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SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI TINH
BAC NINH Nim hoc 2024-2025
M6én thi: Toan
Lép: 9 THCS

Thoi gian: 150 phat (khong ké thoi gian giao dé)
( Bé thi gom c6 01 trang, gom 05 cau)

cau l: (4,0 diém)

1) Rat gon biéu thie P =

\/EJM/B_1+\/E_\/B Vb + Vb ,(a,b>0;a=b).
a+s/ab  2J/ab |a—+ab a++fab

2) Phuong trinh x* =3x—5=0 c6 hai nghiém 1 X, X,. Dat g(x) = x> —4. Tinh gia tri ctia biéu thirc
T=9g(x)9(x).

Cau ll: (4,0 diém)

1) Giai phuong trinh: +/3x—5 ++/7 —3x =9x* —36x +38.

X(X+Y)+/X+Y =\/ﬁ( 2y° +1)
X2y —5x> +7(X+Y)—4=63xy—x+1

2) Giai hé phuong trinh:

cau Ill: (3,0 diém)

1) Tim cac s6 tu nhién X,y théa man: x* =9y® +6y+16.

2) Cho a,b,c 1a cac s6 nguyén duong théa man a—b 1a sé nguyén t6 va 3c? =ab+bc+ca. Ching
minh rang 8c +11a s6 chinh phuong.

Cau lV: (6,0 diem)

1) Cho hai duong tron (O) va (O') cdt nhau tai hai diém phéan biét A va B. Trén tia doi cua tia AB
ldy diém M ké céc tiép tuyén ME, MF véi dudng tron (O' ), trong d6 E, F thudc duong tron (O') va
diém F nam trong duong tron (O) . Hai duong thang AEva AF cat dudng tron (O) lan lugt tai P va
Q(P,Q khac A). Tia EF cat PQ tai K.

a) Ching minh BKPE 1a tir giac noi tiép. Goi | va J lan luot 1a giao diém cua ABvéi OO' va EF .
Chimg minh IJE = IFM .

¢) Chimg minh PQ = 2/OA2 —OK?.

2) Cho ntra duong tron duong kinh BC =2R. Goi M 1a diém di dong trén nira duong tron

(M #B;M =C) . Ké MH vuéng goc véi BC, (H € BC). Goi O,,0, lan luot 1a tim duong tron ndi tiép
cac tam giac MCH va MBH . Xac dinh vj tri diém M dé chu vi tam giac O,HO, 16n nhét.

Cau V: (3,0 diem) , q

1) Cho a,b,cla cac so duong théa man ab-+bc+ca=1. Tim gia tri I6n nhat cta biéu thirc

M = [a N / b 9Vc’+1
a+c \b+c 8

2) Biét rang moi diém trén mat phang dugc t6 bdi mot trong hai mau xanh hoac d6. Chirng minh rang
ton tai mot tam gidc ma c6 ba dinh va trong tam ctia n6 cung mau.
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LOI GIAI VA HUONG DAN CHAM

cau l: (4,0 diém)

1) Rut gon biéu thirc P =

+ +
a+vab  2Jab (a-+ab a++ab

2) Phuong trinh x> —3x—5=0 c6 hai nghiém 1 X, X, . Dat g(x) = x> —4. Tinh gi4 trj ctia biéu thirc
T=9(x)-9(x).

Ja++b-1 \/5_\/6( vb Vb J,(a,b>0;a¢b)-

Loi gidi
1. Véi a,b>0;a=b,tacod

P=6+JB—1+JE—JB( Jb_ . b J
a+vab  2Jab (a-+ab a+ab
__Jasb-1 Ja-b Jb(Va++b)+b(Va-+b)
\/5(\/5+\/5) 2\ab \/g(\/g—\/g)(\/g+\/5)
asb-1 Ja-b 2/
\/5(\/5+\/5) 2./ab 'Jg(\/g_\/ﬁ)(\/ah/ﬁ)
__Nasvb-1 | 1
Va(a+b) Va[4a=0)
_ ~a+ib
Ja(a+b)
1
-5
Vay P=%V(’fi a,b>0a#b.

2. Vi phuong trinh x* —3x—5=0 06 hai nghiém 1a X, X, nén

2_ay _E_ 2_4_
{xl 3% —5=0 :{xl 4=3x+1

X2 —3x,-5=0 X2 —4=3x,+1
A iy ., ,{X1+X2:3 o
Dong thoi theo Viét co .Tu do
XX, = =5
9(%)9(%)=(x -4)(x¢ -4) = (3%, +1)(3x, +1)
=3(X, + X, )+9xX, +1
=3.3+9.(-5)+1
=-35.
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Cau ll: (4,0 diém)
1) Giai phuong trinh: +/3x—5 ++/7 —3x =9x* —36x +38.

X(X+Y)++/X+Y =\/ﬂ( 2y? +1)
X2y —5X2 +7(X+Yy)—4=63/xy—x+1

Loi gidi

2) Giai hé phuong trinh

1) Piéu kién Sox<l
3 3

Xét phuong trinh +/3X—5 ++/7 —3x =9x? —36x+38 (1).
Ap dung BDT Cauchy-Schwarz, ta c6

VT§ = (VBx=5 ++/7=8x)° S 2(8x~5+7-3) =4 = VT, <2

Mat khac VR, =9x* —36x+38=9(x-2)°+2>2.Do d6
/3x—5 =+/7-3x
(x—2)*=0

Vay phuong trinh ¢6 nghiém x=2.

X(X + y)+\/mz\/ﬂ( 2y° +1)(i)

(1) VT, =VP, =25 { & x=2 (thoa man PK)

2.Xéthé (1)
Xy —=5x* +7(x+y) —4 =63/xy — x+1(ii)
. >0
bicu kién {y *)
X+y=>0

Déu tién ta thiy raing X = y =0 khong thoa man (i). Khi khong dong thoi bang 0 va thoa mén (*) ta
)& (x+y 2\/_)+[ (x+y) 2y2]=0

_X+y-2y -y)(x+2y)=0

mw
ction] e
<:>x—y=0(\/m+2\/_ (x+2y >0J

Sx=y
Thay vao (ii) taco

X® —5x2 +14x— 4 = 63/x* —x+1

X =5x +11x~7 =3 24 —x1-(x+1)|

8(x2—x+1)—(x+1)3

43/x2—x+1+2(x+1)§/x2—x+1+(x+1)2
—(x3—5x2+11x—7)

43/x2—x+1+2(x+1)3/x2—x+1+(x+1)2

< x5 +11x-7=3

<35 +11x-7=3.
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3
< (3 -5x2+11x-T7)| 1+ =0
( ) 43 x2—x+1+2(x+1)\3/x2—x+1+(x+1)2

3

AIx? —x+1+2(x+1)x° —x+1+(x+1)2

< X2 =5x* +11x—-7=0( Vi x>0 nén

>0)

& (x-1)[ (x-2)' +3]=0
& x=1(TMPK) = y=1.
Vay hé phuong trinh (1) c6 nghiém duy nhat 1a (x;y) = (L1).
cau lll: (3,0 diém)
1) Tim céc sb tw nhién X,y thoa man: x> =9y*+6y+16.
2) Cho a,b,c 1a cac sb nguyén duong thoa man a—b 1a sb nguyén t6 va 3c?> =ab+bc+ca. Ching
minh rang 8c+1 1a s6 chinh phuong.
Loi gidi
1) Tim céc sb tw nhién X,y thoa man: x> =9y*+6y+16.
x* =9y* +6y+16
& x*—(3y+1) =15
< (x+3y+1)(x—-3y-1)=15(*)
X+3y+1,x-3y-1leZ
Vi X, yeN nén <x+3y+1>1
(x+3y+1)—(x—3y—-1)=6y+2>2
Xx+3y+1=15 _ {x+3y+1:5
hodc

Do d6 tir (*) suy ra
x-3y-1=1 Xx—3y—-1=3
. | Xx+3y+1=15 | X e
- Vi , gldiradugc x=8 va y=2 (théa man).

x-3y-1=1

. | X+3y+1=5 . X o

- Voi , gidi ra dugc Xx=4 va y =0 (théa man).
X—3y—-1=3

Vay cac cip sb tu nhién (x;y) thoa mén yéu cau la (x;y) €{(8;2),(4;0)}.

2. Taco

3c? =ab+bc+ca < 4c? =ab+bc+ca+c? < (2¢) =(a+c)(b+c)(**)

Goi (a+c,b+c)=d.Khidé a—b=(a+c)—(b+c):d, ma a—b 13 s6 nguyén té nén d =1 hoic
d=a-b.
2

- Néu d =1 thi tir (*) suy ra {E+C=X2 (% yeNxy=2c;x>y). Licnay

_a-b+1
. . -y=1 B
(X—Y)(X+Yy)=x*—y*=a—b 1a so nguyén to = §+§:a—b:> y_a—i)—l
2

a-b+l a-b-1_(a-h)*-1

Tuwdé 2c=xy=
2 2 4

= 8c+1=(a—b)? 1a s6 chinh phuong.
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a+c=(a-b)x*

b+C=(a—b)y2 (nyEN*;(a—b)Xy=ZC;X> y)

-Néu d =a—b thi tir (**) suy ra {

Ldc nay
(a+c)—(b+c)=(a-b)(x*~y*) < a-b=(a—b)(x*-y?)

< x?—y*=1(do a-b>0)

< (x+y)(x-y)=1

< x=Ly=0=b+c=0 (loai).
Vay 8c+1 1asb chinh phuong.
Cau lV: (6,0 diem)
1) Cho hai dudng tron (O) va (O') cét nhau tai hai diém phan biét A va B. Trén tia ddi cua tia AB
lay diém M ké céc tiép tuyén ME, MF v6i dudng tron (O'), trong 6 E, F thudc dudng tron (O') va
diém F nam trong duong tron (O) . Hai duong thang AEva AF cat duong tron (O) lan luot tai P va
Q(P,Q khac A). Tia EF cit PQ tai K.
a) Chirng minh BKPE 1a ttr giac ndi tiép. Goi | va J lan luot 1a giao diém ciia ABvéi OO' va EF .
Chimg minh IJE = IFM .
¢) Ching minh PQ = 24/OA? -OK? .
2) Cho ntra duong tron duong kinh BC =2R. Goi M 1a diém di déng‘ trén ntra dudng tron
(M =B;M =C) . Ké MH vuéng goc véi BC,(H € BC). Goi 0,,0, lan luot 1a tim dwdng tron ndi tiép
cac tam giac MCH va MBH . Xac dinh vi tri diém M d chu vi tam giac O,HO, 16n nht.

Loi gidgi

1) Ta c¢6 hinh v&

Q
a) Xét duong tron (O) c6 BPQ = BAQ (cung chin cung BQ ) hay EPB = BAF (1).

Xét dudng tron (O') ¢d BEF = BAF (clng chan cung BF ) hay BEK = BAF (2).
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Tir (1) va (2) suy ra EPB = BEK = BKPE 14 tir giac noi tiép.
b) Do (O) va (O') cat nhau tai A va B nén OO L AB vado ME,MF 1a céc tiép tuyén tai E, F ciia

(o') nén O'E L ME va O'F L MF . Tir d6 ta c6 MIO' = MEO' = MFO' =90°.

Suy ra cac diém M,E,O,1 va F cing nam trén dudng tron dudng kinh MO .
Trong duong tron nay, ta co
IEF = IMF (cung chén IF ) = IEJ = IMF
EIM = FIM (chén hai cung ME = MF ) = EIJ = MIF

Tu day suy ra AEIJ ~ AMIF (g.9) = IJE=IFM.
¢) Vi cac tir giac ABQP va BKPE la noi tiép nén

AEB =BQP =BQK

Q Q :AAEBMAQKB(g-g):>£=£
AEB = BKQ QB QK

Do céc tr gidac ABQP va AEBF ni tiép nén PBQ = PAQ = EBF (*,).
Xét dudng tron (O'), lai c6 EBF = EFM [z%sdEAFj(*z).
Do tit gidc EIFM noi tiép nén EFM = EIM = EIA(%).

Tu (*1,(*2),(*3) suy ra PBQ = EIA. Két hop voi BQP = EAI theo chimg minh & trén, suy ra
Al AE AB 2AE

AEIA -~ APB . —=— =>—=— (4) (do AB=2Al).
Q99 = 5= o= op @ )
. . AE 2AE . 2
T (3) va (4) suy ra Q—K=¥:>QP=2QK = K 1a trung diém cua PQ =OK L PQ.

Tur do, theo Pytago, ta co

PQ = 2PK = 2JOP2 —OK? = 2,/JOA? ~OK? .

b) Goi E,F lan luot 14 giao diém cua 0,0, véi MB va MC .

Dé thdy AMHO, -~ ABHO, (g-g), suy ra HO, _MH _ tanMBH = tanMBC _Mc
HO, BH MB

Do HO, va HO, 14 hai tia phan gi4c cuia hai goc ké bu nén HO, 1 HO, = O,HO, =90°.
Tur nhiitng diéu trén, suy ra
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0,0,H = MCB

AO,HO, - ACMB( c.g.c)=
0,0,H = MBC

AY 4 7 7 7 r by A o R X y . MFO]_:OIHC:450
Ttr @0 ta c6 cac tir giac O,FCH va O,EBH ndi tiép, dan t6i :
MEO, = O,HB =45°

Dén day, dé dang ching minh duoc

AMO,F =AMOH ( g.c.9)= O,F =O,H

AMO,E = AMO,H ( g.c.g) = O,E = O,H

Tir d6, ta ¢6 chu vi AO,HO, 1a OH +0,0, +O,H =0,E+0,0, +O,F =EF .
Xét AMEF vudng can tai M (MEF = MFE = 45°) taco

EF? = 2ME? = 2MH?( do ME = MH vi AMO,E = AMO,H ) nén EF = MH+/2.

Nhu vay, EF 16n nhit < MH 16n nhat < M 1a diém chinh giita nira duong tron.

D6 chinh 1a vi trf can tim cta diém M .
Cau V: (3,0 diem)
1) Cho a,b,cla cac so duong théa man ab-+bc+ca=1. Tim gia tri I6n nhat cta bicu thirc

M = [a . / b 9vc’+1
a+c \b+c 8

2) Biét rang mbi diém trén mit phang duoc t6 boi mot trong hai mau xanh hodc d6. Chig minh rang
ton tai mot tam giac ma c6 ba dinh va trong tim ctia nd cing mau.

Loi gidi
1) Cho a,b,c1a cac s6 duong thoa man ab+bc+ca=1. Tim gia tri 1én nhat cia biéu thirc

M = [a . / b 9vc’+1
a+c \b+c 8

T ab+bc+ca=1suyra
1=ab+c(a+b)>ab+2cyab

1+¢? > (Jab +c)?
Jab <1+c? —¢
ab<1+2c?-2cy1+c?.

Theo Cauchy-Schwarz, ta c6

2
[ o] g 20 ) )
a+c b+c a+c b+c l+c

Két hop danh gia ¢ trén, ta co

.Q Lién hé tai liéu word todn SPT (zalo): 039.373.2038 6


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

a b\ 2(1+1+ 2c2—20\/1+c2) c
+ < 5 =4(1— j
Va+c Vb+c 1+c 1+c2

T do, ta cod

2
Meafi-— & HNCH 4
V1+c? 8¢
. c R 9 ,
bat ,[1- > =t(0<t<) thi T=2t————<.Taco
Ve 8(1-t*)

9 1 —(2t—-1)*(4t+5) 1
8(1—t2)+2_ 8(1—t2) <0=T< >

T+1=
2

1 . 1 3

Suy ra M <—= va dang thtrc xay ra khi va chi khi a=b=——= va c=—.

2 NN

AL s 1g Lo .1 . 1 3

Vay gia tri 16n nhat cia M la —=, dat duoc tai a=b=—= vac=—.

z NN

2) Biét ring mdi diém trén mit phing dugc t6 boi mot trong hai mau xanh hodc d6. Chirng minh ring

ton tai mot tam gidc ma co6 ba dinh va trong tam ctia nd cung mau.

Xét 5 diém bat ki trong mit phang, trong d6 khong c6 ba diém nao thiang hang. Theo nguyén li
Dirichlet, trong 5 diém nay ton tai ba diém dugc to cting mot mau.

Khong mét tinh tong quat, gia sir ba diém d6 1a A, B,C va chiing duoc té mau do.

Goi AD, BE,CF 1a 3 duong trung tuyén va G 1a trong tim ciia AABC.

Khi d6, néu G duogc t6 mau do thi ta co diéu phai chimg minh.

Nguoc lai, néu G duogc t6 mau xanh thi trén tia ddi cua cac tia AG, BG,CG lan luot lay cac diém
A',B’,C’' sao cho AA=2AD,B'B=2BE va C'C =2CF . Khi dé, A B,C lan luot la trong tam cua cac
tam giac A'BC,B'CA, C'AB va G la trong tam cia AA'B'C’. Llc nay
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e Néu3diém A,B’,C’ déu té6 mau xanh thi AA'B'C’ c6 badinh A',B’,C’ vatrong tim G cling
t6 mau xanh va ta c6 diéu phai chimg minh.

e Néu trong ba diém A',B’,C’ ton tai mot diém to mau do, gia sir diém d6 1a A’'. Khi d6, AABC
c6 ba dinh A',B,C va trong tim A cling t6 mau d6 va ta ciing c6 diéu phai chimg minh .

Vay ton tai mot tam giac ma c6 ba dinh va trong tdm cua n6 cung mau.
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