ST —
HOQC SINH GIOI ( : ! TP HA NOI

Bai 1. (5,0 diém)
a) Giai phuong trinh 7x+3=(2x+3)/x+3.
b) Cho ba sb thuc X,y,z thoa man xy+yz+xz=0 va X +2y+3z=0. Tinh gia tri biéu thuc

P=x*+y*+2°.

Bai 2. (5,0 diém).
a) Cho ba sb nguyén a,b,cthoda man a+b+c va ab+bc+ca déu chia hét cho 8. Chung minh

rang abc chia hét cho 64.
b) Chirng minh ring khdng ton tai cac s6 nguyén X, y 16n hon 1 sao cho (x+Yy)(y+1)-1 chia hét

cho x* +xy+1
Bai 3. (2,0 dié¢m). Cho cac so thue duong a,b, ¢ thoa man a+b-+c =3abc. Ching minh rang:

ab N bc . ca >§
3c+ab+abc 3a+bc+abc 3b+ca+abc 5

Bai 4. (6,0 di¢m). Cho tam giac ABC ngi tiép duong tron (O), c6 H 1a truc tam. Goi O’ la diém déi
xang voi diérm O qua duong thang BC. Pudng thang di qua diém H vudng goc véi dudng thang HO’ cét
cac duong thang AB va AC theo thiu tu tai M, N. Goi | 1a tam cua duong tron ngoai tiép tam giac AMN.

a) Chirng minh riang O’ 13 tam dudng tron ngoai tiép tam gidc BHC.

b) Chimg minh ba diém A, H. | thang hang.

c) Goi P la giao diém thuu shai cia duong thing AH va dudng tron (O); Q la giao diém cua hai

duong thang OP va BC. Puong thang QR song song véi dudng thang OI.

Bau 5. (2,0 diém)
a) Tim tat ca cac s6 nguyén duong a,b,c thoa man: a* +6a” +2° =c?.
b) Xét s6 nguyén n>100 thoa man ton tai tap hop S gdm n sb thue duong sao cho mdi phan tir x
cua tap S déu ton tai 100 phan tir khac x cua tap hop S c6 tich bang x. Hoi n nho nhat bang bao nhiéu.

—Htor
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HUONG DAN GIAI
Bai 1 (5,0 diém).

a) Giai phuong trinh 7X+3= (2X+3)\/X+3 .
b) Cho ba sb thuc X,y,z thoa man xy+yz+xz=0 va x+2y+3z=0. Tinh gia tri biéu thuc
P=x*+y*+27°.
Loi gidi
a) Pidu kign: x>3. Ti phuong tinh, ta co6 (7x+3) =(2x+3)"(x+3) hay
(x-1)(x—6)(4x+3)=0. Tir d6 x e{l,G,_TS}. Tuy nhién, khi tht lai chi c6 x=1 va x =6 thoa man.
Vay tap nghiém cua phuong trinh S={1,6}.

b) Do x+2y+3z=0 nén x=-2y—-3z. Ma xy+yz+xz=0 nén —(y+z)(2y+3z)+yz=0, hay
2y® +4yz +3z° =0. Mot cach twong duong, ta o 2(y+z)2 +2°=0suyray+z=z=0=y=z=0.Tu
d6 x=0.Vay P=x*+y*+2z°=0.

Bai 2. (5,0 diém).
a) Cho ba s6 nguyén a,b,cthoa man a+b+c va ab+bc+ca déu chia hét cho 8. Chang minh
rang abc chia hét cho 64.
b) Chting minh rang khong ton tai cac sé nguyén X, y 16n hon 1 sao cho (x+y)(y+1)-1 chia hét
cho x*+xy+1
Loigiai , ) -
a) Trong ba so a, b, ¢ ¢6 hai s6 cd cung tinh chan 1¢. Khéng mat tinh tong quét, giastravab. Suyraa+b
chia hét cho 2. Ma a + b + ¢ chia hét cho 8 nén c chin. Tir &6 c(a+b) chia hét cho 4. Ma ab+bc+ca
chia hét cho 8 nén ab chia hét cho 4. Két hop véi a, b cling tinh chén 1¢, ta suy ra a, b ciing chan.
Pit a=2x,b=2y,c=2z véi X,y,z nguyén. Tu gia thiét, ta suy ra x+y+z chia hét cho 4 va
Xy+Yyz+xz chia hét cho 2. Ching minh tuong tu nhu trén, ta c6 X,Y,z clng chan. Suy ra a,b,c clng
chia hét cho 4. Tir d6 abc chia hét cho 64. Ta c6 diéu phai chiing minh.

b) Gia st ton tai hai s6 nguyén x, y lén hon 1 sao cho (x+Yy)(y+1)-1 chia hét cho x*+xy+1. Khi d6
(x+y)(y+1)—1+(x* +xy+1)=(x+y)(x+y+1) chia hét cho x*+xy+1. Ma x+y va X’ +xy+1 la
hai s6 nguyén t6 ciing nhau nén x +Yy+1 chia hét cho x? +xy +1, mau thuan vi x> +xy+1>X+y+1>0.
Vay khong ton tai hai s6 nguyén 16n hon 1 sao cho (x+Yy)(y+1)—1 chia hétcho x* +xy+1.

Bai 3. (2,0 diém). Cho cac so thue duong a,b,c thoa man a+b-+c =3abc. Chang minh rang:

ab N bc . ca >§
3c+ab+abc 3a+bc+abc 3b+ca+abc 5

Loi giai
1 1 1 ) s , (e \
bat X:E’y:B va Z:E, khi do tir gia thiet, ta cO xy+yz+zx=3. Bat dang thic can chang

minh co thé viét duoc laithanh — Y, 253y
X+3yz+1 y+3zx+1 z+3xy+1 5

Str dung bat dang thirc Cauchy — Schwarz, ta c6
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2 2 2 X+y+z)
VT(l): 2 y T2 Y T2 - Z o (2 4 )
X°+3Xyz+X Y +3yzX+Yy Z°+3XyZ+Z X +Y +Z°+9XyZ+X+Yy+2Z

Mat khéc, theo bt dang thiic AM — GM ta c0: (X +y +2)(Xy +yz +2x) 2 33/xzy.33x’z’y’* = 9xyz

Suy ra 3xyz < X+Yy+z. Taciing c6 3=Xy+Yyz+2zx >33x’y?z* nén xyz <1, tir 46

OXyzZ = 6XyZ +3XyZ <6+ X+Yy+2=2(Xy+Yyz+XZ)+X+Y+2. Két hop bat dang thtrc trén, ta duoc

(x+y+zf X+Y+2
Vi = ? =
(X+y+2) +2(X+y+2z) X+y+z+2

Lai c6 (x+y+z)2—3(xy+yz+zx)=%[(x—y)2+(y—z)2+(z—x)2}20 nén x+y+z>3. Két
hop véi bat dang thirc ¢ trén ta duoc

X+Yy+2Z

3
o= L
x+y+z+§(x+y+z) 5

Ta c6 diéu phai chitng minh. Dau dang thirc xay ra khi va chi khi a=b=c=1.

Bai 4. (6,0 di¢m). Cho tam giac ABC ngi tiép duong tron (O), c6 H 1a truc tam. Goi O’ la diém déi
xang voi diérm O qua duong thang BC. Pudng thang di qua diém H vudng goc véi duong thang HO’ cét
cac duong thang AB va AC theo thiu tu tai M, N. Goi | 1a tm ciia duong tron ngoai tiép tam giac AMN.

a) Chang minh rang O’ 1a tim dudng tron ngoai tiép tam giac BHC.

b) Chung minh ba diém A, H. | thang hang.

c) Goi P 1a giao diém thuu shai ciia duong thing AH va duong tron (O); Q 1a giao diém cua hai
duong thang OP va BC. Puong thang QR song song vai duong thing Ol.

Lo gii
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a) Ké duong kinh AK ciia dudng tron (O). Khi d6, ta c6 ABK = ACK =90°, nén BK //CH va

CK //BH . Tur d6. Tir giac BHCK 14 hinh binh hanh, suy rah ai dona thung BC va HK c6 trung diém T .
Do diém O'd6i xing véi diém O qua duong thang BC nén dudng thang OO' vudng goc véi BC. Ma
BC 1a duong trung truc cia doan thing OO' nén tir giac BOCO'1a hinh thoi.

=0'B=0'C=0B=0C =R

Lai ¢ T la trung diém cua OO'va HK né tir giac OHO'K 1 hinh binh hanh
—0'H=0K=R

O'B=0'C=0'H=R

— O'1a tam dudng tron ngoai tiép tam giac BHC

b) D& dang chimg minh dugc bd dé sau: Cho tam giac ABC nhon, khéng céan, c6 dudng cao AD,
noi tiép duong tron (O). Khi d6 AOC = 2ABC va OAC =90° — ABC = BAD

Tré lai bai todn: Do AO//HO'(vi OK //HO') va MN L HO'nén AO L MN
Ma IA=IM = IN nén theo b6 d& thi NAO =90° — ANM = IAM

Ap dung b dé ta c6 OAC =90° — ABC = BAD = ANM = ABC va BAD = IAM
Do d6 hai tia Al va AD tring nhau, hay ba diém A, I, H thang hang.

c) Goi AS 1a duong kinh ctia dudng tron (I). khi d6 AMS = ANS = ARS = 90°
ARK =90°nén ba diém R, S, K thang hang.

Tacd APK =90°nén PK//DT

Ma T 14 trung diém ciia HK nén D la trung diém cua HP.

= QHP = QPH = OPA = OAP = HQ//AO

Tacé ABC =90° —BCF =CHD =CPDma ABC = ANM nén CPD = ANM
aANH ~ AAPC(g.9). Tir d6 aANP ~ AAHC(c.g.c)

— APN = ACH =90° — BAC = INM (Theo b6 dé trén)

Tirdo aINH ~ AIPN(g.g) = IH.IP = IN? = IS.IA

IS IH IH+IA AH

1S _H AH AH _0Q
IP 1A IP+IA AP

ma HQ//AOnén — =
AP OP

= QS //Ol ma KS//OlI (theo tinh chat duong trung binh) nén ba diém R, S, K thang hang

Hay bén diém R,S,Q,K thing hang QR//OI .

Bau 5. (2,0 diém)

b) Tim tat ca cac s6 nguyén duong a,b,c thoa man: a* +6a”+2° =c?.

b) Xét s6 nguyén n>100 thoa man ton tai tap hop S gom n sb thuc duong sao cho mbi phan tir x
cua tap S déu tdn tai 100 phan tir khac x cua tap hop S c6 tich bang x. Hoi n nho nhat bang bao nhiéu.
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Loi giai:

a) Pat a =2t vai k ty nhién va t 1a s nguyén dwong 1¢. Ta xét cac truong hop sau

Trudng hep 1: b chdn. Néu k =0, thi a I¢, suy ra a> =1(mod4). Lic nay ¢’ =a* +6a”+2" chia 4 du 3,
mau thudn vi s6 du khi chia mot s6 chinh phuwong cho 4 phai 12 0 hozc 1. Do d6 k > 0.

Néu b>2k+1, thitaco a* +6a +2° =24t +3.22"% 4. 2° = 2%+ (22"‘1t4 +3t% + 2b‘2"‘1) chia hét cho

22! nhung khong chia hét cho 22%*2. Do d6 a* +6a® +2° khong la sé chinh phuong, mau thuin. Nhu
vay, phai c6 b<2k+1. Mablasochannén b<2k+1.

Pit b =2n véi n nguyén duong va n<Kk. Tir gia thiét, ta co

CZ

A= > = 221" +3.2°6 2"t 41 1a s6 chinh phuong 1 nén A > 2%1t* = (2% "¢? )2 .Laic6

A< 2% L3 2M 9 = (22 4 3)2 . Ma A la s6 chinh phuong 1é nén A > 2°<"t* = (2%"¢? )2
hay 3.22<2M1t? = (22"‘”*1t2)2, ndi cach khac ta phai c6 3=2", mau thuan.

Trwong hop 2: b 1é. Gia stk > 0. Néu b> 2k +1, thi ta co

a’+6a”+2" = 2%t +3.2°? + 2° = 2 (2% 1" +.3t* +. 2 **) chia hét cho 2% nhung khong chia hét
cho 222 Do d6 a* +6a’+2° khdng la sé chinh phuong, mau thudn. Nhu vay, phai ¢c6 b <2k +1.

Ngoai ra, néu b <2k +1thitaco a*+6a®+2° =2° (2‘”“bt4 +3.2% g2 +1) chia hét cho 2° nhung khong
chia hét cho 2°*. Do d6 a*+6a®+2° khong la s6 chinh phwong, mau thuén.

Vithéb=2k+1. Llc ndy taco ¢ = 2%t* +3.2% 2 + 271 = 2% (2%t* 161 + 2)

Suy ra B=2%t*+6t?+2 1356 chinh phuong. Tacd B> 2% t* = (2kt2)2

va B<2%t* +6.2t +9=(2t* +3). Ma B 1a s6 chinh phuong chin nén B = (2“t* + 2’

hay 3t* =2“"t? +1, suy ra 1 chia hét cho t*tac t = 1. Tir d6, d& dang tim dugc k = 0, mau thuan.

Tir mau thuan trén ta suy rak = 0. Do d6 ¢? =t* +6t° +2°.

Néu b>3thi t*+6t° +2° chia 8 du 7, mau thudn vi mot s6 chinh phuong chia 8 du 0, 1 hoic 4. Do d6 b =
1. Thay vao (1) ta dugc ¢ =t* +6t* +2

Vi t* +6t° +2 > t* + 2t +1=(t2 +1)2 va t* +6t% +2 < t* + 6t +9=(t2 +3)2 nén (t2 +1)2 <c? <(t2 +3)2.
Suyra ¢® = (t*+ 2)2. Thay vao phuong trinh (2) ta duoc t =1 (Mot cach twong Gng, tacod a=1). Tardo ¢ =
3. Vay, c6 duy nhat mot bo sé (a, b, ¢) can tim 1a (1, 1, 3).

b) Tasé& chitng minh n = 104 1a gia tri nho nhat thoa man. R rang n >101. Goi X, <...<X, lan phan tir
cua tap hop S. Bat P = x,.x,...x,. Xét cac truong hop sau.

Truong hop 1: n = 101. Lic ndy , ang véi mdi x, thi tich 100 phan tir con lai trong S phai bang x; . Suy
raP=x’=x2=..=x2.Voly.
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Truong hop 2: n = 102. Luc nay, gia so X; = X; X;,..X; V6i 1<i, <i, <...<l, thitrong S con mot phan

try ntava P =y.X, X ..X;

ho

2 2
, = XY <X Xy -

Lai gid Sir X;op = X; X, ..X; V6i 1< j; <, <...< Jypo thi P =X5,.Z V6i Z&Snao d6 suy ra P> X, X,

A 2 2 A A [
Vay P <Xy, X; < X)X, NEN X;0, < X;. VO ly.
Truong hop 3: n = 103. Ly luan twong tu nhu trén, ta ciing c6 P = X’yz véiy zva Y,z €S nao d6 nén

2 N 2 e BN \ ’ A 2 2 2

P < X] X0 X053 V@ P =Xj5,UV V&I U<V Va U,VeS nao do, nén P > X;;.X;.X, SUY ra Xjp;.X;.X, < XJ.X;0,X103
hay X,g5:-X, < X;0,X;, VO IY VI X 00 > X0, >0 Va X, > X%, >0.
Bay gio chitng minh n = 104 thoa méan dé bai. Chon
s={2%2%,. 2" u{2"2*,..,2%}
Luc d6 tich cac phan tir cua S 1a 1, véi mdi x e Sta chi can chi ra ton tai a < b < ce Sdéu khac x sao cho
x%abc =1 thi lac d6 100 phan tir con lai cua S s& ¢d tich bang x. Xét x = 2 véi k>1. Truong hop k< -1
chirng minh tuong tu.

Néu k>3 chon a=2"b=2"%c=2"thi x’abc=1.
Néu k=2 chon a=2"*b=2'c=2" thoa man
Néu k=1 chon a=22,b=2%c=2" thoa min

Vay n = 104 thoa man. Ta c6 diéu phai chirmg minh.
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