BO GIAO DUC VA PAO TAO KY THI CHON QI TUYEN
TRUONG PAI HQC VINH DU THI HQC SINH GIOI QUOC GIA THPT
NAM HOC 2023 - 2024

DE CHINH THUC Mon: TOAN 9 ‘
Thoi gian: 180 phit (khong ké thoi gian giao dé)
Ngay thi thir nhat

2
. . u
Bai 1 (5,0 diém). Cho day s0 (u,) xdc dinhbéi u =a vau  =—2-1,n=12...
n
a) V6i a =2, tim limu_.

b) Véi a € (~1; 3) chimg minh ring ton tai s nguyén duong k sao cho u_ € (=1; 0),Vn > k.

Bai 2 (5,0 diém). Xéthams6 f: R — R thoa man
f(2x +y+ flz+ y)) + f(zy) = yf(z) véimoi z,y € R. (*)
Ching minh rang f hodc 1a ham hing hodc 14 toan anh.

Bai 3 (5,0 diém). T diém M nam ngoai dudng tron (O) ké tiép tuyén MT véi duong tron d6 (T 1a
tiép diém). Ké dudng kinh TA cta (0). MA cit (O) tai diém thi hai la B. Ly C thuoe (O) (C, B

nam khac phia ddi véi A T). Goi D la diém d6i xtmg v6i T qua C. Puong tron ngoai tiép tam giac

BTD ciat BC va MT lanluottai H (H = B) va K (K =T).

a) Chimg minh rang BT = @
BD HT

b) Goi N la giao diém cia BC va DM. Chimg minh rang cac diém B, K, M, N cing thudc
mot dudng tron.
Bai 4 (5,0 diém). Mot bac ndng dan di vao rung nhat dugc 223 hat dé. Bac éy mudn chia sb hat dé nhat
duoc cho 5 con soc sao cho con nao cling nhén dugc it nhat mot hat.
a) Hoi c6 bao nhiéu cach chia dé c6 mot con soc nhan dugce sb hat dé nhiéu hon téng s6 hat dé cua
4 con con lai?
b) Biét rang tat ca cac con séc déu nhan duogc sb hat dé 1a s6 1¢ khong chia hét cho 3, chimg minh

rang c6 thé chon ra hai con soc ma tich s6 hat dé ctia chung khong phai 1a mét 14p phuong dung.

Hét

Ghi chu: > Thi sinh khong duoc sir dung tai liéu va may tinh cam tay!

» Can bg coi thi khong dugc giai thich gi thém!

Hovaténthisinh: . ..., Sébao danh: ........ceeeveiieiin



BO GIAO DUC VA PAO TAO KY THI CHON QI TUYEN
TRUONG PAI HQC VINH DU THI HQC SINH GIOI QUOC GIA THPT
NAM HOC 2023 - 2024

DPAP AN CHINH THUC Mon: TOAN 9 ‘
Thoi gian: 180 phit (khong ké thoi gian giao dé)
Ngay thi thir nhat

2

Bai 1 (5.0 diém). Cho day sé (u ) xéc dinhbéi u, =a v u_ =-2-1n=12 ..

1 2
n

a) V6i a =2, tim limu .

Bai Noi dung Pi¢m
Baila) . ) . 5 119
(3,0 Véia=2tacou =2 va u, =3, u3:Z’u4=_me<0;l)' 1,0
diém)

Ta chimg minh u € (~1; 0) véi moi n > 4.
2

u
Giasw u, € (-1; 0) v6i n > 4. Khi d6 tr hé thirc v = = —1 suyra 1.0
n b

-1<u <i—1<0. voimoi n > 1.

n+1 2
n

Do d6 theo quy nap ta c6 u_ € (~1; 0) voi moi n > 4.
R A |

Khidé 0 < —<—

non

2
v6i moi n > 4 nén lim u’; =0. Suyra limu_, =-1 hay 1,0
n

[S)

1

lim u = -1.

2

Bai 1 (5.0 diém). Cho day sé (u ) xéc dinhbéi u, =a v u_ =-2-1n=12 ..

1 2
n

b) Véi a € (~1; 3) chimg minh ring ton tai s nguyén duong k sao cho u_ € (—1; 0),Vn > k.

Bai Noi dung Piém

Bai1b) | Véi a e (-1; 3), trude hét ta chimg minh ton tai & > 1 sao cho u, € [-1; k).

2,0 : 2 ey .
d(ié m) Néu a € (-1; 1] thi u, = a € [-1; 1]. Ta co dicu phai ching minh.
Xét a € (1; 3). Gia sir nguoc lai, v ¢ [~1; n] véimoi n > 1. Khi do ta suy ra 1,0
u >n veimoin > 1.

Véi a e (1; 3) bang quy nap ta chi ra duoc u < n(n+2),vn>1.

9 2
Taco u :%—1©(n+1)(n+3)_un+ :(”+2)2_u_g

n+l 1

200 4+ 2)2 — 42
@(n+1)(n+3)-un+1="("—2)“"
n

1,0

n+l

(n+1)(n+3)—u
n(n+2)-u n’ n
(k+1)(k+3)—u, >k+3

k(k +2)—u,

n(n+2)+u . n+3

+1

voimoi k > 1.




Nhan theo vé n bat dang thuc trén véi k = 1, n ta duoc
(n+D)n+3)-u,, _(n+1)(n+2)(n+3)
3-u, 6
= 6u , <6(n+1)(n+3)-(3-a)(n+1)(n+2)(n+3)
<(n+1)(n+3)(6-(3-a)(n+2),

vO 1y vi khi n du lon thi vé phai &m con vé trai duong.

= 6u
n+1

Vay ta chimg minh dugc ton tai & > 1 sao cho sao cho u, € [-1; k].

2
Khido u, =t —1e[-1; 0]. Vatirdésuyra u_e[-1; 0] véimoi n >k +1.
o+ k2 n

Néu u, , =0 thi u,_, =—1. Khid6 v, €(—10). Suyra
u € (=1 0),Vn >k + 3. Trd6 ta cé diéu phai chimg minh.

1,0

Bai 2 (5,0 diém). Xéthams6 f: R — R thoa man

(20 +y+ fz +y)) + flay) = yf(x) v6i moi 2,y € R. (¥)

Ching minh rang f hodc 1a ham hing hodc 14 toan anh.

Bai

Noi dung

Pbiem

Bai 2
(5,0
diém)

Thay = = 0 vao (*) ta duogc f(y + f(y)) + f(0) = yf(0),Vy € R. (1
R& rang néu f(0) = 0 thitir (1) tacd f toan anh. Gia st £(0) = 0.

1,0

Trong (*), thay y — —z, taco f(2:13 —z+ f(z— IE)) + f(—2*) = —af(z) hay
f(=2*) = ~(z + Df(2).

Trong dang thuc trén, thay 2 — —x thi f(—2’) = —(—z + 1)f(—z) nénta c6

(@ +1)f(2) = (-2 + Df(-2). @)
Tur do cho z =1 thi duge f(1) = 0, cho z = —1 thi dugc f(—1) = 0.

1,0

Trong (*), thay y = 0 thi duoc f(2z + f(z)) = 0, ¥z, 3)
Trong (*), thay y = 1 thi dugc f(2:1: +1+ f(z + 1)) =0,Vz.Thay v — z —1
f(2x—1+f(m)):0. 4)
Trong (¥), thay y = —1 thi duogc f(Q:E —14 f(z— 1)) + f(—z) = —f(x). Thay

r—c+1

F(22+14 f(2) = =[x + 1) + f(—z - 1). (5)

1,0

Trong (*), thay z = 1 thi dugc f(2 +y+ f1+ y)) + f(y) = 0. Cho
y =2z —1+ f(z) tadugc

F(2420 =1+ f2) + [ (20 + f(@)) + (22 = 1+ f(2)) = 0.

1,0

Tir day, két hop véi (3), (4), ta co (22 + 1+ f(x)) = 0. Két hop v6i (5), suy ra
flz+1)+ f(—z—-1)=0.
hay f(z)+ f(—z) =0, chimgté f 1a ham s6 1&. Két hop véi (2) ta dugc

- @+ )f(z) = (- 1)f(x) hay f(z) =0,z
Tur d6 ta c6 dieu phai chung minh.




Bai 3 (5,0 diém). T diém M nam ngoai dudng tron (O) ké tiép tuyén MT véi duong tron d6 (T 1a
tiép diém). Ké dudng kinh TA cta (0). MA cit (O) tai diém thi hai la B. Lay C thuoc (O) (C, B
nam khéc phia d6i voi AT). Goi D la diém ddi xting véi T qua C. Pudng tron ngoai tiép tam giac

BTD cét BC va MT lan luottai H va K.

a) Chimg minh rang BT _ @
BD HT
Bai N¢i dung Piém
Bai3a)
3,0
diém)

a)Tacd DTK = CTK = CBT = HBT = HDT.

Xét tir gide ndi tiép TDHK ¢ DTK = HDT vi HDT + HKT =180° nén | | g
DTK + HKT = 180"
Suyra TD / /HK.

1,0

Do d6 tir giac TDHK 1a hinh thang can. Suyra DH = TK = DBH = KBT.
= BK la duong d6i trung cua goc B cua tam giac BCD = Tu giac BDKT 1a

tr giac di€u hoa




BT _KT
BD KD’ 10
Két hop v6i TDHK 14 hinh thang can suy ra BT = @
BD HT

Bai 3 (5,0 diém). T diém M nam ngoai dudng tron (O) ké tiép tuyén MT véi duong tron d6 (T 1a
tiép diém). Ké duong kinh TA cta (0). MA cit (O) tai diém thi hai la B. Ly C thuoe (O) (C, B
nam khac phia ddi véi A T). Goi D la diém ddi xtmg v6i T qua C. Puong tron ngoai tiép tam giac
BTD cit BC va MT lanlugttai H va K. ﬂ

b) Goi N la giao diém cua BC va DM. Chung minh rang cac diém B, K, M, N cung thudc

mot duong tron.

Bai 30)
2,0
diém)




J—

Vi tr gidc BDKT 1a tir giac diéu hoa nén hai dudng phan giac trong cia DBT

e

va DKT cét nhau tai diém F thudc TD; hai dudong phan giac ngoai cia DBT

va DKT cétnhau tai diém F thuoc TD 0.5
= B va K thugc duong tron Apollonius ciia tam giac DBT va DKT dung trén
doan TD c6 dudng kinh EF.
Talaico
BEK = 360" —ETT(—(EE\TJFE(\T)
o . |03

= 360" — (90" + BMT) _E(DBT + DKT) = 180" — BMT = 180" — BMK.
Suy ra tr giac BEKM ndi tiép.
Do d6 M ciing thugc duong tron Apollonius cua tam giac DBT dung trén doan
TDnén ME 1a phan giac ctia goc DM T.

MD ED KD MD MT 0,5
Suy ra = = hay = .

MT ET KT KD KT
Dén dén DT 14 phan giac cua goc MDK.
Lai ¢c6 TCK = DCH = TCB suy ra phép d6i xtng truc 7D bién DM thanh
DK, bién CB thanh CK nén bién diém N thanh diém K. Phép dbi xing truc
TD bién duong tron Apollonius ciia tam giac DBT dung trén doan TD thanh 0.5

chinh n6, ma K thudc duong tron Apollonius nén N ciing nam trén duong tron

d6. Vay bbn diém B, K, M, N nam trén dudng tron Apollonius ctia tam giac

DBT dyng trén doan T'D.

Bai 4 (5,0 diém). Mot bac ndng dan di vao rung nhat dugc 223 hat dé. Bac éy muén chia s hat dé nhat

duoc cho 5 con s6c sao cho con nao cling nhéan dugc it nhat mét hat.

a) Hoi c6 bao nhiéu cach chia dé c¢6 mét con séc nhan dugc so hat dé nhiéu hon tong so6 hat dé

cua 4 con con lai?

Bai Noi dung Pi¢m
Bai4a) | Chonramot f:on soc co nhiéu hat dé nhat thi c6 5 cach. Con soc d6 s& co tir 112 10
(3,0 hat tré 1€n, bon con soéc con lai s€ nhan dugc it hon 112 hat. ’
diém) | Ta xét ’sc”) nghiém nguyén duong cua bat phuong trinh z +y + 2z + ¢t < 112. Goi L0
w 1a s6 nguyén duong théaman z +y + 2z + ¢t +w = 112. ’
S6 nghiém cua phuong trinh nay la C’f ., - Vay nén s6 cach chia can tim la 5C" 1,0

111°




Bai 4 (5,0 diém). Mot bac nong dan di vao rimg nhat duge 223 hat dé. Bac 4y mudn chia sb hat dé nhat

duoc cho 5 con soc sao cho con nao cling nhén dugc it nhat mét hat.

b) Biét rang tat ca cac con soc déu nhan dugc sd hat dé 1a s6 1¢ khong chia hét cho 3, ching

minh ring c¢6 thé chon ra hai con soc ma tich sb hat dé ctia chiing khong phai 1a mot 1ap phwong dung.

Bai

Noi dung

Piem

Bai 4b)
2,0

diém)

Gia st phan chirng minh rang v&i moi cdp soc, tich so hat dé cua ching la mot

1ap phuong dang. Khi d6 goi x,,z,,..., . 1a s0 hat dé cua cac con soc thi

1 €LV Ni=15vaz +a,++1, =223

0,5

Ta sé chi ra rang tat ca so hat dé ctia cdc con séc déu 1a lap phuong dung. That vy,

chang han néu cé z, khong la 1ap phuong dung thi ton tai sO nguyén to p dé
31 v (z,). Mét khac, xét 2 < j <5 thi theo gid st phan chimg, taco 3 [ v (z.z,)

nén 31 v (z,), theladeu co v (z;) = 0 nén cdc s6 s& deu chia het cho p. Tur do

suy ra p | 223 (va rd rang p < 223), nhung diéu nay khong thé xay ra vi 223 1a

sO nguyén to.

0,5

Do do, ,,z,,...,, déu 1a cac lap phuong dung. Tuy nhién, theo gia thiét thi cac

s6 nay déu 1¢, ma 1ap phuong dung 1é thi chia cho 9 du 1,—1 hodc 0. Lai theo
gia thiét, cac so nay khong chia hét cho 3, nén mdi s6 d6 chia cho 9 du 1 hoic

—1.

0,5

Khi d6 tong cua ching chia cho 9 du 1,3,4,5,6 hoic 8. Trong khi d6 223 chia

cho 9 du 7. Diéu mau thuin ndy cho thay diéu gia sir & trén 1a sai va s& c6 hai con

soc ma tich sb hat dé ciia chiing khong phai 13 1ap phuong dung.

0,5




