SO GIAO DUC VA PAO TAO KY THI CHON POQI TUYEN

AN GIANG DU THI HQC SINH GIOI CAP QUOC GIA
Khoa ngay 17/8/2024
PE THI CHINH THU'C Mbén : TOAN
BAI THI THU NHAT

(Bé thi gém 01 trang) Thoi gian lam bai 180 phiit, khéng ké thoi gian phat dé

Cau 1: (5,0 diém)

Mot khéi 1ap phuong c6 do dai canh bang a 1a s6 nguyén
duong dugc son mau tat ca cac mat. Khdi 1ap phuong duoc cét
thanh a3 khdi 1ap phuong c6 canh bang 1 don vi. Tim a néu sd
khéi 1ap phwong don vi khong t6 mau mit nao gip do6i s6 khoi
1ap phuong dugc t6 mau ding mot mat.

Cau 2: (5,0 diém)

Gia str x4, X, 13 hai nghiém cua da thic P(x) = x* + x3 — 1. Ching minh
rang x;. X, la nghiém cia da thirc Q(x) = x® + x* + x3 — x2 — 1.

Cau 3: (5,0 diém)

Tim tt ca cac ham s6 f: R — R lién tuc trén R thoa méin
FEH+[FOPR +f@]2 =3xyz, Vx;y;z€ Rsaochox +y +z = 0.
Cau 4: (5,0 diém)

Cho diy s6 (a,,) 1 ddy vo han cac sd nguyén duong (v6i k 1a s6 nguyén duong
cho trudce) théa man a4, (a1 — k) = ay(a,e1 + k), Vn = 1,n € N (%)

a. V&i k = 1, im mot ddy s6 thoa diéu kién (¥).

b. Tim tat ca cac day (a,,) thoa (x).

Hét

Thi sinh khéng dwoc sit dung tai liéu va mdy tinh cam tay.

Hovaténthisinh........................... ;SO baodanh. . ........ .



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

AN GIANG DU THI HQC SINH GIOI CAP QUOC GIA
Khoa ngay 17/8/2024
PE THI CHINH THU'C Mén : TOAN
BAI THI THU HAI

(Dé thi gém 01 trang) Thoi gian lam bai 180 phiit, khéng ké thoi gian phat dé

Cau 5: (5,0 diém)

Trong mit phang Oxy cho tam giac ABC c6 trong tam G(2,3). Goi H 1a truc
tam cua tam giac ABC. Biét phuong trinh duong tron di qua trung diém cua ba doan
HA; HB; HC c6 phuong trinh (x — 1)? + (y — 2)? = 1. Viét phuong trinh duong
tron ngoai tiép tam giac ABC.

Ciu 6: (5,0 diém)
Cho hai s6 thuc duong sao cho x + y2°25 > 1. Chiirng minh rang

99
2025

>_
S T

Ciu 7: (5,0 diém)

Mot hinh vudng (10 X 10) tao béi 100 6 vudng don vi, lan lugt dugc danh sb
cac 6 vudng tir 1 dén 100 theo thir tu tir trai qua phai tir trén xubng dudi. Nguoi ta
cat hinh vuong nay thanh 50 hinh chir nhat c6 di¢n tich (1 X 2) don vi. Goi S 1a téng
ctia cac tich hai s duoc ghi trén mdi hinh chit nhat. Tim gia tri nho nhét ciia S.

Cau 8: (5,0 diém)

a. Co bao nhiéu sb tu nhién c6 ba chit s6 abc sao cho ba chit sd a; b; ¢ doi
mot khac nhau va 1a d0 dai ba canh ciia mdt tam giac.

b. Mot hop dung 100 thé duoc danh s tir 1 dén 100. Liy ngau nhién ra ba
thé. Tinh x4c suit ctia bién c6 A = "SH ghi trén ba thé 1a s6 do ba canh ctia mot tam
giac".

Hét

Thi sinh khéng dwoc sit dung tai liéu va mdy tinh caim tay.

Hovaténthisinh........................... ;SO baodanh. ......... .



SO GIAO DUC VA PAO KY THI CHON PQI TUYEN DU THI HQC SINH GIOI

TAO AN GIANG CAP QUOC GIA
Khoa ngay 17/8/2024

PE THI CHINH THUC Moén : TOAN

DAP AN

Cau

Luwgc giai

Piem

Caul
50d

Truong hop a = 1,a = 2 khong c6 khéi 1ap phuong khong to mau.
Truong hop a > 2. Khéi 1ap phuong c6 8 dinh, 12 canh, 6 mat
Khi t6 mau cac mit ciia khdi 1ap phuong canh a nguyén duong ta dugc
S6 khéi don vi duoc t6 mau ba mit 1a 8 khdi & bdn goc;
S6 khéi don vi duoc té mau hai mat bang 12. (a — 2)
S6 khdi don vi duoc té mau dung mot mit bang 6(a — 2)?
S6 khdi don vi khong t6 mau bang

(a—2)3=a®-(8+12(a—2)—6(a—2)?
Ta c6 phuong trinh (a — 2)3 = 12(a — 2)?

a—2=12=>a =14

Vay d¢ dai canh cua khdi 1ap phuong 1a 1, 2 hay 14 don vi.

5,0d

Cau2
50d

Goi a, b, c,d 1a bon nghiém cua da thie P(x) = x* + x3 — 1 (luu ¥ da thuc P(x)
chi ¢6 hai nghiém thyc khéc 0) khi d6
-1

x4+x3—1=(x—a)(x—b)(x—c)(x—d)=>abcd=—1=>ab=a(*)

a+b+c+d=—1 ()
MétkhaicP(a)=0=>a4+a3—1=0=>a3=a—i1tuorngtu

1 1 1

b3 = 3 = - d3 =
b+1'° "+t d+1(***)

TacéQ(x)=x6+x4+x3—x2—1=x3(x3+x+1—§—i)

x3

0(ab) = (ab)? ((ab)3 + (ab) +1— % - (all))3>

= (ab)3[(ab)?® + (ab) + 1 + cd + (cd)?]
Do ab # 0 va tir (***) ta duoc

B 1 -1
“(a+1)(b+1) c3d3
1
(a+1)(b+1)=—(c+1)(d+1)
Tuongty c¢3d®=—(a+ 1)(b+ 1)
Khi do [(ab)® + (ab) + 1+ cd + (cd)3] =
=—(c+1D)d+1D)+ab+1+cd—(a+1)(b+1)
=—(cd+c+d+1)+ab+1+cd—(ab+a+b+1)
=—1—-a—b—c—d=-1+1=0(ap dung (**))
Vay Q(ab) = 0, hay ab 1a nghiém cua Q(x).

a3h?

5,0d
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Cau3
50d

fFEA)+ O+ f@]? =3xyz, Vx;y;z€ Rsaochox +y+z = 0.
Chox =y =z = 0tadugc f(0) +2f(0)3=0
< f(0)[1+2f(0)*]=0=f(0)=0
Cho x = 0; z = —y ta duogc
fO+FOP+[fnPF=0
, fO)=—-f=» e f=y)=-fO)
= f 1a ham s6 1¢
Vx € R thay y = —x;z = 0 ta dugc
fOA) +[f=0)P +f(0)*=0
‘ fO3) =[f()]P,vx €R
Nhu vay di€u kién bai toan trd thanh
[FCOP + [fODI + [f(z°)] = 3xyz
Thay bo ba s6 (x; y; ) boi (x;y; —(x +y)); Vx,y € R ta duge
[F OO + [fO)P = [f((x + ¥)]° = =3xy(x +¥)
S [fx+ WP =[P + [fO]P + 3xy(x + )
S [fe+P=[fOP+ [P +&+y)?—x°-y3
S[fa+P-G@+y)P =[f@OPF -x*+[fO]? —y°
bit g(x) = [f(x)]* — x° ta dugc
glx+y)=g0)+g); vx,y €R(1)
Vi f lién tuc nén g lién tuc trén R theo phuong trinh ham Cauchy ta dugc
g(x) = kx
Taconditinh k, vi f(x3) = [f(x)]3,Vx € R, ta xét
967 = F&) = x° = [~
= (f(0))’ = x)(F° +xPF () +x°)
= g)[(f(x)® = x%)? + 3x3f (x)°]
= g()[g(x)? + 3x3(g(x) + x°)]
= g()[g(x)? + 3x3g(x) + 3x°]
g(x*) = g g(x)* 4+ 3x3g(x) + 3x°]  (2)
Chox =2= g(2%) = g(2)[g(2)? + 249(2) + 192];
theo (1) = g(2°) = g(4 +4) = 29(4) = 49(2)
Ta dugc 49(2) = g(2)[g(2)? + 249(2) + 192] & g(2) = 0 hoic
4=g(2)*+249(2) +192 & g(2)% + 24g(2) + 188 = 0 (VN)
Viyg2Q)=0= g2)=k.2= k=0
= f(x)P-x3=0e f(x) =x,Vx ER.

5,0d

Cau4
50d

a.Voik=1>a,.,(a,y; —1) =a,(a,y + 1)
an(an+1 + 1)
ap1 — 1

Chona, =1;a,=2=a3=3;..;a,=n;..

S Apyp =

Vay (a,) voi a, = n thda dicu kié¢n bai toan.

1,0d
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b. Ta c6 nhan xét @, ,(ay41 — k) = ay(anq + k) vé phai a,,(a,.1 + k) 13 86
nguyén duong nén

> an(ap —k)>0=>a,.,>k; Vn>1
+2 _ Qpyr T k 2k

an

—-k) = k) o =1+— (1
An+2 (an+1 ) an(an+1 + ) a, Qpiq — k + Ay — k ( )
Vi day so a,, nguyén duong nén ta duoc a,,, = a, + 1.

a,(apeq + k) ( 2k ) 2ka,

= e [ — - 2
2 Ans1 — k i Ans1 — k n ¥ Ans1 — k ( )
2kay

Tir dang thire(2) voi a,.,; a,, 13 s6 nguyén duong nén - 1a s6 nguyén duong

an+1
do vay

(an+1 - k)|2kan
batr > 1,r € Z*: 2ka, = r(a,+1 — k) t (1)

Qs Ly 2k 1_I_Zkr 1+r N
— — = 4 =
an an+1__k Zkan an 2 et
Mat khac theo (2)
Zkan+1 2ka"n+1 Zkan+1
= + —= t——= +
Gnt3 = Ant1 Apip — k e ap +1—k e r(@nsy = ) +r—k
2k
4k?a
- n n+1

Tpeq + Tk — 2k?
Ta lai duoc
4k2an+1 _
ran., + 1k —2k2
o 4k?a,., =r’a,., + %k — 2rk?
o (4k? —rHa, ., = rk(r — 2k)
& 2k +1r)2k —r)a,, = rk(r — 2k)
r =2k
Rk +r)a,., = -1k
+ Néu r = 2k khi d6 a,,,, = a,, + 2k. Thay vao gia thiét ban dau ta duoc
An42(Ans1 — k) = an(aneq + k) © (ay + 2k)(ans — k) = az(anys + k)
S anpyq + 2ka,,, — ka, — 2k? = aya,4, + ka,
© 2ka,,, = 2ka, +2k* © apy =a, + k

+Néur # 2k = (2k + r)a,., = —rk phuong trinh v6 nghiém do vé phai 14 s6
am

r

Keét luan: Day so0 can tim (a,) la cap so cong cong said = k,a,,1 = a, + k
thoa yéu cau bai toan.

4,0d




Cau Lugc gidi Pié¢m
Goi D; E; F 1an luot 14 trung diém ctia HA; HB; HC A
va M; N; P 1an luot 13 trung diém cua ba canh ‘k\
BC; CA; AB. K \
Ta ching minh dudng tron tdm 1(1; 2) qua trung
diém cua HA; HB; HC di qua ba trung diém cia céc ) — \
canh AB; BC; CA. . ‘
Ta c6 DF, MF 1an luot 1a cac dudng trung binh ctia . ¢
tam giac HAC; HBC = DF song song AC; MF song U
song HB, ma BH vudng goc AC = BH vudng goc
DF, ma MF song song BH = MF vuong goc DF.
Tuong ty DE, EM lan lugt 1a cic duong trung binh ctia tam gidc HAB; HBC nén
Caus | DE, ME lan luot song song véi AB va CH = ME vudng goc DE.
50d | Vayt gide DEMN ndi tiép duong tron, 5,0d
Tuong tu ta dugc dudng tron qua ba diém D, E, F chia ba diém M, N, P.
Mt khac AM; BN; CP ddng quy tai G; GA = —2GM; GB = —2GN ; GC = —2GP.
Vay dudng tron ngoai tiép tam giac ABC 1a anh cta dudng tron qua ba diém
M, N, P qua phép vi tu tdm G ti s6 k = —2
Xétphép vity f(G; k = —2):1(1;2) - 0: GO = —2GI;
GO = (xp — 2,y — 3); GI = (—1;-1)
Xo—2=2 Xo =4
= {}’0 —3=-2(-1) < {J’O =5
Ban kinh R = 2r; = 2
Vay phuong trinh dudng tron ngoai tiép tam giac ABC 1a
(x—4)>+(y—-5)2=4
Ap dung bat dang thirc Bernuli (1 4+ x)* > 1+ ax; Va > 2;x > —1,x # 0
+Néu x 2 1 — ———khi d6 4p dung Bernuli ta dugc
e 2025 B 1
e (1 - 100.2025) >1-20259502025 = 1 " 100
2025 99
=> X +y>ﬂﬁ
+Néux <1——— & 1 —x >————theo gia thiét
Cau6 100.2025 . 100.2025 "
5.0d x+y >1=>y Zl—x1 5,0d

L 1 2025
y2(1—x)2025>( )

Ta co

2025 1 2099 99720

100.2025
(1+55) >(1+55) >|(1+55)
99 99 99
20

1
> (1 + 99.®> = 220> 100.2025




Cau Lugc gidi Pié¢m
T 1
=
1002025~ [ 137
( +®)
Vay
1
. 2025
2025
sys(—) s |——— | =
XTErY >y (100.2025) R 100
( +®)

Bét dang thirc da duoc ching minh.

Goi hai sd trén hinh chit nhat 2 don vila (a; b;), i =1...50
Téng cac tich ctia hai s6 trén cac hinh chir nhat 13

50 50
aiz + bLZ - (ai — bi)Z
S = Z aibi = Z
: : 2
=1 =1

1 50 1 50
=3 ) (@ +b) =3 ) (@b
i=1 i=1

Vi cac a;; b; 1an luot vét cac so tir 1 ... 100 nén:

[100. (100 + 1)(200 + 1)]

50
1 1 1
— 2 40 p2) = Z[12 422 4 ... 21 =2,
2Z(al+ 7) 2[1 + 2%+ -4 1007] 5
1=

A 6
Cau7
50d = 169175 >,0d
nn+1)2n+1
<Tac():12+22+---+n2= ( )6( )>
Pé S bé nhat thi tong % 20 (a; — b;)? 16n nhat , mudn vy cac hinh chit nhat phai
sap theo chiéu doc vi néu sap ngang |a; — b;| = 1 con sip doc thi |a; — b;| = 10
khi do ta duoc
50 50 50
1 2 2y _ 1 2 1 2
§=5) @ +b}) =5 ) (a;—b)* 2169175 -5 » 10
i=1 i=1 i=1
_ 02.50
minS = 169175 — = 166675.
Néu a, b, ¢ 12 36 dai ba canh cua mot tam giac khi do a; b; c € {1,2 ...9}
Ta dém cac s6 abc théaméin a < b < ¢, vi a, b, ¢ 1a ba canh ctia mot tam giac nén
tong hai canh phai 16n hon canh thi ba. Tadd c6 b + ¢ > a; a + ¢ > b, nhu vy
Caus ta chi con kiém tra diéu kién a + b > ¢ 1a du.
5.0d Co dinh ¢ € {1,2...9} ta xac dinh a; b saochoa + b > ¢ 1,0d

+c=9,a=1khongcob
a=2=>b=28
a=3=>b=78
a=4=b=6,78




Luwgc giai
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a=5=b=678
a=6=>b=78
a=7=>b=8.
a = 8 khong c6 b; c6 12 = 4.3 56
+c=8, a=1khongcob
a=2=>b=7
a=3=>b=67
a=4=b=567
a=5=>b=6,7
a=6=>b=7:c69=33sd
+c=7,
a=2=>b=6
a=3=>b=256
a=4=>b=56
a=5=2b=6"co6=23sb
+c=6
a=2=>b=5
a=3=>b=475
a=4=>b="5c64=22sd

a=2>b=4
a=3=2>hb=4;c62=12sd
+c=4=b=3;c=2;¢c61sb
Vayc612+9 + 6 + 4 + 2 + 1 = 34 s6. Tuy nhién do céac s6 khong can thu ty
nén mdi sd ta hoan vi thi duoc sd can tim.
Vay sb cac s can tim 13 34. P; = 34.6 = 204 s

S6 khong gian mau n(Q) = |Q] = C3,,

Goi (x;y; z) 13 ba s ghi trén thé duoc 13y ra thoa yéu ciu bai toan, do 1y ngiu
nhién cung lic ba the, ta sap thi tu ba thé (x,y, z) sao cho x < y < z.

Dé bd ba s6 1a s6 do ba canh ctia mot tam giac thi téng hai canh phai 16n hon canh
tht ba, dé thdy y + z > x va x + z > y. Dé chon b ba s thoa diéu kién bai toan
thi ta phai chon sao cho x +y > z.

Ta thuc hién phép chon nhu sau: Pdu tién chon z = k, k < 100; sau dé chon x,
ieng v6i méi x ta chon 'y sao cho x +y > z

Xéttap hop A, = {(x;y;2)|x,v,z€{1,2..100}; x <y <z=k,x+y >z}
Do di ¢b dinh z = k nén céc tap hop A4, khong c6 phan chung.

S6 bién c6 thuan loi 1a n(4) = |A;| + |4,| + - + |A1g0]

Taco |4;] = |A,| = |A3] = 0 vi bd ba sé (1,2,3) khong tao thanh d6 dai canh cua
tam giac.

voi k > 4

4,0d
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Truwong hop 1: k chin , k = 2m (m > 2)
+Xétl<x<m
Vik=2m>2x=>k—-x>x=x<k—x<y<z=knhu vy dé chon y
thoa diéu kién x + y > z khi d6 y phai théa k —x + 1 < y < k — 1. Nhu vay
mdi sb x, sb cach chonyla

k-1D)—-(k—-x+D)+1=x-1
+Xétx>mviy>x=x+y>2x>2m=zthoadidukién, vix <y <z =
2m nhu vay mdi gia tri x tachon y tir (x + 1) dénz — 1 = 2m — 1.
Vaysdcachchonyla(m—-1)—(x+1D)+1=2m—-x—1

Tom lai voi k = 2m s0 cach chon b ba so 1a
2m-1

|Ay| = Z(x—1)+ Z 2m—-—x—-1)

x=m+1

=0+1+- +m—1)+(m 2+m—-3+-+14+0)=
=m(m—1)_|_(m—1)(m—2)=(m_l)2
2 2
Truong hgp2: k&, k =2m+1(m = 2)
+Xétl<x<m=k=2m+122x=>k—x>x;x+y>z
>y>k—-x>x>k—-x+1<y<z—-1=k-1
Mbi gia tri x sé cachchonyla (k—1) —(k—x+1)+1=x—1
+Xétx >mvoimoixtadéucox+1<y<z—-ltacox+y=x+x+1=
2x+1>2m+1=zthéadiéukién, hayx+1<y<z-1
Sécachchonylam+1—-1)—(x+1)+1=2m — x.
Véyvé’ik=2m+1tacc')

2m-—1

|Ag| = Z(x—1)+ Z 2m—x)=m(m-—-1)

x=m+1

=(0+1+ Am-1D+m-1+m-2+--+1)
m(m—-1) (m-1m

S& cach chon bo ba sb 1a
=>n(A)=|A | + A3 |+ “+ [Ago| + |Az| + |As| + -+ + |A1g0l

Z m(m—1) + Z (m —1)? = 39200 + 40425 = 79625
m=0 m=1
X4c xuit bién c¢b can tim

n(A) 79625 65
P = 7oy (Z m(m = 1) + Z(m - ) * Cloo = 761700 = 132

Chu y: + Hoc sinh 1am cach khac ding van du:(yc diém t6i da

+ Piém chia nho thanh nhiéu y dé chim theo sy thong nhat chung cta té cham.

+ Piém bai thi khong 1am tron.




