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SOBAODANH:............... Pé gom ¢6 01 trang va 04 cau
X =8
Cau 1 (5,0 diém). Cho ddy s6(x,) thoa man X202
X = +X,VneN
2024
a) Chtng minh rang limx_ = o,
) ) X12024 2024 2024
b) Timso M nhé nhat sao cho +—+-—2—+---+-2 <M ,VneN'.
X2 X3 Xn+1

Cau 2 (5,0 diém). Tim tit ca cac ham sé f : R — R théa mén

f(X*+y)=2yf(x)=f(f(X)+ f(~y), VX, yeR.
Cau 3 (5,0 diém). Cho tam gidc ABC c6 cac goc nhon. Lay diém D bén trong tam giac sao cho
DAB = DCB va DAC =DBC. Goi A' 1a giao diém ciia AD vé&i BC ;B' 14 giao diém cua BD voi
AC va C' 1a giao diém cia CD véi AB.

a) Chimg minh rang D 13 tim duong tron noi tiép tam giac A'B'C'.

b) Goi A,B,,C,lan luot 14 hinh chiéu vudng gbc cua cac diém A, B,C Ién cac duong thang

B'C’,C'A’ va A'B’. Chung minh ring p(ABC).p(ABC,)>[p(A'B'C")] ,trong d6 p(XYZ)
1a ki hi€u chu vi ctia tam giac XYZ.
Cau 4 (5,0 diém). Cho 3n diém A A, A (heNn=>2) nam trén mit phang sao cho
AAA 1a tam gidc déu va Ay, Ay, Ay 12 cic trung diém ba canh cia tam gic
A, LA A vOi moi K zm T6 mau cac dinh A, A,,---, A, bai mot trong hai mau xanh
va do.

a) Khi 3n=2025, ching minh rang ludn tim dugc 6328 hinh thang cin ma tat ca cac dinh
ctia chiing déu cuing mot mau va madi hinh thang can d6 c6 hai canh day 13 cac canh cia cac tam
giac A3k72A3k71A3k’VK :H-

b) Tim gi4 tri N nho nhét sao cho v&i moi cach t6 mau cac dinh A, A, A, boi mot trong
hai mau xanh va do, luon tim dugc mot hinh thang can c6 4 dinh cung mau va c0 hai canh day la
cac canh cua cac tam giac A, ,A, A, VK = 1n.
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YEU CAU CHUNG ‘
* Dap an chi trinh bay mét loi giai cho moi bai. Trong bai lam cua hoc sinh yéu cau phadi ldap lugn
chat ché, day du, chi tiét va rd rang.
* Trong méi bai, néu hoc sinh gidi sai ¢ buwdc gidi truedc thi cho diém 0 déi véi nhitng budc gidi
sau ¢ lién quan. O cau hinh, néu hoc sinh khong vé hinh hodc vé hinh sai thi cho diém 0.
* Piém thanh phdn cua méi bai néi chung phan chia dén 0,5 diém. Poi Véi diém thanh phan I6n
hon 0,5 diém thi tuy té giam khao thong nhdr dé chiét thanh timg 0,5 diém.
* Hoc sinh ¢6 loi gidi khdc dap én (néu ding) van cho diém t6i da tuy theo mire diém cua ting
bai.
* Piém cua toan bai 1a tong (khong 1am tron sé) cia diém tat ca cac bai.

Cau Néi dung Piém
Caula |Dé thay, x,>0,vneN".

(2,0 2025 1,0
diém). | X% = 2824 >0,vneN =X, ,>X,Vne N = (x,) la ddy ting ngit.

Gid su, day (x,) bichdn trén, suy ra ton tai lim X, =X, X>X =8.

2025

Lay gi¢i han 2 vé ciia dang thie X, = 2624 +X. = x=0. Mau thuan! 1,0
Vay limx, = +o.
Cau 1b X2 x2% 2024 2024(x.,, — X, 1 1.,
(30 |Taco =2 024 _ 2024062 =X) _oppat— 1y vien 0.5
diém). X 2014 XX, XX X i+1
X12024 2024 X2024 1 1 .
Suyra: +—+-2—+...+ 20— =2024(—-—),VneN.. 0,5
X2 X3 Xn+1 n+l
2024 2024 2024
X X . : 1 1
bat an:X1—+2—+---+ " — = lima, =1im2024(— - —) = 253. 0,5
X2 X3 Xn+l n+l

Dé thay (a,) la day ting va lima, =253 = a, <253,vneN".

. 0,75
Suyra VM >2253:a, <M,VnheN.

v¥m< 253, vi lima, =253 nén véi ¢ =253-m>0,3n, € N sao cho
vn>n,:a,—253|<e =>-s=m-253<a,-253=>m<a_ ,vn>n,. 0,75
Vay minM = 253,

cau?2 |Gidst f(x) la mot nghiém ham cua bai toan.
(5,0
diem)

v,y e R, ky hicu POGY): F (O +y) —2yF () = F(F )+ F(=y). @) | ~°




Khi do,
1.1 1
PL): TR+ TO=f(FQ)+ 1) = TO=f(TQ).

P(L0): f(1) = f(f(D)+ f(0)= f(0)=0.

P©,y): f(y)= f(—y), ¥y €R Suyra f Ia ham s chan.
P(x,0): f(x2) = f (f(x)), VxR

1,0

P(x,—y?): f(x* —y?)+2y* f(x) = F(F (X)) + f(y*) = F(F (X)) + f(f(y)) =
= f(f(y)+ f(f(X) = f(y?—x*)+2x*f(y),Vx, y € R.

1,0

Vi f 12 ham s6 chén nén
f(x2—y?) = f(y?—x)) =y f (x) = x*f(y),Vx,y €R
f(x)_ f(y)

X2 2

y

=VX,yeR,xy=0: = ¢ =const = f(x) =cx*,vx =0.

1,0

Vi f(0)=0= f(x)=cx’,"xeR

c=0

Thir lai vao (1), tacdé c=¢° <
c=+1

Vay bai toan c6 3 nghiém ham
f(x)=0,vxeR
f(x)=x*,VxeR
f(x)=—x*,VxeR

1,0

Cau 3a:
(%.5
diéem)

Bo dé. Tam gi4c ABC nhon co cac dudng cao AD, BE,CF cit nhau tai H .
Khi @6 H 13 tAm dudng tron ndi tiép tam giac DEF.
A

Chitng minh bé dé

Vi céc tir gidc BDHF,CDHE va BCEF noi tiép nén HDF = HBF , HDE = HCE
va HBF =HCE

Suy ra HDF =HDE hay DH Ia phan giac trong cia EDF

1,0




Tuong tu EH 1a phéan giac trong cia DEF . Vay H 13 tim duong tron noi tiép
tam giac DEF.

Tré lai bai toan

C

Vi DAB = DCB va DAC = DBC nén cac tir giac ACA'C' va ABA'B' ndi tiép
Suy ra DA'C=DC'A (1) va DC.DC'= DADA' (1)
DA'B=DB'A (2) va DADA'=DB.DB' (2)
Tu (1) va (2) suy ra DC.DC'=DB.DB' nén tr gidc BCB'C' ndi tiép
Suyra DB'C=DC'B (3)
Ma DB'C +DB'A=180° (4') va DC'A+DC'B=180° (4)
Tu (3), (4’), (4) suyra DB'A=DC"'A (5)
Tu (1°), (2°) va (5) suy ra DA'C =DA'B
Hon nira DA'B+DA'C =180° nén DA'B=DA'C =90° (6") hay AA' LBC (6)

1,0

T (2°), (4°) va (6) suy ra DB'C =DB'A=90° hay BB' L AC (7)
Tu (6) va (7) suy ra D la tryc tam cua tam giac ABC
Ap dung bo dé thi D 1a tam duong tron ndi ti€p tam giac A'B'C'.(Ppcm)

0,5

Cau 3b:
(%.5
diéem)

Ké C'C, L AC (C, e AC) VAB'B, L AB (B, < AB)

Khi d6 AA, B'B,, C'C, 1a 3 dudng cao tam giac AB'C'

Theo céu a thi AA", BB',CC" la 3 duong cao cua tam gidc ABC
Do d6 cac tam giac AAB,C,,AAB'C' VA AABC ddng dang

Suy ra AB,C, = ABC nén B,C,//BC (8).

0,5

Vi hai tam giac A'BC'va AB'C'dong dang va BB,,B'B, la cac duong cao
, BC' BC' .
tuong ung, suy ra ——=—2-—nén BB, //AD (9
g ung, suy BA BA B, ©)

Tuong tu C,C,//AD (10)

0,5




Tu (8), (9), (10) va BC L AD suy ra B,C,C,B, la hinh thang vudng tai B,,C,
nén BC,>B,C, (11)

Tir cac tam gidc AAB,C,,AAB'C' VA AABC dong dang
B'C' AB'_, BC, AC,

Suy ra = va =
BC AB B'C' AC'
AC, _ A" (do c'c, //BB")
B'" AB
B'C' B,.C B'C 2 10
Suyra ——-=—-2"2 hay B,C, = 12). 1
yra == =g " BG (12)
. . B|C|2
Tu (11) va (12) suyra BC, > *
12 12
Tuong tw AC, > 2=~ ()va AB2 = (%)
Tu (%), (¥*) va (***) suy ra
[ 12 1 12 ] 12 B'C'+A'CI+AIBI 2
Blcl+ACl+ABlzBC +AC +AB 2( )
BC AC AB BC + AC+AB 0,5
(BDT Cauchy-Schwarz)
, ————2
Do do p(ABC).p(ABC,)=[ p(A'B'C")] .(Ppcm)
Véi Vk =1,675, tam giac A, ,A, ;A c6 3 dinh, mdi dinh dugc t6 boi
mot trong hai mau xanh va do nén co it nhat 2 dinh cua tam giac d6 dugc to
cung mot mau. Ta t6 mau cac canh ndi 2 dinh cing mau gidng véi mau hai
dau mut cia nd. Voi 2025 diém A A, A, tacod 675 tam giac déu| 1,0
A, LA A, YKk =1675, ma mdi tam giac nay c6 it nhat mot canh duoc 6
boi mot trong hai mau xanh va dé nén lubn c6 675 canh duoc t6 bdi mot
trong hai mau xanh va dé.
Cau 4a: | Suy ra ludn c6 338 canh cua cac tam giac A, ,A, Ay, VK=1675 clng
(3,0 mau.
diém) | Chia 338 canh ndy thanh 3 nhom twong tng song song hoidc trung vé&i cac | 1,0
canh cua tam giac deu AAA,. Theo nguyén ly Dirichlet, lubn c6 113 canh
cung mau va song song véi nhau.
Cu hai canh bat ky trong 113 canh nay, ta tao dugc mot hinh thang can c6 4
dinh cung mau va c6 hai canh day la cic canh cua cac tam giac
A LA AL VK= 1,675. Suy ra ludn c6 C2, =6328 hinh thang can c6 4 10
dinh cung mau va c6 hai canh ddy la cac canh cua cdc tam gidc ’
Ay 2Py 1Ay, VK =1,675. (Bpem)
Ta chizng minh, véi moi s6 tu nhién N> 7, ludn tim dugc mot hinh thang can
c6 4 dinh cung mau va cd hai canh day la cic canh cua cic tam giac
Cau 4b: Ay 2Py 1 A VR=1n.
(2,0 1,0
d":’ ) That vay, lam tuong tu cdu a) ta ludbn c6 7 canh cua cac tam gidc
iem —

A, LA, A, VK=1Nn dugce to boi mot trong hai mau xanh va do. Suy ra
luon c6 4 canh cia cac tam giac A, ,A, ,A,,vk=1n cing mau. Chia 4

4




canh nay thanh 3 nhom tuong ing song song hodc trung vdi cac canh cua tam
giac déu AAA,. Theo nguyén ly Dirichlet, lubn c6 2 canh cung mau va song
song v6i nhau. Tu hai canh nay ta tao dugc mot hinh thang can c6 4 dinh
cuing mau va c¢6 hai canh dady la cac canh cua cac tam gidc

A3k72A3k71%k ) Vk = ].,_n

Ta chizng minh véi moi s6 ty nhién 2<n <6, diéu nay khong con dung nita.
Vi tam giac AAA;, ta t6 2 dinh mau xanh va mét dinh mau do.

Vi tam giac A, A A, ta cling t6 2 dinh mau xanh va mét dinh mau do, trong
d6 mot dinh xanh 13 trung diém cua canh xanh cia tam giac AAA .

Voi tam giac A /AA(6=n2>3), ta cling t6 2 dinh mau xanh va mét dinh
mau do, trong d6 canh xanh cua tam gidc A, A;A, khong song song véi 2 canh
xanh cua cac tam giac AAA, va A/AA, .

Vi tam giac A A, A,(4<n<6), tatd 1 dinh mau xanh va 2 dinh mau do.
Vi tam giac A;A,A;(5<n<6), tacling t6 1 dinh mau xanh va 2 dinh mau
do, trong d6 mot dinh do 1a trung diém cua canh do6 cia tam giac AAA,.
Vi tam giac A A,A;(N=06), ta ciing t6 1 dinh mau xanh va 2 dinh mau do,
trong do canh do cua tam giac A A, A, khong song song véi 2 canh do cua
cac tam giac A;A,A; va AjA A, -

Véi cach t6 mau nhu thé, ta thiy khong ton tai mot hinh thang can nao c6 4
dinh cung mau va co6 hai canh day la cidc canh cuia cic tam gidc
Ay 2AycaPs VK =1,n (2<n<6).

Vay N=7 1a gia tri nho nhat sao cho v&i moi cach t6 mau cac dinh
A A+, A, boi mot trong hai mau xanh va do luén tim dugc mét hinh
thang can c6 4 dinh cung mau va hai canh day la cac canh cua cac tam giac

A3k—2 ASk—l%k , vk = 1,_”

1,0




