s& GIAO DUC VA PAO TAO KY THI CHON DOI TUYEN THI HOC SINH GIOI QUOC GIA

HAI DUONG NAM HOC 2023 - 2024
Mon thi: Toan
PE CHINH THUC Ngay thi: 22 thang 9 ndm 2023

Thoi gian lam bai: 180 phut, khéng ké thoi gian phdt dé
(Pé thi cé 01 trang)

Cau 1. (5,0 diém) Tim tat cad cdc ham sé f : R —> R théa man:

FF().F(x+y))=yF () +X°,vx yeR.
Cau 2. (5,0 diém) Cho A 13 tap tat cd cac s6 nguyén n thda man 1<n <2022 va n nguyén té cung nhau

vai 2022 . Véi mbi s6 ty nhién j, dat S(]) :an .

neA

a) Ching minh rang S(j) chia hét cho 6 v&i moi s6 ty nhién j
b) Né&u j chia hétcho 336, tim s6 dw cda S(j) khichia cho 2022
c) Ching minh rang néu j khéng chia hét cho 336 thi S(j) chia hét cho 2022

Cau 3. (5,0 diém) Cho can nha c6 mat san 13 hinh chi* nhat kich thudc 2xn (ne N *). Ban dau, cdn nha
duoc xay kin, chia thanh 2n can phong déu nhau, ngan cich véi nhau bédi cac birc twdng. Sau do, ta can
pha di mot sé birc twdng trong can nha dé tir mot cdn phong bat ki déu cé duwdng di tdi tat ca cic cin
phong khac.

a) Haican phé it nhat bao nhiéu birc twong dé lam duoc nhu vay.
b) V&is6 birc twdng can pha it nhat nhu trén, hdy dém s6 cach phd théda man.

<&

Cau 4. (5,0 diém) Cho tam gidc ABC c6 AB< AC, P 1a mot diém thay d&i bén trong tam gidc. Diém Q
bén trong tam gidc ABC sao cho ZPAB = ZQAC va PQ songsong BC. Trén canh AC lay diém E sao
cho ZEQA = /PCB vatrén canh AB lay diém F sao cho /FQA= /PBC. Hai dudng thang EF va BC
cdt nhau tai T . Ké tiép tuyén TR cla dudng tron ngoai tiép tam giac PBC, v&i R 13 tiép diém nam bén
trong tam giac ABC. Goi | 13 tdm dudng tron ngoai tiép tam gidc ARC. Trung truc clia doan RE cat
duong thang TI tai U . Chirng minh rang dudng tron tam U, ban kinh UR ludn di qua mot diém c¢6 dinh
khi P thay déi.
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LO1 GIAI BE THI CHON DOI TUYEN HOC SINH GIOI QUOC GIA
Mon Toan
Nam hoc 2023-2024
Cau 1 (5,0 diém) Tim tat cd cdc ham f : R — R théa man:
fF(X).f(x+y)=yf(X)+ x>, VX, yeR. (1)
L&i giai:
Trong (1) thay y =0, ta dugc f(f?(x))=x* véi moi X (2)

Trong (1) thay x=0, ta duwoc f(f(0).f(y))=yf(0) (3) v&di moi y

Truong hop 1: f(0) 0 tadwge f la don anh
Trong (3) thay y=1 duwoc f(f(0).f(1))=f(0) suyraf(l)=0

Trong (2) thay x=1 vao (1) taduwgc f(0)=1suyra f(f(y))=y védimoi y

Trong (1) thay y=—x duogc f(f(x))=—xf(X)+x* suyra —xf (X)+x* =X hay f(x)=x-1Vx#0

Thtrlaivéi y>1taduoc f(f(y)=f(y-D)=y-2=y (Voli

Truwong hop 2: 1(0)=0
Trong (1) thay y =—x suy ra 0=—xf (X)+x* hay f(x)=x.
Thir lai thay dung.

Vay f(X)=x v&imoi X la ham théa man dé bai.

Cau 2. (5,0 diém) Cho A la tap tat cad cdc s6 nguyén n thda man 1<n <2022 va n nguyén té cung nhau

voi 2022 Vi mbi s6 nguyén khong am j, dit S(j)=>_n’.

neA

a) Ching minh rang S(j) chia hét cho 6 v&i moi s6 ty nhién j
b) Né&u j chia hét cho 336, tim s6 dw cda S(j) khichia cho 2022
c) Ching minh rang néu j khong chia hét cho 336 thi S(j) chia hét cho 2022

Lovi gidi:
a) Ta c6 2022=2-3-337 va | A|= ¢(2022) =2-336 = 672.

Ta thay rang



- T4t ca cac phan tlr ca A déu déng dw 1mod 2.

- 336 phantir cla A dong duw 1mod3 va 336 phan tlr con lai déng du 2mod 3.

diéu nay c6 thé chi ra bdi quy luat cha tap A={1;5;7;11;13;17;19;23; 25;29;31;..} la cic s6 chia 6
du 1,5 va bo di hai sd 337;337.5.

Nhuw vay véi moi | tacd

S(j)=2.n'=>"1=672=0mod2 va S(j)=) n’ =336(1' +2’)=0mod3.

neA neA neA
b) Nhan xét thém

-V&i mbi me{l,2,...,336} ton tai ding hai phan t&r trong A déng du mmod337.

That vay; ta thdy c6 6 hé thang du day dd mod 337 trong cac s6 tir 1 dén 2022.

Xét me{l2,...,336} bat ki.

Khi @6 trong 6 s6 {m; m+337;m+337.2;m+337.3;m+337.4;m+337.5} cé ding 3 s6 1&; va trong 3
sO 1é d6 c6 dung mot s6 chia hét cho 3. Suy ra ton tai dung hai phan tlr trong A déng du

mmod 337 .

Nhw vay ta co

S(j)=.n' =2(1 +2’ +---+336’)mod 337
neA
+) Néu 336] j.
Theo dinh Iy Fermat nhoé ta cé n’ =1mod337 véi moi ne {1,2,...,336}, va do dé
S(j)=2-336=672mod337.
Laicéd S(j)=0mod2 ;S(j)=0mod3nén S(j)=672mod2022.

c)

+) Néu 3361 j.
Goi g la cdn nguyén thay modulo 337 thi khi d6 {L;2;...;336}={g"*; ¢°;...; g***}mod 337
Khi dé g’ # 1mod337 va

1337 _ N
S(j)=2-((9') +(g7)2 +...+(g')™) = 2.(9)]—19’ =0mod337 theo dinh Iy Fermat nhé

Suy ra & trvong hop nay S(j) =0mod2022. (dpcm)



Cau 3.(5,0 diém) Cho can nha hinh chit nhat kich thwdc 2xn (ne N *). Ban dau, cidn nha duoc xay kin,
chia thanh 2n cdn phong déu nhau, ngan cach véi nhau béi cac birc tudng. Sau d6, ta can pha di moét sé

blrc twdng & trong cdn nha dé tir mdt cdn phong bat ki déu cé duwdng di tdi tat cd cac can phong khic.

d) Hai can pha it nhat bao nhiéu birc twdng dé lam duwoc diéu nhu vay.
e) VG&isé blrc twdng can pha it nhat nhu trén, hdy dém sé cach pha thda man.

— 1l

Ta goi cdn nha thda man tlr mot phong bat ki déu cé dudng di téi tat cd cdc cdn phong khac 1a cdn nha
“thong”

Lo giai:

a) Ta thay d6i géc nhin dé cho céch tv duy va trinh bay dwoc mach lac hon, gia s lic d3u cdn nha tréng —
tire 13 khéng co bire twdng nao & bén trong, ta c6 thé xay nhiéu nhat bao nhiéu birc tudng va cé bao nhiéu
cach xay dé can nha van thong.

Ta chirng minh vé&i cdn nha 2xn tréng thi ta ¢ thé dat duoc t6i da n—1 birc twong dé cdn nha van thong
(*).

- Véi n=1, ta dat dugc t6i da 0 twdng nén (*) ding

- VGi n=2, ta dat duoc t6i da 1 twdng nén (*) dang

- Gid st (*) dung dén n, ta chitng minh (*) cling ddng véi n+1. Tée la ta cé bang 2x (N +1)

Néu ta khéng dung thanh doc suy chi cé thé dung t6i da n thanh ngang

Né&u ta cé dung thanh doc, thi chac chan khong thé dung tiép thanh doc nam trén cing dwong thang dé, va
thanh doc chia cdn nha thanh 2 cin nha nho trai va phai, [an luvot 1a 2xa va 2xb, mdi cdn nha déu thong

Theo gia thiét quy nap, trong cdn nha 2xa cé thé dat t6i da a — 1 bilrc twdng, va trong cdn nha 2xb c¢é thé
dat toi da b — 1 blrc tuwdrng nén can nha 2x(n+1) cd thé datt6ida a—1+b—-1+1=a+b-1=n bic tudng.

Nhuw vay (*) ddng véi moi n

Ma trong can nha kin 2xn cé 3n—2 birc tudng, nhu vay ta can phd it nhat 2n—1 birc twdng dé can nha
thong.

@ @ @ @
] @ @
@ @

Nh@n xét: c6 cdch quy nap sai dé khién hoc sinh mdc phdi, d6 Id dé cén nha 2x(n+1) théng thi trong 3 vi
tri cudi chi cé téi da 1 birc twong, va cdn nha 2xn cét déu thi ¢ téi da n—1 bire twong theo gid thiét quy



nap suy ra cdn nha 2x(n+1) ¢6 téi da 1+n—1=n buc twdng. Cdch nay la sai vi khi 3 vj tri cubi K ¢6 burc
twong ndo thi cdn nha 2xn cét dau tién khéng can théng nén k ding dwoc gid thiét quy nap (vi du hinh
trong dé bai).

b) S6 cach phd 2n—1 birc twdng trong cdn nha 2xn kin bang s6 cach dit n—1 blrc tudng vao cdn nha
2xN trdng sao cho cin nha dé van thong.

Ta d€m bang cdng thirc truy hoi. Goi a, 13 s6 cadch dgt n—1 birc twdng vao cdn nha 2xn tréng sao cho can
nha d6 van théng, b, 1a s& cach dit n—1 blrc twdng vao 2xn tréng ma khéng cé thanh ngang & cot thé n
sao cho cdn nha d6 van thong.

V@i cdn nha 2x(n+1), trong 3 vi tri btrc twong & cot thir

Nn+1 nhu hinh v&, ta chi c6 thé dat t6i da 1 birc tuwdng. Do
do ta xét 2 trudng hop

TH1: N&u trong 3 vi tri d6 cé dung 1 birc twdng, thi chic

chan cin nha gdm n cOt dau tién phai théng va ta dit *-—0eo—o

didng n—1 birc twdng vao trong cdn nha dé nén co a,

cach

TH2: Né&u 3 vj tri d6 khéng cd birc twdng ndo nén trong cdn nha gbm N cdt dau tién cé dang n burc tuong,
do d6 can nha nay khong théng va chac chdn phai cé thanh ngang & cot th n nhu hinh va.

That vay gia s& cdn nha gdbm n cot dau tién khdng cé thanh ngang

dé. Cha y 1a cdn nha nay khéng thdng, ddng thoi phong sé 1 va ® *—0—=@
phong sd 2 thdng nhau, va tir 2 phong nay thi khéng thé di dén tat A 3
ca cac phong khac. Do d6 khi xét cdn nha 2x(n+1) ban dau, thi tlr o ® *—=e
phong s 3 dé di dén cac phong phia trwdc thi phai di qua phong a Lt

$6 1 hodc sb 2, nhung tir 2 phong nay lai khong thé di dén tat ca
cac phong dwoc, ta ¢ mau thuan.

Va dac biét, khi ta bd birc twong ngang nay di thi cdn nha 2xn cé dung n—1 bilrc twong va thong. That vay
gia s cdn nha nay van khoéng théng, 1ap luan tuong ty phan trén, phong s6 1 va phong s6 2 da thdng nhau
nhung van khong di dwoc dén tat cd cac phong, thi khi xét trong can nha 2x(n+1) ban dau, phong s6 1 va
phong s6 2 thdng nhau do cé thé di qua phong 3 va phong 4, thi cling sé khéng di dugc dén cac phong phia
truwdc, ta c6 mau thudn. Do vay s8 cach trong trudng hop 1a b,

Véy an-¢—1 = 3an + bn

Ta 13p cong thirc truy hoi cho cho b,

O @ @
V@i cdn nha 2x(n+1) ma khéng cé birc twong
ngang trong cot thi n+1. e} O O

TH1: Néu cd 1 trong 2 birc twdng doc & cubi nhu
hinh v&, thi cdn nha gdbm n cot dau tién la cdn nha O O O

thong va c6 ding n—1 birc twong suy ra cé a, cach

TH2: Néu khdng cé 2 birc tudng doc nay thi trong cdn nha gébm n cot dau cé n birc twdng, do dé cdn nha
nay khdng thdng. Vi y tudng twong tu phan trén, thi trong cdn nha 2xn nay chac chan phai cé thanh giira
& cbt thir n, va néu bo thanh nay di thi cdn nha 2xn sé thong, do dé co b, céch.



Do dé ta dwoc b,,, =2a,+b, suyra a,,,—b,,=a, suyrab,,, =a, —a,

n+1

Thay vao ta dwoc: a,,, =4a,—-a, ;.

K&t hop vdi viéc thir nhirng gid tri nho, ta dugc ddy a, =1a,=4, a,, =4a,—a,,

Gidi ra ta dugc a_ = %[(2+\/§)" _@2-3)"], n>1

B

Cau 4. (5,0 diém) Cho tam gidc ABC c6 AB< AC, P 1a mot diém thay déi bén trong tam gidc. Diém Q
bén trong tam gidc ABC sao cho ZPAB = ZQAC va PQ songsong BC. Trén canh AC lay diém E sao
cho ZEQA = /PCB vatrén canh AB ldy diém F sao cho /FQA= /PBC. Hai dudng thang EF va BC
cdt nhau tai T. Ké ti€p tuyén TR véi dudng tron ngoai tiép tam gidc PBC, véi R bén trong tam gidc
ABC. Goi I latdm dudng tron ngoai tiép tam giac ARC . Trung truc cia doan RE cit dwong thang TI
tai U . Chirng minh rang dudng tron tdm U, ban kinh UR luén di qua mdt diém ¢ dinh khi P thay déi.

Lo giai:



+) Goi P” 13 diém lién hop ding gidc véi P d8i véi tam gidgc ABC . D& thdy P'ECQ va P FBQ I céc tir gidc ndi
tiép. Suyra AE-AC = AP"- AQ = AF - AB.. Suy ra t& gidc BCEF noi tiép.

+) Do TR 12 ti€p tuyén cta dudng tron ngoai tiép tam gidac PBC d6 TR? =TBTC =TETF suyra TR ciing I3 tiép
tuyén ctia (REF) hay (REF) tiép xuc voi (RBC)

+) Xét phép nghich ddo f cuc R, phuwongtich r® tuyy. Ky higu f(X)= X" véi moi diém X

Do hai dudng tron (REF) va (RBC) tiép xtic nhautai R nén f :(REF)— EF", (RBC)+ B'C" ma
E'F Il B'C” va E'F'B'C” Ia hinh thang can. Goi J |a giao cda trung truc BC va AC va Q la giao hai duong
tron (ARC) va (ERJ) . Ta can chitng minh TR =TQ. Khi chitng minh duoc thi do R,Q la hai giao diém cua hai
duong tron (ARC) va (ERJ) nén T, 1 vatdm V cla dudng tron ngoai ti€p tam giac REJ thdng hang. Khi dé V
la giao cla trung tryc RE véi Tl nén V trung U . Hay dudng tron tdm U |, bén kinh UE chinh 13 dwdng tron ngoai
ti€p tam gidc REJ . Budng tron nay diqua J c6 dinh. Ta c6 diéu phai chirng minh.
Bay gio ta chi can chirng minh TR =TQ

f:(ARC) = AC";(EJR) > E"J",EF > (RE'F");BC+— (RBC) nen T—>T =(RE'F)n(RB'C")
va A=BF N"CE = A" = (RB*F*)n(RC *E*)

Goi K Ia giao hai duong tron (ARC) va (ERJ) thi f :K—> K =AC nJ'E’

3 NI M J'B° RB" ) o o e
Tuy nhiéen BB=JC«>JB.————=JC .———<«>———5=——- va J thuéc EC dindén J thudc
RJ .RB RJ .RC JC RC
(RE'C")
r? r?
Laicd TO=TR«<TQ. =— T Q =QR
Q Q RT.RQ QR Q=Q

Trong d6 Q" la giaoctia A'C” va E"J”
Bai todn bay gi® trd thanh ( sau khi lwgc di tat cd cac dau *):

Cho hinh thang cén BCEF, R Ia mét diém tuy y trong mét phéng. Goi A la giao thi 2 cba cua hai duwdng tron
(RBF) va (REC), T Ila giao thi hai cia hai duong tron (REF) va (RBC), J thuéc (ERC) sao cho



Vi bai toan nay, ta c6 thé bé diém T va chi can chitng minh Q thudc trung tryc BC.

Goi P lagiao cla BF va CE thi phuong tich cia P véi (RBF) va (REC) bang nhau, nén P thudc truc dang
phuong AR cua hai dudng tron nay. Goi ti€p tuyén tai C cta duong tron (RCE) cat JR tai H .

Do E:E nén JB :£ nén B thudc dudng tron Apolonius cta tam gidc CJR ngvéi C.
JC RC RB RC

) . C R E .
Ap dung dinh ly Pascal cho 6 diém (J c A),ta duoc P, Q, H thanghang.

Nhung HC? = HJ.HR nén H 1a tam duong tron Apolonius cta tam gidc CRJ tngvéi C, nén HB = HC hay
HP 13 trung trwc cda BC. Ta cé diéu phai chirng minh.



