PAI HOC QUOC GIA HA NQI PE THI TUYEN SINH VAO LOP 10

TRUONG PAI HOC KHOA HOC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2022
PE CHINH THU'C MON THI : TOAN (Vong IIT) ‘
Thoi gian 1am bai : 150 phit (khong ké giao de)
Cau L. (3,5 diém)
1) VOi a,b,c1a nhitng sb thue duong thoa man diéu kién LI 1.Chung minh

a b c

réng:( - ! + ! jz\/ abe
2\a+bc b+ca c+ab (a+bc)(b+ca)(c+ab)
2) Giai hé phuong trinh {2’“2 3ty =6
3x+2y+1=22x+y+6

CauIL (2,5 diém) 7
1) Tim tat ca cac cap so nguyén duong (x;y)thoa man dang thuc :

(x+y)(5x+y)3 +x) = (5x+y)3 +x*y +xp
2) Vi a,b,c1a nhitng s6 thuc duong thda man cac diéu kién sau
c<b<a<3;b*+2a<10;b* +2a+2c< 14
{(a2 +1)(b* +1)+4ab< 2a’ +2b" +2a+2b

P=4a" +b* +2b* +4¢°

. Tim gi4 tr1 16n nhat cua biéu thic:

Céu IIL (3 diém)

Cho tam gidc 4BC nhon, khong can, noi tlep duong tron (O). Piém Pnam
trong tam gidc ABC. Goi E,F lan luot 1 hinh chiéu vudéng goc cta P trén cac canh
CA4,CB. Gia st tlr gidc BCEF ndi tiép trong duong tron (K)

1) Chimg minh ra:ing AP vuong goc véi BC
2) Chimg minh rang AP =20K , 7
3) Puong thang qua P vuong goc véi 4P cat duong tron tai hai diém Q,R.

Ching minh rang dudng tron tAm 4 ban kinh AP tiép xtic v6i dudng tron

ngoai ti€p AKQR
Cau IV. (1 diém) ‘ q

Cho cac diém 4, 4,,....., A, theo thir tu ndm trén mot duong thang sao cho do
dai cac doan 4,4, bang k (don vi dai), v6i k=1,2,....,29. Ta td mau mdi doan thing
AA,,....., Ay A, b1 1 trong 3 mau (mdi doan dugce t6 bai ding 1 mau). Chirng minh
rang v&i moi cach té mau,, ta ludn chon duoc hai sé nguyén duong 1< j <i< 29sao0
cho hai doan 4,4, va 4,4, dugc t6 cung mau va i— jla binh phuong cua 5O

nguyén duong.



DAP AN

Cau L. (3,5 diém)
1) V6i a,b,cla nhirng s0 thuwe duwong théa man diéu kién l+%+l =1.Churng
a C
minh rin '1( ! L : ]— abe
8¢ 2la+bc b+ca c+ab) (a+bc)(b+ca)(c+ab)
Tur gia thiét suy ra ab+bc+ca =abc.Ta cé :
1 _ a’ B a
a+bc_a2+abc_(a+b)(a+c)
b 1 c

T tu, ta co: = : = . Tu @6
vong i, ta co b+ca (b+c)(b+a) c+ab (c+a)(c+b) rdosuyra

a(b+c)+b(c+a) abc \
VT = = 1), Va:

@) bro)era) (@rb)proyera) )V

_ J (aby  _ abe
(a+b)y(b+c) (c+a)y (a+b)(b+c)(c+a

Tir (1), (2) suy ra diéu phai ching minh

)(do a,b,c> O)(2)

coe A . 2x> +3xy+1° =6
2) Giai h¢ phuwong trinh
3x+2y+1=22x+y+6
Piéu kién : 2x+ y+6> 0. Nhan 4 vao phuong trinh thir nhat ctia hé ta c6 :
4(2%" +3xy+y*)-24=0
Phuong trinh thr hai cua hé tuong duong voi :
3x+ 2y +1>0 e . \ A s
5 . Ta viét lai thanh hé méi :
(3x+2y+1) —4(2x+y+6):O
3x+2y+12 0(1)
4(2%° +3xy+y" )-24=0(2)
(Gx+2y+1) —4(2x+y+6)=0(3)
Lay phuong trinh (3) trir di phuong trinh (2), vé véi vé, ta thu dugc :
(x-1) =0 x=1
=2X° 43+ =6 Yy +3y—-4=0& y=1
v =—4(ktm)

Vay (x;y)=(1:1)



CauIL (2,5 diem) ]
1) Tim tat cd cac cip so nguyén duong (x;y)théa man ding thire :
()H-y)(S)c+y)3 +xy = (5x+y)3 +x°y +xpt
Ta bién d6i nhu sau :
(x+y)(5x+y)3 +x) = (5x+y)3 +x7°y +xpt
< (x+y—1)(5x+y)3 =xy’ (x+y—1)
Vi x,y1a hai s6 nguyén duong nén x+y>1. Do d6, ta suy ra : (Gx+y) =x°
Do d6, ta suy ra xciing 13 14p phuong cta mét s6 nguyén duong.Dit x =2, ta co:
(523 er)3 = (zy)3 S5 +vy=zyp o y(z—l): 572
Néu z=1(ktm). Xét z# 1. Khi d0, ta ¢6 5z°i(z-1). Vi 5z’ =5(modz-1)= 5z -1
Tu day ta tim duogc z e {2;6}. Suy ra:
(z:9)€ {(2:40):(6;216)} = (x; ) € {(8,40);(216;216)}
2) V6i a,b,cla nhirng s0 thuc dwong théa man cac diéu kién sau
c<bhb<as<3;b’+2a<10;h* +2a+2c< 14
{(aZ +1)(b* +1)+4ab < 2a* +2b" +2a +2b
Tim gi4 tri I6'n nhét cia biéu thire: P=44" +5* + 25> +4¢°
Taco:
(& +1)(B” +1)+4ab—2a(a’ +1)-2b(b* +1)< 0
& (a* +1-2b )b +1-2a)< 0= b’ +1< 2a
Taco: P=(2a) +(b2 +1)2 +(2¢) 1. Do do :
P-76=(2a—6)(2a+6)+(b* —4)(b +6)+(2c—4)(2c +4)
=(2a-b")2a-6)+(b* —2c+2)(2a+b* —10)+(2c +4)(2a+2c+b* ~14)< 0
Do d6 P<76.Vay MaxP =76 < (a,b,c)=(3,2,2)

Cau III. (3 diém)

Cho tam giac 4BC nhon, khong can, ndi tiép dwong tron (0). Piém P
nim trong tam giac 4BC. Goi E,F1an lwot 12 hinh chiéu vudng géc ciia P trén
cac canh C4,CB. Gia st tir gidc BCEF ndi tiép trong dudng tron (K)



X

1) Chirng minh ring AP vudng géc véi BC
Do tir gidc BFEC ndi tiép din dén LAEF = Z4BC
Dé y rang £0AC =90°— /B dan dén 04 L EF
Ta c6 £LOAC =90° - ZAEF = ZPAF (do AP 1a duong kinh cua (4EF))
Do d6 dan dén /PAB+ /B =90°= AP | BC
2) Chirng minh riang AP =20K
Goi (4EF)cit (O) tai diém thtr hai 1a J. Goi §,7 1an luot 1a trung diém ctia EC va
FB, ta c6 ZJFB=180°—-/JFA=180°—- £JEA= /JEC
Dong thoi, £JBF = £JCE,do 46 : AJFB - AJEC
= AJTF - AJES(c.g.c)= LJTA= £JSA
Do do6 J,7,8, 4,K cung thuoc mot duong tron
Dan dén J, P,k thing hang va duong thing nay di qua X 1a d6i xtimg cua 4qua O
Do d6 cht ¥ rang PECX 14 hinh thang vuéng ma SK 1a dudng trung binh nén dan
dén K 1a trung diém PX hay 4P =20K



3) Puong thing qua P vudng géc véi AP cit dwong tron tai hai diém O,R.
Churng minh’ring dwong tron tim 4ban kinh AP tiép xiic v6i duwong
tron ngoai tiep AKQOR
Goi G doi xtmg v6i P qua J
Ta c6 £4JP=90°dan dén AG = APhay G thudc (4;AP)
Ta c6 k13 trung diém cua Px do d6 ’
PX.PJ =2PK.PJ = PK.2PJ = PK.PG = PQ.PR (do t&t gidc JRXQOndi tiep (O))
Suy ra G €(KQR)
Cau IV. (1 diém) ‘ ]

Cho cac diém 4, 4,,....., 4,,theo thir tw nam trén mt dwong thiang sao cho
dd dai cac doan 4,4, bang k (don vi dai), v6i £ =1,2,....29. Ta td mau mdi doan
thing A44,,.... , A, 4, b&i 1 trong 3 mau (mbi doan dwoc to béi ding 1 mau).
Chirng minh ring véi moi cach t6 mau,, ta luén chon dwoc hai s6 nguyén
duong 1< j<i<29sao cho hai doan 4.4, ,va 4.4, dwge tdo cung mau va ;- jla
binh phwong ciia s6 nguyén duong.
Goi dlamau 44, ;i=1..,29,d, € {1;2;3}

Phan chimng d, # d,v|i- j|1a s6 chinh phuong

di# d;o,d; # dy o # dysidig # digsidy g # dys

i+9°

Ma trong d;d.,,.d.,,;d,,,;co hai s bing nhau, nén d,, =d,,,,Vi> 1

i+9° i i+25
Khong mét tinh tong quat, gia stt d, =1,d, =2;Co d,, # d, =1.

e Néud,=3=d,
dy#d,=3;d,,#d =d, =2
d,#2d,=3;d,#d,=2=4d,, =1
d,, #d,,=2,d,,#d,,=1=d,,=3=>d,, =3
dyy=2=>d,=2,d,,=3=d;,=3
Suy ra d, =d,, (mau thun)

o Néud,=2=d,,=d,=d,=2
dytd,=2,d,#d=1=d,=3=d,=d,
Suyra d,=1do d,,#d,=3;d,,#d,=2=>d,s=d,=d, =1
d,#d,,d;#d,=>d,=1=>dy#d,=1,dy#d,y,=2=d,;=3

= dl7 :d‘+16 :d1+9 = dIO =3

1



= d, =d,, =d, =d, =3nhung do d, =2, ta c6 diéu mau thuin

Vay ton tai i, jsao cho |i—j|1a s6 chinh phuong va 4, = d ;



