x-1)=2x-1 (2) 0,25
Trong (2) thay x boi xy taco f(xy)+ f (xy—1)=2xy—1.
Két hop véi (1) ta duge f(xy)=f(x)f(y) véimoi x,y thudc R. (3) 0,25
Trong (1) choy = x ta dugc f?(x)+ f (x2 —1) =2x*-1
= f2(x)+ f(x-1).f (x+1)=2x>-1 (do (3)) (4) 0,25
Trong (2) thay x boi x + 1 ta duoc f (x+1)+ f (x)=2x+1 (5)
Tu (2), (4) vao (5) ta co:
f2(x)+[(2x-1)— £ (x) |.[(2x+1)— f (x)]=2x* -1 0.25
= £2(X)+4x* —1-4xf (x)+ f?(x)=2x" -1
= 2(f(x)—x)2:0 0,25
= f (x)=x. (Thu lai thoa man.)
Truong hop 2: Véi f(1)=-1.
Trong (1) choy =1 ta dugc —f (x)+ f (x—1)=2x-1 (6) 0,25
Trong (6) thay x boi xy ta c6 —f (xy)+ f (xy—1)=2xy-1.
Két hop véi (1) ta duge f(xy)=—f(x)f(y) véimoi x,y thupcR.  (7)
Trong (1) choy = x ta dugce f(x)+ f (X’ -1)=2x"-1
f2(x)-f(x-1).f (x+1)=2x"-1 (8) 0,25
Trong (6) thay x boi x + 1 ta duoc —f (x+1)+ f (x)=2x+1 9)




Tir (6), (8) . (9) tacod
= fz(x)—[(Zx—1)+ f (x)].[—(2x+1)+ f (x)]z 2x2 -1

0,25
= f? (x)—[—(4x2 —1)-2f (x)+ f7 (X)] =2x% -1
= 2x*+2f(x)=0
= f(x)=-x*. Thir lai thoa man. 0,25
(Vay ¢6 hai ham s6 thda méan bai toan 1a f (x)=x va f(x)=-x*.)
éa(l)'lde)s Goi S 1a tap hop gom 2021 sé nguyén duong dau tién. Hoi co tat ca bao nhiéu bo
’ sb (a,b,c) théa man diéu kién a,b,c thudc S va a®+b®+¢® chia hét cho 9?
Taviét a=3q,+1,, b=3q, +1,, c=3q,+1, véi {0, -1}, i=1,2,3. 0.95
Taco r*=r(mod3) nén a’=(3q,+r) =9, +r’=r(mod3).
Tuong ty b° =r,(mod3),c¢’ =r,(mod3) véi k eZ, i=12,3. 025
Do d6 a*®+b®+c®chia hét cho 9 < r +r,+r, chiahét cho 9 < r,+r1,+1,=0. 0.95
Ta c6 hai truong hop xay ra: ’
Truong hop 1: r,=r,=r,=0 hay a,b,c:3.
Do a,b,ceS nén mdi sd a,b,c c¢d 673 cach chon, 832
suy ra truong hop nay c6 673° bo (a,b,c) thoa mén. ’
Truong hop 2: {r,r,,r,} ={0,1,~1} hay trong ba s6 a,b,c c6 mot sé chia hét cho 0.5
3, mot sb chia 3 du” 1, mot s6 chia cho 3 du -1. ) ’
Do a,b,c €S nén so chia hét cho 3 ¢6 673 cach chon; so chia 3 du 1 c6 674 cach
chon; s chia 3 du -1 ¢6 674 cach chon va co thé hoan vi cac s6 a,b,c nén 0,25
truong hop nay c6 31673.674° b (a,b,c) thoa man.
Vay c6 tht ca 673 + 31673.674% bd s6 (a,b,c) thoa mén bai toan., 0,25
Cau 7 | Cho cac so thuc khéng am X, y, z thoa mén diéu kién X+ Yy+z=1. Tim gia tri 16n
3,0d . s ‘ 2
(3,0d) nhat va gid tri nho nhat cua biéu thuc P = ! >+ ! >+ 1 >
1+x° 1+y° 1+z
Tim GTLN: bat f(t)= ! =
1+t
Ta co tiép tuyén ciia 46 thi ham s5 y = f (1) = —— tai iém t= % lay= %(—t +2). | 02
+
Ta chimg minh f (t)< % (-t+2) véi te[0;1]. 0,25
Thatviy: —— < 21 (142) o (Bt-17(4-3) >0, Vi €[0; 1]. 0,25
1+t° 50
N 27 27 0,25
Tedosuyra P=f(X)+ f(y)+f(z)<—(-Xx-y—-z+6) =—. ’
g 00+ (y)+ f(2)<go(x-y-2+6) =15 0,25
L 42 , ey e 1 . 27
Dau dang thure khi va chi khi x=y =z =3 nén maxP:E. 0,25




Tim GTNN: Xét BDT phu: véi a>b >0 thoa man a+b <1, ta ching minh BDT
1 1 1
+ >1+ 1
1+a®> 1+b? 1+ (a+b)? @) 0,25
Déu dang thtc khi va chi khi b=0.
That vay, BDT <> ab[2—2ab—ab(a+b)*]>0 (2)
Do 1>a+b>2ab nén xy < %. Suy ra VT (2) > ab(2—3ab) > 0 =VP(2). 0,25
Ap dung BDT (1) ta c6
P= 12+ 12+ 1221+ 1 >+ 12 0,25
1+x° 1+y° 1+z 1+ (x+y)” 1+z
sop_ L 5 0,25
1+(x+y+2)°* 2
Déu ding thirc khi va chi khi trong 3 s6 ¢6 1 s6 bang 1 va hai sb bang 0 0,25
Vay minP = >
ay 5 0,25

Chii y: Néu hoc sinh cé loi gidi diing, khdc véi dap dn- cdc thdy c6 can cit thang diém cdu
twong ung cho diém phu hop.

C6 thé chirng minh mét s6 ¥ rd hon & ciu 3b nhu sau:

Goi T 1a giao diém ciia EF v6i BC. Vi BN, CM, JD dong quy nén suy ra (BCDZ)= -1.

Lai co t giac BMNC noi tiép suy ra hai trong ba duong tron (O), (BMNC), (AMN) cé truc dang
phuong 1an luot 1a BC, MN, AP. Do d6 BC, MN, AP dong quy tai T hay AP ciing di qua T.

bit BC=a,CA=b,AB=c. DoD,E,Flan luot 1a tiép diém cua (J) véi BC,CA AB nén

a+c_b;BD:BF _ a+b-c

CD=CE=

. Tur ddy, ap dung dinh ly Ceva cho AABC ta suy ra dugc

AD, BE,CF ddong quy nén (BCDT) =-1.

Xét phép chiéu tam A tir duong thang BC 1én (O), vi (BCDT) = -1 suy ra (BCQP)= -1 tic 1a tir giac

BCQP diéu hoa.

Goi S 1a giao diém hai tiép tuyén tai B,C cua (O) va PSn(0)=Q".

RO rang ASBQ' dong dang vai ASPB nén BQ 5S¢ , tuong tu thi cQ'_SQ = BQ'_CQ
BP SP CP SP ~BP CP

BCPQ' 1 tir giac diéu hoanén Q =Q hay P,Q,S thang hang.

Suy ra PQ luén di qua giao diém S cua hai tiép tuyén tai B, C cta (O) va diém nay cb dinh.

suy ra




