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Pham Minh Tri- Cuu hoc sinh chuyén toan THPT chuyén Tran Hung Dao

. Pébai
Bai 1: (5 diém) Tim tat ca cac s6 nguyén t p dé —1 1a mot sb hang cua day sé (u,,) duoc
cho boi:

. Upyz = 2Upyq — PUy
Bai 2: Cho ba s6 thuc duong a,b,cthéaa =b =cvaa+b +c = 3.
Chung minh:

a c
—+-—+3b=5
c b

Dau " = " xay ra khi nao?
Bai 3: (5 diém) Tim tat ca cac ham sb f: R — R thoa man:
q v,y ER f)f(y) + f(x+y) =xy(xy + 2) ,
Bai 4: (5 diém) Cho tam giac ABC nhon, khong can, c6 truc tam la H va ndi tiép duong
tron tam 0. Goi N 1a trung diém cua doan thang BC. Tia NH cat (0) tai M. Puong thang
AM cit duong thang BC tai I. Buong thang AH cat dudng thang BC tai D va cét (0) tai
diém thi hai E. Biét duong tron duong kinh ID cat (0) tai hai diém F, K phan biét.
Chung minh ba duong thang FK, ME, ON dong quy.
. Loi giai
Bai 1: (5 diém) Tim tat ca cac s6 nguyén té p dé —1 1a mot sé hang cua day s6 (u,,) dugc
cho boi:
{ w =0y =1 vn € N*
Upyz = 2Upy1 — PUy
Giai
Vi p = 2, ta duoc u,, chan véi moi n > 3. Vay p = 2 khong thoa ycbt.
Véip =5, tadugc uz = 2;u, = —1. Vay p = 5 thoa ycbt.
Véi p # 5, gia sir ton tai m sao cho u,, = —1. Khi do, ta cé:
—1=uy, =2uUy_ 1 =2%Up_p = = 2™ 2u, = 2™2 (mod p) (1)

Ta ching minh w, = k — 1 (mod (p — 1)),k = 4,5,6, ... (2)
That vay, ta co:

Uy = 2uz — puy = 2Q2uy — puy) — puy = 22U, —pu, =22 —1=3 (mod (p — 1))

Us = 2Uy — puz = 2uy, — pQRu, —puy) =2u, —2p=23-2=4 (mod (p— 1))
Vay ménh dé dung véi k = 4,5
Gia sir ménh dé dung dén gia tri k bat ki. Khi d6 ta co:

Upp1 = 2Up — PUp—q = 2(k — 1) — (k — 2) = k(mod (p — 1))

Vay (2) danghay —1 =u,, =m—1(mod (p — 1)) = m: (p— 1) (3)



Do (p; 2) = 1 nén theo dinh ly Fermat nho, ta c6: 2P~1 = 1 (mod p) = 2™ =
1(mod p) (do (3))
Tur day két hop véi (1), ta duoc:
—1=u, = 2™ 2%u, = 2™ 2 (mod p)
= —4 =2 =1 (modp) =5 = 0(mod p)
Vay p = 5,vo Ii.
Tir cac trudong hop, ta dwoc p = 5 1a s6 duy nhat thoa dé.
Bai 2: Cho ba s6 thuc duong a,b,cthébaa >b =>cvaa+b+c=3.
Chang minh:
a Cc
—+-+3b>5
) c b
Dau " = " xay ra khi nao?
Giai
Ta co:
a c
—_ + —_
c

a C a C
b+3b=E+E+(a+b+c)b2;+ac+—+bc+b222a+2c+b2

b
=2(3-b)+b*=b*-2b+6=>5
Viy taco dpem. DAu" = "xayrataia=b=c =1
Bai 3: (5 diém) Tim tat ca cac ham sb f: R — R thoa man:
Vx,y ER f(x)f(y) + flx+y) =xy(xy + 2) (1)

Giai
Gia sir ton tai ham s f thoa ycbt.
Ki hiéu P(a; b) la phép thay x béi a, y boi b vao (1).

P(x; 0): Vx € R, FGOF(0) + F(x) = 0 = [f () = 0vx € R (khong thoa)

f(0)=-1
P(L;-1):VxeR fF(D)f(-D) —1=-1 f(Df(-1) =0 &

Néu f(1) = 0. Ta co:

Px;1):VxeER,f(x+1)=x*+2x oVxeR: f(x) =x?—1
Thur lai ta thay ham sé nay thoa ycbt.
Néu f(—1) = 0. Ta co:

P(x;—1):VxeR f(x—1 =x?-2x=oVxeR: f(x) =x? -1
Thur lai ta thay ham sé nay thoa ycbt.
Vay f(x) = x* — 1 Vx € R 1a ham sb duy nhét thoa dé.
Bai 4: (5 diém) Cho tam giac ABC nhon, khong can, c6 truc tam 1a H va ndi tiép duong
tron tdm 0. Goi N 1a trung diém ciia doan thang BC. Tia NH cét (0) tai M. Buong thang
AM cit duong thang BC tai I. Buong thang AH cat dudng thang BC tai D va cét (0) tai
diém thi hai E. Biét duong tron duong kinh ID cat (0) tai hai diém F, K phan biét.
Chung minh ba duong thang FK, ME, ON dong quy.
Giai

f(H=0
f(-1)=0



Xét thé hinh nhu hinh v&. Céc trudng hop khac chiing minh twong tu.
Ké duong cao BU, CV cua tam giac ABC. Goi M’ 1a giao diém khac A cua duong tron
(AVHU) va duong tron (0). Ké duong kinh AL caa duong tron (0). Tiép tuyén tai B, C
cua duong tron (0) va ON dong quy tai T.
Do t gidc BHCL la hinh binh hanh va N 1a trung diém ctia BC nén N 1a trung diém cua
HL = H,M’, L thang hang (1)
Taco: AM' L M'L; AM' L M'H nén M', H, L thang hang. (2)
Tir (1), (2) ta dugc M, H, N, L thang hang hay M = M’
Nhan xét: AM; EF; BC lan luot la tryc dang phuong cta ba cap duong tron
((0); (AVHD)); ((AVHU); (BCUV)); ((BCUV); (0)) nén dong quy tai 1.
Trong tam gi4c ABC c6 AD; BU; CV ddng quy tai H va UV cat BC tai I, ta co:
(IDBC) = —1

Do d6, véi R 1a trung diém cua ID, ta duoc:

RF? = RK? = RI.RD = RB.RC
Hay RF va RK 14 hai tiép tuyén cua (0). Vay t gidc BFCK 1a tir giac didu hoa. Do do, ta
duoc FK, tiép tuyén tai B, C cua (0) dong quy tai T.
Ta di chang minh M, E, T thang hang.
That vay, do NM.NL = NB.NC = NC? = NO.NT nén ti giac MOLT ndi tiép.

= LMT = LOT = LAE = LME
Vay M, E, T thang hang hay ON, EM, KF dong quy tai T (dpcm).



